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Abstract: A recurrent solution to consecutive transit assignment problems is typically required to 

help address the bus network design problem (BNDP). Intriguingly, the transit assignment issue is 

differentiated by a number of distinctive characteristics. In this article, a complete analysis of one of 

the well-known graphical representations of the problem is conducted. The presented design is 

founded on the representation of the transit network by De Cea and Fernandez (1993). They devel-

oped an innovative section-based graph augmentation of the real transit network to overcome many 

of the mathematical formulation complexities of the problem. This study is organized to thoroughly 

investigate and review the model to shed light on its capabilities for use in BNDP solution schemes. 

The review provides the needed information to give the reader a full assessment of the selected bus 

assignment model. The importance of this review is shown by the fact that the most widely utilized 

transit assignment models in the BNDP are inadequate in their fundamental assumptions when 

compared to the model under consideration. The model’s graphical representation and solution 

technique are described in depth in addition to the constraints that will be integrated into the BNDP 

solution approaches. We want to refocus emphasis on this approach for further BNDP research since 

it is infrequently used in BNDP solution frameworks. 

Keywords: section assignment; transit assignment; network equilibrium; bus network design  
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1. Introduction 

Transit assignment models are essential assessment tools for the bus network design 

problem (BNDP), which is considered one of the most difficult issues to address in trans-

portation science. Due to its great degree of intricacy, this is the case. Non-convexity and 

non-linearity, NP-hard/combinatorial complexity, bi-level problem formulation, and the 

multi-objective structure of the challenge often impede the search for an optimum solu-

tion [1]. The employment of these models determines the quality of a BNDP solution fore-

casting how each passenger chooses a path/route from his/her starting location to the des-

tination location [2–4]. The BNDP might also be designed as a bi-level programming par-

adigm, with an assignment method serving as the low-level model. The final BNDP solu-

tion requires a recursive calling to the transit assignment stage [5]. 

In addition to the amount of aggregation a�empted by each model, there are several 

assumptions about passengers’ information and tactics for bus line selection at the station 

level, where people and buses have distinct probability distributions of their arrivals. The 

primary distinction between transit assignment models and ordinary traffic models is 

that, in virtually all circumstances, bus passengers are more likely to navigate overlapping 

bus lines in which some lines share common stations and sections (see Figure 1). 
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Intriguingly, this transforms the issue, even in its uncongested situations, into a multi-

path assignment [1]. 

The example of a simple bus network in Figure 1 illustrates the core principle influ-

encing the results of an assignment model directed to the bus networks. In actual practice, 

a transportation passenger always finds the most economical route (i.e., the least travel 

time) to their destination. Passengers boarding at station A and traveling to station B 

would rationally consider line 1 (L1) in their path selection as it is the direct service to the 

desired destination from the originating bus stop. From another perspective, L2 (with 

transfer at y or x) could be included in their desirable options if they were aware that it 

decreases overall journey time. Then, users would take the first vehicle to arrive on the 

two routes. In another situation, L1 might become una�ractive to passengers if intelligent 

information on the residual wait time for L2 and the probable wait time at stations y and 

x is made accessible. All users would board L2 and then make transfers, even if L1 has the 

first arriving vehicle. This issue is referred to in the literature as the common lines problem 

(CLP) [6], in which customers would always opt to board the first coming bus among 

specified alternative lines if the target/main line is unavailable. The CLP is concerned with 

whether the user boards the approaching vehicle of a line, waits at the stop for the follow-

ing vehicle of a different line, or goes to a different stop in search of other options. The 

whole CLP solution relies on the amount of data accessible at each stage and the choice 

made at that stage [7].  

When line capacity is concerned, more dimensions are introduced. Even if L1 were 

the sole desirable option, some users might be unable to take the first inbound vehicle 

owing to the unavailability of seats. The options are to either wait for a vacant place in L1, 

switch entirely to the other line, or consider both options. Additionally, L2 users might not 

be able to determine the exact decision cost (i.e., travel time). When riding aboard, pas-

sengers must choose whether to alight to transfer at station x or remain on board until 

station y. 

 

Figure 1. Small bus system taken from [1]. 

All transit assignment models are regarded to be based on these reasonable scenarios. 

Each model defines the strategies (i.e., a set of rules for sequential line selection) that the 

users might take to minimize the total waiting and in-vehicle periods. The analyst uses 

the assignment model to anticipate the volume of lines as well as the critical design factor 

of time spent by passengers on the seeded bus network. Operators make judgments about 

transit planning issues in order to provide the desired level of service while balancing 

overall operation cost and user cost [8]. 

The assignment models in the literature may be divided into three approaches: sim-

ulation-based, schedule-based, and frequency-based (FB). In simulation models, the real-

time route selection of transport customers is monitored. Vehicles and people are repre-

sented as independent entities in the models, allowing for far more realistic modeling ca-

pabilities. The schedule-based method considers each vehicle journey individually, and 

its modeling approach may express each bus’s exit time via a diachronic graph. In con-

trast, the FB models take into account the cumulative frequencies on bus lines when com-

puting the passenger share percentages [9]. 
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Mathematically, the BNDP solution methods value FB models for their capacity to 

conduct assignments on real-world networks in a manageable amount of time. As previ-

ously indicated, several transit assignments are needed in the BNDP solution process. 

Therefore, the FB model aggregation would reduce the inherent complexity of the BNDP. 

Technically, no research has yet calibrated any current FB models using data from the 

actual world. In addition, the majority of BNDP studies have used transit assignment 

models based on naive (i.e., unrealistic) assumptions (this will be discussed in detail in 

the next section). The reliance on such inadequate models is due to the necessity, as re-

ferred to before, of conducting many assignments before arriving at convergence and the 

lack of a solid calibrated model upon which all BNDP solutions can be based. 

This paper addresses one of the most popular transit assignment FB models [10]. It 

a�empts to clarify some aspects of the well-known traffic equilibrium over the section-

based graph representation. The structure of the rest of this study is as follows: Section 2 

offers a succinct summary of the current state of the art for FB models, Section 3 describes 

the fundamental ideas employed in the chosen model, and Section 4 provides the graph-

ical depiction. In Section 5, the strategies for achieving equilibrium are described. Section 

6 concludes with the conclusion and discussion. 

2. Background 

In the last 50 years, several publications have been wri�en about transit assignment 

models based on frequency distribution. While a number of models have been presented 

to forecast the behavior of passengers in picking their lines, the idea of common/a�ractive 

routes at the stations continues to be the underlying concept for such models. In [6], the 

notion that each passenger picks a group of routes to reduce the sum of in-vehicle time 

and average waiting time in her/his destination plan is initially developed. In [11], the 

emphasis is placed on estimating the waiting time for this issue based on the probabilistic 

arrival distributions of users and vehicles. In the two studies [12,13], the concept of opti-

mum strategies is developed as a predetermined set of steps/rules the passenger follows 

in his/her travel journey. The CLP is summarized in a single mathematical formulation, 

producing a mixed-integer non-linear programming model. Interestingly, the model 

could be simplified into a linear form that facilitates solution discovery. In addition, the 

provided formulation might be expanded to include the congestion impact, much as equi-

librium models of conventional traffic models do. In [14], the optimum strategies method 

is adopted into a graph-theoretic formulation in which the idea of hyper-paths is added. 

Different hyper-paths for each Origin–Destination (O/D) consisting of specific/basic path-

ways could be constructed. At each station, outbound connections distribute passengers 

throughout the basic pathways. The frequency at each stop determines the distribution 

components, which are then summed into one. The least-cost hyper-path for the O/D 

equates to the optimum strategy derived from the [12,13] formulation. To readily modify 

the Bellman optimality equation [15], bus frequencies are supposed to obey an exponen-

tial distribution with stochastic passenger arrivals. Figuring ideal hyper-paths in large 

networks with different frequency distributions using a label-correcting or label-se�ing 

method is more complicated, according to [16]. 

In [1], De Cea and Fernandez suggested an alternative graph representation based on 

what is known as line sections. In this depiction, similar lines are intrinsic to the graph 

architecture. The hyperbolic equation published in [7] is used at each section formulation 

to solve the CLP corresponding to that section. Fortunately, the methods proposed in [1] 

can effectively solve the hyperbolic equation. 

The congestion effect has been a popular area of study in frequency models. It is an 

essential issue in several global transit networks [17]. Users often face completely crowded 

stations that force them to switch lines owing to either inability to board the preferred line 

due to insufficient capacity (strict capacity) or an increase in travel time impediment (mod-

erate capacity). Modeling users’ preferences becomes a more complex problem when in-

dividual preferences and network congestion levels are included [18]. 
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Adapting the Wardrop principles of equilibrium demonstrates the utility of conges-

tion modeling [19]. In [20], for instance, the transit network assignment is handled using 

stochastic passenger equilibrium under the multinomial logit (MNL) presumption, while 

[12] and [1] employed deterministic user equilibrium principles for route selection. In-

stead, in [21], the probit-based approach is used to represent the path choice in order to 

avoid the Independence of Irrelevant Alternatives (IIA) characteristic seen in the MNL. 

A well-defined congestion-cost formula is required to formulate a crowded equilib-

rium assignment model. Some formulae may result in challenging assignment models to 

use or analyze. For this reason, the congestion-cost formula must have desirable mathe-

matical qualities (such as a monotonically growing function) [22]. Typically, cost is pro-

portional to flow. Hence, arc costs are shown as flow-dependent. This illustrates the inef-

ficiency and discomfort caused by overcrowded transportation. It may also manifest itself 

in lengthier wait times due to the bunching phenomena or the likelihood of full vehicles 

(i.e., being unable to board the first vehicle). The decrease in the nominal line headway is 

called the effective line headway and is used to account for the rise in wait times [1]. In 

[23], a novel model for crowded transit assignment is introduced, and it is founded on the 

hyper-path graph depiction that contains queuing models [24]. 

The stringent capacity of lines has also been addressed in transit assignment schemes. 

In [25], the same algorithm provided in [23] is modified to include stringent capabilities, 

while the main objective is to demonstrate the algorithm requirements for solution 

uniqueness and existence. The model minimized a newly designed gap function by using 

the method of successive averages (MSA). In [26], an alternative method for analyzing 

congestion is devised. The presented formulation included consumers’ aversion to the 

possibility of missing the next ride. Failure to board links and nodes is added to each 

station’s graph representation. The chance of failure to board is assigned based on the 

remaining capacity of the vehicle, and the line flows using Markov chains. In [27], the 

research of [26] is expanded by taking into account the availability of seats. In lieu of “fail-

ure to board”, the phrase “fail to sit” was used to describe the route selection based on the 

pain of standing. 

All of the aforementioned models ignored the phenomenon of First-In–First-Out 

(FIFO) queuing, assuming that passengers mix at the stations. In [28], an FB-capacitated 

method is developed by taking the FIFO paradigm into consideration. The hyper-path 

graph is expanded to the dynamic situation, and the CLP is directly included in the path 

selection modeling. A bo�leneck queue model with varying exit capacity over time is of-

ten used to represent congestion [29]. The concept allows users with various appealing 

sets to pass one another while waiting at a single stop. 

Due to the proliferation of internet travel information, non-equilibrium assignment 

models have recently been a popular area of study. This makes consumers more aware of 

the transport network’s operating circumstances and suggests routes to take. In [30], a 

heuristic assignment methodology is suggested for determining the optimal system archi-

tecture. It tries to reduce transportation network congestion as a whole. In [31], a heuristic 

task is created to examine online information that might result in non-equilibrium line 

flows. The study in [31] is expanded in [32] to address the stringent capacity of lines. 

As an assessment tool, the evaluated transit assignment models have received mini-

mal a�ention in the BNDP literature. In [33–35], a path-generating algorithm’s set of path 

configurations is evaluated using the TRUST analysis process. TRUST employs basic prin-

ciples to allocate demand across O/Ds in the network where similar trajectories are ad-

dressed differently. Even though they are longer, users prioritize direct paths (i.e., without 

transfers). The user is always supposed to take a group of paths within a certain span of 

the shortest route and has the least number of feasible transfers to reach his/her destina-

tion. Numerous studies, such as [36–39], decided to follow the exact protocol: consumers 

would select the route set with the fewest feasible transfer numbers and then choose the 

first bus to arrive in that set. 
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Similarly, references [40–45] used all-or-nothing assignment algorithms to capture 

line flows in which each user is allocated the shortest way in total travel time. In [46–51], 

when just in-vehicle periods are analyzed to establish served passengers’ preferences, 

more lenient assumptions are utilized. They do not address waiting periods in their goal 

functions. 

In contrast, passenger assignment was performed in [52,53] using multiple path as-

signments and the frequency-sharing approach. If accessible, it is believed that all custom-

ers would use no more than two lines. In [54], the MNL approach includes the frequency-

sharing concept. The assumption was that, for each O/D pair, the traveler looks first for 

transfer-free path options, where the frequency sharing rule is implemented. Using the 

MNL share function, users were divided among paths with transfers (up to three trans-

fers) if no direct choices were available. 

Some research concentrated on the design of the network lines without addressing 

the assignment issue. The assessment conditions might include a path time relative to the 

shortest route time (i.e., path directness) [55], network demand coverage [56], and re-

quired transfers [4,52,53,57]. The construct costs might also be evaluated if the system is 

specified to be buried [52,58]. Conversely, in [59,60], the mathematical functions included 

the non-equilibrium assignment models to maximize the concurrent bus line design and 

passenger line assignment. 

Notably, the majority of non-equilibrium-based BNDP research employed capacity-

free assignment [61]. It was claimed that the bus network architecture intends to deter-

mine the capacities of the routes based on the total number of prospective boarding pas-

sengers without limitation. Moreover, it has been shown that capacity-free assigning al-

gorithms are convenient and rapid in complex systems [62,63]. 

To this end, equilibrium assignment algorithms have been used in a few BNDP stud-

ies. In the bulk number of studies, it is evident that the prerequisites for the uniqueness 

and existence of equilibrium in FB approaches exclude their implementation in suggested 

solution methods. 

This study will shed light on section network representation as an efficient assign-

ment tool for BNDP solution schemes. This study provides the needed information to give 

the reader a full assessment of the selected transit assignment model. The model’s graph-

ical representation and solution technique are described in depth in addition to the con-

straints that will be integrated into the BNDP solution approaches. It is aimed to regain 

focus on this approach for the following BNDP research since it is infrequently used in 

BNDP solution frameworks, as previously discussed. In addition, the most popular transit 

assignment models have weak fundamental assumptions compared to the model under 

consideration. 

3. Problem Formulation 

3.1. Supply Model 

In simple terms, the transit network is defined by the constituted bus lines L = {l1, l2, 

… ln} with the group of matching line frequencies (i.e., headways reciprocal) Φ = {��, ��, 

…….�� }. Then the capacity set is found as LC = {lcm: m ∈ L, lcm = �� vm} where vm is the 

bus operating on line m capacity, considering the standing user ratio. These lines are as-

sembled to form the transit network, which is then depicted using an enhanced graph 

architecture. Different functional edges/links carry passenger flows between decision 

nodes (i.e., accessing, walking, waiting, egressing arcs, and hauling). ℐ = (V, E) represents 

the graph, where V is the collection of nodes (vertices) linked by the set of arcs (E = {(i, j): 

i, j ∈ V, cij≠ ∞}). The index ��� indicates an arc as an abbreviation for an arranged pair of 

indices i, j where cij is the conglomerate resistance for transiting this arc via the virtual/aug-

mented network, which is dependent on the arc roles. A(i–) is the group of edges headed 

toward vertex i, whereas A(i+) = {(i, j)|(i, j) ∈ E} is the group of edges coming straight from 

vertex i. Each link (i, j) ≡ ���  refers to a section of a bus line or a model that determines its 
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properties (i.e., capacity and cost). The general route R cost (i.e., hyper-path or segment 

path) may be defined as follows: 

��
� = ∑ ʎ��∈�  ∑ ������

��
��∈� + ��

� (1)

where ��
� is the average elementary pathway (k) cost that includes en-route/pre-trip selec-

tions chosen by the user (pertaining to the CLP assumption). ʎ� is the conditional probabil-

ity of selecting the basic route k, if R ∈  ℜ is the collection of options available to users of w. 

The reader must distinguish between the word route and the basic route. Each time a route 

(R) is referred to, it is assumed to be the collection of basic pathways (k) that make up the 

user’s en-route/pre-journey option set. Although it is usual in the literature to refer to this 

route as a hyper-path, we were unable to do so in our investigation due to the presence of 

another similar graph representation (i.e., segment path). Consequently, it is sufficient to 

refer to it as route R. The incident symbol ���
�� equals 1 if the ���is a piece of the basic route 

k and 0 otherwise. ��
� is the route R cost that cannot be calculated as the addition of link-

particular costs. That is to say, it cannot be declared until the route has been completely 

configured. In bus network terminology, the factors of performance that are not additive are 

the waiting times at various stations. Curiously, any edge ��� may be chosen by several el-

ementary paths inside the same collective route. Given R, we may thus calculate the condi-

tional probability of ��� being picked: 

���/� = ∑ ʎ����
��

�∈�  (2)

where ���/� is the conditional probability that edge (ij) is picked by the set of routes R given 

ʎ� is the conditional probability of choosing the elementary route � ∈ � and ���
�� is the in-

cident factor that equals 1 if route � of demand pair � contains ij and 0 otherwise. 

3.2. Demand Model 

Bus network demand is the outcome of the present transit supply and the transport 

activity systems, where complicated interactions between the two, along with the socioeco-

nomic characteristics of users, result in journeys (i.e., ��). Note that there is a need to define 

a subscript to identify the vehicle type since the bus is the sole means investigated in this 

study. The group of O/D pairings that are not zero W ={ � ≜ (o, d), � ⸦ V × V |��  >  0}. 

�� (SEC, T) = ∑ ∑ ��
� (�/�� , ℎ) ��(�/��, �, ℎ) ��(�/��, ��, �, ℎ) (3)

The demand function in Equation (3) calculates the overall demand amount (��), 

which is a result of the socioeconomic (SEC) features and the current transportation sys-

tem (T). �� represents the total trip number made by passengers of category (u) and trip 

aim (z) originating from�, whereas �� is the total attraction for passengers of category (u) 

and trip aim (z). �� is the distribution share that is dependent on origin, destination, trip 

aim, reference time (h), and vehicle (m). 

It is worth noting that as strategic bus network design is the concern of most BNDP 

studies, it is reasonable to evaluate the inflexible demand type with regard to sufficient 

reference time (i.e., one hour), the destination, and transit mode (only) to establish static 

traffic equilibrium in the transit network. Demand elasticity only appeared in the route 

choice evaluation. It is hypothesized that mixed en-route/pre-trip behavior results from a 

series of choices taken at various nodes in the network. It relates to the fundamental CLP 

in which each ��is allocated a starting station (s) and an ending station (r). 

3.3. Network Loading Assumptions 

The set of possible link and path flows need to be defined to explain transit network 

loading assumptions in the following manner: 

ℎ�= ∑ ℎ�∈� �

� 
= ∑ �� Ω�

�
�∈�  (��

�),∀ � ∈ ℜ  (4)
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��� = ∑ ���/��∈ℜ ℎ�  ∀ �� ∈ � (5)

where Ω�
� is the route selection percentage for w, which is a result of the route cost ��

�. 

The investigated model results in link or path flows in accordance with the equilibrium 

conditions represented by the Wardrop principle [64]. Due to the transit assignment 

model’s asymmetric characteristic, the network loading mechanism cannot be simplified 

to an analogous mathematical programming model. Consequently, it is resolved using a 

variational inequality defined with regard to link flows as follows: 

��(H − HD) + �� (� −  ��) ≥ 0, ∀� ∈ Sh & F ∈ Sf  (6)

s.t. 

HD ∈ Sh & FD ∈ Sf  (7)

where the two sets Sf and Sh are every viable solution to the assignment problem in Equa-

tions (4) and (5). The capital notation represents the vector of all small notation variables, 

t represents vector transpose, and the deterministic equilibrium solution is represented in 

D. 

4. Transit Network Representation 

4.1. The CLP 

The bus station modeling problem, which involves calculating the anticipated users’ 

times at the stations and their distribution between the a�ractive bus lines, is sometimes 

referred to as the CLP. Consider the fundamental transit network with a single O/D pair 

of stations connected by n lines. Now, a user at the station may select from many lines 

with varying IT “in-vehicle time”. Intuitively, a traveler would select the line with the 

lowest IT. However, the issue arises whether (s)he would alter her/his mind if the first car 

to arrive was from a longer IT line. Typically, it is believed that each passenger determines 

a group of appealing lines based on which (s)he would board the first approaching bus of 

this group. 

In addition to users’ real-time information and choice model, we must make assump-

tions on users’ arrival rates, lines’ IT probability distributions, and lines’ frequencies in 

order to estimate this set. The progress of the various lines is assumed to be an independ-

ent stochastic variable with an exponential distribution for the sake of the reliability of 

formulating the mathematical model. The users come at random according to the Poisson 

distribution; however, the IT timings are predictable. The answer to the following hyper-

bolic formulation will specify the collection of appealing lines (��s,r ⸦ �s,r): 

��� �����
 PC = 

ᴪ

∑ ����
�
���

 + 
∑ ��� �� �� 

�
���

∑ �� �� 
�
���

  (8)

s.t. 

�� ∈ {0, 1}   ∀ l ∈ ��,� (9)

where PC is the passenger’s average cost for the group of lines with �� = 1, which is up-

dated to the set ��s,r. ᴪ is a factor that reflects the variation of both the bus and passenger 

arrival processes (e.g., ᴪ = 1 in our case) [65]. Intriguingly, Equation (8) might be solved 

using reliable heuristics by which the lines are arranged ascendingly relating to their IT, 

and then each line is consecutively examined to be added to ��s,r if they would not contrib-

ute to a decrease/increase in the PC value. The passengers are spread throughout the lines 

based on the frequency of each line: 

�� = �� 
�� 

∑ ��� ∈���,� 
 ∀ � ∈ ��s,r  (10)

Note that Equations (8)–(10) become more complicated when LC is regarded. Even if 

lines in ��  s,r are the sole desirable option, some users may be unable to board the first 
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vehicle owing to the limited capacity. They would logically change their boarding strate-

gies when they may find it more lucrative to wait until a bus of the set (��s,r) is empty 

before boarding. Consequently, lines may surpass their stated capacity (lcm). This assump-

tion is regarded as a moderate capacity limitation, and the selected congestion is to be 

addressed in the wider context of the assignment models. 

4.2. Section-Based Augmented Graph 

Each line’s stations are separated as unique identities for the transit network made of 

a collection of lines L. Then, each pair of stations and their respective lines is selected. Finally, 

the hyperbolic formulation at Equation (8) is solved to obtain the group of attractive lines 

linking each pair of stations (�� ij). This set is regarded as an edge (i.e., section/segment) in the 

ℐ = (V, E) since V ≡ S and E = {�� ij: i, j ∈S, cij ≠ ∞}. Figure 2 depicts the transition of lines to 

the segment network representation. Each segment’s expense might be characterized as fol-

lows: 

cij = 
� � ∑ ��� �� �∈����

∑  �� �∈����
  ∀ ��� ∈ E (11)

Intriguingly, the hyper-path R is compressed in this form into a basic route k, for 

which the route cost from Equation (1) is computed as follows: 

��
�= ∑ ������

��
��∈� + ��

� (12)

s.t. 

��
� = 0, (for solution algorithm convenience) and R = {k} (13)

In other words, a hyper-path corresponds to any series of linked connections (seg-

ments) inside the hypernetwork context of this model. Now, the parameters for transit 

loading in Equations (4) and (5) are specified as follows: 

���/� =  Ω�
�  = �

1, �� ��
�  =  ���{���} 

0, ��ℎ������
 (14)

 

Figure 2. Section-based network graph representation for the network presented in Section 1. 

5. Transit Assignment Algorithm 

The ultimate goal of a transit assignment model is to create Ω�
�and ���/� variables that 

determine the ridership of transit lines. As noted before, transit riders’ route selection is a 

combination of en-route and pre-trip selections. This behavior might be implicitly reflected 

in the outlined model by establishing route R. Even when a single route R is considered for 

a given demand (dw), multi-line selection will be involved. The recursive calculation of the 

shortest route R (for each s and r) may be expressed using the generalized Bellman’s equa-

tion for the proposed deterministic model as follows: 

qi = �
0 �� � = �

�����∈����� � �� + ���� �� � ∈ � − {�}
 (15)

where qi is the length of the shortest �� (⸦R) route from an intermediate node i to a final 

node r. 

S4 (l2, l3) 
A x y B 

S1 (l1)  

S2 (l2) 

S3 (l2) S5 (l3) 

S6 (l3, l4) 
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It is essential to include volume-delay relationship models in the assignment process 

in order to simulate the consequences of growing waiting periods caused by the incon-

venience of boarding (or inability to board) the first-arriving bus(es). As the suggested 

function may not reflect real waiting times, this assessment would aid the analyst in de-

termining the adequacy of the analyzed design of a transit network more properly during 

the strategic phase. Nonetheless, it might indicate the comparative effectiveness of many 

examined alternatives. In this research, the impact of the higher cost will be expressed 

using a formula similar to the one used by the Bureau of Public Roads (BPR): 

���  = 
�� ∑ ��� �� �∈����

∑  �� �∈��� �
+ ��

���� ∑ ��̅���∈� 

∑ ��� �∈ ���� 
�

�

 (16)

where ��̅� is the competitive flow of other sections that possess the CLP, with � and � as 

parameters that must be calibrated to evaluate how the flow impacts journey time. The 

solution flows for these cost functions may exceed the physical limits of the lines (i.e., 

capacities). When employing volume-delay functions immediately from calibration, this 

may be the case. The use of these formulae may be defended in two different ways. First, 

the line’s physical capacity might be surpassed in real life by lengthening the wait until 

an empty spot becomes available. Second, these formulae satisfy the necessary conver-

gence and uniqueness conditions for the majority of assignment models [66–69]. Conse-

quently, they are the most effective means of communicating the supply–demand inter-

play at the strategic phase of design. 

The objective of the assignment procedure is to resolve the variational inequalities 

given in Equation (6) or (7), where they may provide a unique solution in terms of arc 

flows. The monotonicity assumption of the performance function in Equation (16) guar-

antees this uniqueness, and the assumption that the non-additive cost is flow-independent 

ensures that the non-additive cost is independent of the flow. 

The MSA might solve either fixed-point or variational inequality versions of the prob-

lem. As the segment representation, a has an inseparable cost function architecture and 

an asymmetric Jacobian matrix. It would need a diagonalization phase in which the Jaco-

bian matrix would be approximated to a diagonal matrix by taking into account just the 

fluctuation of the link cost at each diagonal cell. In addition, the approach proposed in 

[70] can be deployed to minimize the number of iterations the whole algorithm needs (see 

Algorithm 1). For improved convergence performance, it is essential to note that in step 4, 

the calculation of an improving direction and optimum step length would be necessary. 

However, if the objective of the assignment is to analyze the transit network in relation to 

the BNDP solution methods, the MSA technique would suffice. 

Algorithm 1 Transit Assignment Equilibrium Algorithm. 
Pre-condition  : connected ℐ 

Post-condition : set of link flows (F) 
 

1. Initialization:  

1.1. u ∶= 0 

1.2. compute a feasible arc flow �� through all or nothing using Algorithm (1) and 

the costs associated with none flow on the links, then compute the associated non-

additive costs (��) if any. 

2. Auxiliary flow estimation step: 

diagonalize the C vector to compute the auxiliary arc flow ��u by using one iteration 

for the diagonalized C associated with �� and �� (if any). 

3. Set u ∶= u +1 

4. Find the updated flow vector (MSA): 

��:=�� + 1/(u)[ ��-��u] 

5. Check the stopping criterion: 
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Test the current flow: If  
∑ (��� ���∈�  � ��� ���)�

|�|
≤ κ then stop and return ��  as the 

solution, otherwise go to step 2. 

6. End algorithm 

6. Discussion and Conclusions 

This paper provides a thorough analysis of a well-known transit assignment model 

in order to provide a thorough comprehension of it. Numerous research studies have been 

conducted after modifying equilibrium solution techniques or the passengers’ behavior 

assumptions. According to the best of the author’s knowledge, no research examines the 

presented model from the standpoint of a BNDP analyst. In spite of the fundamental logic 

in its passenger selection behavior, it is seldom called in the BNDP literature. This was the 

case for a variety of reasons; one of them may be that the graph formulation still has sig-

nificant representation difficulties. The best-reported CPU time was 6.58 min utilizing a 

network of 570 stations and 34 lines [71], while [18] reported 0.24 min with a network 

consisting of just 6 lines and 24 nodes. These execution durations restrict the use of the 

proposed model as subroutines in the BNDP solution frameworks. 

Using the most recent contributions, BNDP solution techniques that require many 

consecutive assignments would counteract the running time explosion. In addition, the 

model does not limit the transfer number required to reach the destination. According to 

equilibrium conditions, the passenger would undertake the journey if capacity existed 

and the time impediment was feasible regardless of the required transfer number. Trans-

fers could only be incorporated in the cost function as an additional impedance. Therefore, 

the model does not enable the designer to manage or monitor the transfer number in the 

final BNDP solution. In a poll conducted by [72] in the United States, almost sixty percent 

of respondents from various transport agencies felt that bus riders are only willing to 

make one transfer per journey. As standard assignment issues on road networks, they 

may be constructed as arc-based or roue-based models based on the requisite transit flow 

data (i.e., arc flow or route flow). To reach relatively rapid answers, equilibrium models 

are mostly link-based, eliminating the combinatorial process of entire route enumeration. 

Unfortunately, link-based methodologies do not allow the analyst to monitor the paths of 

network users. Route-based models, on the other hand, give path flow information, al-

lowing the analyst to analyze the influence of the proposed BNDP design on a particular 

set of users. Furthermore, the assignment model has not been calibrated with the real pas-

senger flow on a bus network. This calls to question the actual value of using a more com-

plicated/sophisticated assignment scheme in the BNDP. Developing a realistic and effi-

cient transit assignment model is still an open door for new contributions. 
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Nomenclature 

i, j Generic nodes in V 

o Origin node 

� Destination node 

m Bus line index 

s Start bus stop 
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r End bus stop 

R Path R is composed of a set of k paths 

h Reference time 

��  Distribution share 

��  The number of transit trips from o to d 

�  Demand pair index 

k Elementary path index 

��  The total production of user class u 

��  The total attraction of user class u 

eij edge of an ordered pair of indexes (i, j) 

��  Path � flow 

��  Line m frequency 

���� The competing flow of other sections that contain common lines of section �� 

��
�  Incident symbol that equals 1 if path k traverses i, 0 otherwise 

ʎ�  The conditional probability of choosing k 

cij Aggregate impedance on link eij 

��
�  The average cost of � 

��
�  Non-additive path R cost 

vm Line m vehicle capacity, including the loading factor 

lcm Line m nominal capacity 

��  Waiting time at node i 

��� Link �� flow 

ℐ Graph of V and E 

���
��  Incident symbol that equals 1 if ��� is part of k, 0 otherwise 

 Ω�
�  Path � choice proportion for � 

TS Transfer number 

IT In-vehicle time 

£ Weight factor 

�, � Calibrated factors 

G Path cost set 

C Link cost set 

F Link flow set 

H Path flow set 

W Node pair set 

LC Bus line capacity set 

Φ Bus line frequency set 

L Set of lines that defines the transit system 

E Set of edges 

V Set of vertices (nodes) 

BNDP Bus network design problem 

CLP Common lines problem 

FB Frequency-based 

FIFO First In–First Out 

O/D Origin–Destination 

MNL Multinomial logit 

MSA Method of successive averages 

IIA Independence of Irrelevant Alternatives 

IT In-vehicle time 
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