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1 Introduction

Ying™ ™ introduced and elementally developed so called fuzzifying topology with the semantic
method of continuous valued Logic. Shen'” introduced and studied T',-, T-, 7', (Hausdorff)-,
T, (regularity)-, T, (normality )- separation axioms in fuzzifying topology. In [ 3] the concepts of the
family of fuzzifying pre-open sets, fuzzifying pre- neighbourhood structure of a point and fuzzifying
pre-closure are introduced and studied. It is worth to mention that pre-separation axioms are intro-
duced and studied in fuzzy topology [1] in [8]. In the present paper we introduce and study pre-7'-,
pre-Ry-,pre-1',-,pre-R,-, pre-1', (pre-Hausdorf{f) -, pre-T'; (pre-regularity ) -, pre-T", (pre-normality )-,

pre-strong T's- and pre-strong T';-separation axioms in fuzzifying topology.

2 Preliminaries

We present the fuzzy logical and corresponding set theoretical notations due to Ying™®.

For any formulae ¢, the symbol [¢] means the truth value of ¢, where the set of truth values is
the unit interval [0,1]. We write [=¢if [¢]=1 for any interpretation. The original formulae of fuzzy
logical and corresponding set theoretical notations are:

(D [a]=ala€[0.1D; [pA¢] :=min([e].[¢D; [g>¢] :=min(1.1—[g]+[g].

(2) Let A€.7 (X)), then [x€ A] :=A(2).

(3) Let X be the universe of discourse, [V x¢(x) ] ::y}gg[@(f)].

In addition the following derived formulae are given,
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(D [—¢] :=Lg>0] :=1—[¢].

(2) LoVl i=[—(=pA—¢) ] :=max([¢].[¢D.

(3) [p=g] i=Le>¢ N\ [¢—>¢l.

W [eA¢] :=[—(p>—¢) ] :=max(0,[¢]+[y]—D.

(5) LoV g =L~ (—ph—)] :=[—g>¢] :=min(1,[g]+[¢].
(6) [3 wp0)] +=[=Y e—g()] i =suplp(a)].
(1) Let A,BE 7 (X, [ASB] +=[Y 2(z€ A=z € B) ] +=inlmin(1, 1+ AC) +B(x)), [A

=pB]:=[[ACB]A[BZA]], [;{EE] :=[[ACB] /\ [BCA]], where .77 (X) the set of all fuzzy
subsets of X.

Often we do not distinguish the connectives and their truth value functions and state strictly our
results on formalization as Ying did.

We give now the following definitions and results in fuzzifying topology which are used in the
sequel.

Definition 2. 1”7 Let X be a universe of discourse, and 7€ .5 (P(X)) satisfy the following
conditions

(D (XD=1, t(J)=1;

(2) Y A.B, t(ANB)=c(A) At(B);

(3) VY {Ai[A€ A}, t(ALGJAAA>Aé\Ar(AA).

Then 7 is called a fuzzifying topology and (X ,7) is a fuzzifying topological space.

Definition 2. 2" Let (X.7) bea fuzzifying topological space. VY AE .7 (X), the closure of A is
denoted by A and defined as follows : j{zigg(z{(x) A ;}1;‘(1)) , for each x€ X, where A,.= {x|A(x)=
aj. ‘

Definition 2. 3"’ Let (X.7) be a fuzzifying topological space. ¥ A€ .7 (X), the interior of A
is denoted by (A)° and defined as follows: (A)°(x)=1—(1—A)(x), for each € X.

Definition 2. 4" (1) The family of fuzzifying pre-open sets is denoted by 7,€.% (P(X)) and
defined as A€z, : =Y 2(a€EA—>xE A ).

(2) The family of fuzzifying pre-closed sets is denoted by F,& . (P(X)) and defined as A€ F,

:=X~AE7,, where X~A is the complement of A.

(3) Let #€ X. The fuzzifying pre-neighborhood system of z is denoted by N” € .57 (P(X)) and
defined as follows: AEN” : =3 B(x€ BCA—>BE€,).

(4) The fuzzifying pre-closure of A is denoted and defined as follows:CZ,(A) () =1— N (X~

A).

Theorem 2.1 Let (X.7) be a fuzzifying topological space. Then,

(1) = Crps

(2) EFCF,.

Theorem 2. 2!  The mapping N": X—>"(P(X)), 2—N", where & (P(X)) is the set of
all normal fuzzy subset of P(X) has the following properties;

(1) EAEN,>2€ A;
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(2) EACB—>(AEN'—>BEN);
(3) FAEN!-T H(IHEN NHEANY y(ye H-HEN))).
Theorem 2.3 r,)(A):inﬂNf(A).

x€ A

Remark 2.1 For simplicity we put the following notations:

K(z,y) =3 ACAEN, Ay& AV (AEN, Ax&A))

H(z,y):=3 B3 CABEN, Ay&B)A(CEN, A2&C))

M(z.y) :=3 B3 C(BEN,N\CEN,ABNC=)

V(z,D) :=3 A3 B(AEN, N\BEtADZBAANB=))

W(A,B) :=3 G3 H(GETNHE T\ (ASG) A (BEH) NGNH=))

Definition 2. 57 Let £ be the class of all fuzzifying topological spaces. The unary fuzzy predi-
cates 1,€.% (), i=1,2,3,4, are defined as follows

(X,€eT, :=VY a2V y((eeXNyeX Na7#y)>K(x,y))
X,oeT, =V a2V y((eeXNye X NaFy)>H(x,y))
(X,€eT, :=VY a2V y((xeXNyeXNaFy)>M(x,y))

(X, 0eT, =Y a¥ DxeXANDEFNxz& D)~V (x,D))
(X,0€ET,:=Y AY BLAEFANBEFNANB#)H—W(A,B))

3 Fuzzilying pre-separation axioms

Remark 3.1 For simplicity we put the following notations

Ky (z,y) :=3 ACAEN Ny& AV (AEN Az & A))

Hy(x,y) :=3 B3 CAUBEN Ny&EB)NCEN N2&EC))

M,(x,y) :=3 B3 C(BEN"NCEN'ANBNC=)

Vp(x,D) :=3 A3 B(AEN. NBet, \DZBNANB=))
W,(A,B):=3 G3 H(GET,NHET, N\ (AZG) AN (BCH)ANGNH=)

Definition 3.1 Let £ be the class of all fuzzifying topological spaces. The unary fuzzy predicates
pre-T,(T" for short) €. (), i=0,1,2,3,4, pre-strong-T;(T"* for short) €. (), i=3,4 and
pre-R; (R’ for short) €. (), i=0,1 are defined as follows:

(D
(2
(3
4
(5
(6)
)
(8
(9

(X 0 ET! =V 2¥ y(2E€EXNyEXNa#y)>K,(xsy));

(X, DET! : =V 2V y(EXNyEXNaFV)—>H, (z:y));

(X, DET! :=VY 2V y(xEXNyEXNxFy)>M (xsy));

(X, DET! :=Y 2¥ DA EXADEFN2& D)~V .(x,D));

(X.0)ETY :=Y AY BAWAEFANBEFNANB#)—>W ,(A,B));

(X, DETT :=Y 2¥ D(xEXADEF, Nx& D)=V (x,D));
(X.0)ETY :=Y AY BUAEF, NBEF, NANB=)H—>W(A.B));
(X, D ER! :=Y 2¥ y((2E€EXNANyEXNxFy)—>(Kp(xsy)>Hp(xs3)));
(X, D ER] :=Y 2V y((2E€EXNANyEXNxF#y)—>(Kp(xsy)>Mp(x:3))),

Lemma 3.1 (1) =EK(x,y)—>Kp(x,y);
(2) EH(xy»)—~>Hp (2,33
(3) t:M(Iay)AMp(l'ay)§
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4 EV(x.s D)=V, (x,D);
(5) EWA.B)—>W.(A.B),
Proof From Theorem 2. 1(1), =", and so one can deduce that N,(A)<IN”(A) for any
A€ P(X), the proof is immediate.
Theorem 3.1 (1) =(X,0) €T~ (X, 0)ET", where i=0,1,2,3,4,
2) =X, 0)ETF—>(X,0)ET,, where i=3,4,
Proof (1) It is obtained from Lemma 3. 1.
(2) It follows from Theorem 2.1(2).
Lemma 3.2 (1) =M, (x,y)—~>H, (x,y);
2) EH, (x.y)—>K, (x.y);
3) =M (x,y)—>K, (x.y),
Proof (1) First, if N/ (B)=0 or NJ(C)=0, then [M,(x.y) J<[H, (x.y)].
Second, If N”(B)>0 and N (C)>>0, then
(M, (x,y)] = Bh%l{}p@min(Nf(B),Nf(C)) < é%LL}11£>§Cmir1(NI:(B),Nf(C)) =[H,(x,y)]
(K, (roy)] = max<§g§Nﬁ?(B>,s§;3N;’<c>> >min<§§13N§?<B>,fg%Nﬁ(c» — [Hp(zay)]
(3) It is obtained fro;ﬁ (1) and 1(2). - h
Theorem 3.2 (1) =(X.0)eT/'—(X.,0)eT!;
) EX.DET,~(X.0ET.
Proof The proof of (1) and (2) are obtained from Lemma 3. 2(2) and (1) respectively.
Corollary 3.1 H=X.0 €T, >~(X,0)ET).
Theorem 3.3 = (X, 0)ET oV 2V y(xEXNyEXNaF£y)>(—(2ECLHy)DN)V (—(y
€CLUx)).
Proof [(X,0)€T!]
:1[13f} max(igng(A) ,iléng(A))
232{ max (N, (X~ {y}) . NI (X~ {x}))
—inf max(1—CL({y}) () 1—CL({2)) (3)

TFy

=inf (= (Cl,({y})) (@) V —(Clp,({x}))(y))

=[\7; Y y((x€EXNyEXNaF ) > (= (2 €CLUyDNV (= (ECL{x}))))]
Theorem 3.4 Let (X,7) be a fuzzifying topological space. Then (=(X.,0) €TV x({z} €
Fp.
Proof For any x5 x5, 2,525, we have [V 1‘({1}GFP)]:Jirelng({x}):infrP(XN{x}):

reX
inf inf NS(XN{I})< inf }NS(XN{IZ})<N51(XN{IQ}):SLépleI(A)- Similarly we have,

2€X yEX~(z} YEX~{x,

LV 2({z} €F,>>]<§‘}£,N;(B)' Then,

[V 2({x} € Fp)]< inf min(stipr (A),s%pr (B))
&4 1 c &8 2

T, T,

= inf sup min(Nfl(A),Nfz(B))

I]?ﬁfz «rl(:(‘]:’.,z‘zé’»fl
=[(X,0) € T7]
On the other hand,
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[(X,o) € TV] = inf mln(supN (A, supN[ (B))

N 751 P L] &B
= inf rnm(N’ (X ~ {x, ) NU(X ~ {2}
x #1 2
< inf NP (X ~ {x, )
x ix
= inf inf N (X~ {z,})
7, €X 2 €X—{x,) !
= inf 7, (X ~ {x,})
€ X
= infr, (X ~ {x})
e X

= [V a({x} € Fp)]

Thus, [(X.0)€TT]=[Y 2({z} EF) ]

Definition 3.2 The pre-local base Pj3, of x is a function from P(X) into I such that the follow-
ing conditions are satisfied :

(1) =PB.=N";

(2) EAEN"—> 3 B(BEPB. NxEBZA).

Lemma 3.3 [—A€N'<— 3 B(BEPR, NxEBZA).

Proof From the condition (1) in Definition 3. 2 and Theorem 2. 2(2) then N”(A)=N"(B)
=Pf.(B) for each BE X such that x& BCA. So, N"(A= sup PB,.(B). From condition (2) in

r€ BCA

Definition 2. 3, N” <A><j§%£4pﬂl,<5). Hence, N” (A):Igg&P,@,(B).
Theorem 3.5 If Pf.is a pre-local basis of x, then
EXoeT)oVa¥y((x€eXAyeX Na#y) >3 BBEPBNy&CLHxz))))
Proof [V 2V y((xEXNANyEXNa7#y)—> 3 B(BEPL ANy&Cl,({B}))))]
=inf sup min(PB,(B) N (X~B))

x#y BEP(X)

=inf sup sup min(PB.(B),.Pp,(C))

£y BNC=Jye CSX~B

=inf sup sup min(PB,.(D),PB,(E))

2%y BNC=a€ DEB,y€ ECC

=inf sup min( sup (PB.(D), sup PB(E))

x#y BNC={) yeDCB

=in{ sup min(N}(B).N] (C))
a#y BNC=)

=[(X.0€ER]
Theorem 3.6 [—(X,0)ER —> (X,0)€ET).
Proof From Lemma 3.2(1) the proof is immediate.
Theorem 3.7 (1) =(X.0)€T!— (X,0)ER;
) E=EXDET— (X, DDERIN X, DET!;
3 U TH(X.0)=1, then =(X.0)ET~ (X.DER N (X.0O)ET).
Proof (1) 7T7(X.0)

<infmin(1,1—[K(x. ]+ [H(x,y) D
TFYy

:i‘rif[Kp(x,y) — H,(x.,y)]

=R} (X,7).
(2) Tt is obtained from (1) and from Theorem 3. 2(1).
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(3) Since TV (X ,z)=1, then for every x,y€ X such that 274y we have K,(x,y)=1. Now,
[(X.0) € Rf N (X.,o) € T ]
= [(X,0) € R]
= ir#l{min(l,l — [K(x, )]+ [Hp(x,) D
~ il )
=T(X,0)
Theorem 3.8 (1) =((X.DERNX,0)DET)) > (X, DETT;
) UT(X,0)=1, then =((X,D)DERN X, DET)) < (X.0DET!.
Proof (1) [(X.DDER'N(X,0)ET]]
=max (0, R (X, D) +T(X,t)—1)
=max(0,iryjlﬁlimin(1,1—[K,>(J',y)]+[Hp(f,y)])+i2fv[Kp(J',y)]—1)
<max (0. inf (min (11— CKGea) 4L o) D+ LK G 1= 1)
=»irr;1i[Hp(.T,y)]
=T (X.70).
@) [(X.DERN X, DET]
=[(X,0)ER/]
=inf min (1.1 (K, Ceo ) - LH ()
i L)
:Tj;(X,r),
because T (X ,z)=1. we have for each x,y€ X such that 7%y, [K,(z.,y)]=1.
Theorem 3.9 (1) =(X.0) €T~ (X.0ER —~ (X.0)ET]);
() =EX.0DERI—> (X, DET!I—> (X.0ET).
Proof From Theorems 3.7(1) and Theorems 3. 8(1), we have
(X.0)eT)—> (X.0) € Rl > (X.,0) € T))]
= min(1,1 — [(X,2) € T"] 4+ min(1,1 — [(X,0) € R'] + [(X,0) € TT])
=min(1,1 — [X.00 €T/ ]+1—[X.0 € R+ [(X.0) € TI]
=min(l,] — ((X,0) e T/]+ [X, e RT—D +[X,0)eTiD
=1
(2) The proof is similar to (1).

By a similar procedure to Theorems 3. 7, Theorems 3. § ,and Theorems 3. 9 we have the following

theorems respectively.
Theorem 3.10 (1) =(X.0)€T)— (X, 0)ER];
D EXDET, > (X DERTNX.ODET));
3 U TH(X,t)=1, then =X, 0)ET)~ (X.DER N(X.O)ET)).
Theorem 3.11 (1) =((X,0DDERNX,DET)) > (X,0)ETY;
(2) If PT(X,t0)=1, then =(X, D DER N (X, DET)) & (X, 0)ET].
Theorem 3.12 (1) =(X.,0)€T)— (X, 0)ER—> (X, 0)ET));
() =EX.DER > (X, DETI—> (X.0ET).
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Lemma 3.4 (1) If [DCZB]=1, then sup_ N'(A= sup N'(A;

ANB=) ANB=(),DCB
(2) sup mfN (X~A)= sup 1,.(B).
ANB=yeD ANB=(),DEB
Proof (1) Since [DZB]=1, then
sup N(A) = sup N'(AD) A[DSB]= sup NI(A)
ANB=C ANB=) ANB={,DSB
(2) Let [y€ D]=1. Then,
sup  7,(B)

ANB=),D=B

= sup . (B) A [ye€ D]

ANB=, DB

= sup 1,(B)

YEDTBEX~A

= sup ,,(B)

YEBCX~A

= NP(X ~ A)
= mfNP(X A)

yebD

= sup 1an[(X~A)

ANB=() yeD
Definition 3.4 P7T."(X,0) :=V 2V y(zEXANDEFN2z&D)—>(F ACAEN" A (CL, (AN
D=))))).
Theorem 3.13 = (X.,0) €T, (X,0)EPT".

Proof Now,

PT"(X,v) = infmin(1,1 — (X ~ D) + sup min(N"(A),inf (1 — CL,(A)(y))))

x&D A€ P(X) yeD
= infmin(1,1 — (X ~ D) + sup mln(N[ (A, mfN[ (X ~A)))
+&D A€ P(X)

and
T/(X,o) = infmin(1,1 — (X ~ D) + sup min(N'(A),z,(B)))
x& D ANB=(.DCB
So, the result holds if we prove that

sup min(N7(A), mfN] (X ~A) = sup min(N'(A),r,(B))) (%)

AerX) ANB=, DB

It is clear that, in the left site of ( x ) when AN D#() and then there exists y€ X such that y&€ D
and y& X~A. So, inf NJ(X~A)=0 and thus ( * ) become sup min (N7 (A),inf N} (X~

yeD A€ PX),ANB=0 yeD

A))= sup mln(NJ (A),7,(B))), which is obtained from LLemma 3. 4.

ANB= (=
Definition 3.5 PT%(X.t) :=VY 2¥ BAxEBABE D> ACAEN" NCL,(ATB))).
Theorem 3. 14 —=(X.,0)ET > (X,0)EPTY.
Proof From Theorem 3. 13, we have

T!(X,r) = infmin(1,1 — ©(X ~ D) + sup min(N'(A), mfN’(X ~ A)))

& D Ae P(X)

Now , if we put B=X~D, then
PT{¥(X.,t) = infmin(1,1 — 7(B) + sup min(N'(A), inf NI(X ~ A)))

r€B AePX) yeEX~B

= infmin(1,1 — (X ~ D) + <up mm(N (A, mfN] (X~ A

x& D
=T/(X,7)
Definition 3.6 Let (X,7) be any fuzzifying topological space and let
(D) PST" (X,o) :=VY 2¥ DA EXADEF, Nx&D)—> (3T ACAEN, ANCICAND=)));
(2) PST (X,0) =Y 2V Bx€BABET)>(T AAE N, NCL,(ADSB)));
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(3) PT}"(X,0) :=Y AY BUAAETNBEFNANB=)—>3 G(GETNAZGNCL(GONB
=3

(4) PT"(X,0) =Y AY BAUAEFABETNASB)—~> (3 G(GETNASGNCL(G)EB)));

(5) PST,"(X.t) :=Y AY BAAETANBEF, NANB=)—>3 G(GETNASGNACI(GYNB
=)

(6) PST”(X,0) :=Y AY BAUAEFABET, NACB)—>3 G(GETNASGNACIGYEB))).

By a similar proof of Theorems 3. 13 and Theorems 3. 14 we have the following theorem.

Theorem 3. 15

(D EX,DETP o (X,0)EPST;

2 EX,DETP o (X,0)EPSTS;

B EX.DET o (X.0)EPT";

D EX,0DeTlo (X,0)ePT;

5) =X, OETP o (X, 0)ePST,";

(6) E(X,0)ET e (X,0)EPST?.

4 Relation among separation axioms

Theorem 4.1 —((X.0ET/NX,0ET)) > (X, €T},
Proof From Theorem 2. 2! we have., T, (X,T):jgir(XN {z}). So,
T(X.0) + T, (X.,0) ~
= igimin(l,l — (X ~D) + sup  min(NY(A),r,(B))) + %Iel}f{T(X ~ {z})

ANB=0).D=B

inf  inf min(1,1 — (X ~ {y}) + JSup min(N?(A) ,N'(B))) + infr(X ~ {z})
%) - 2€X

reX,x#y ye X

= infl (inf min(1,1 — (X ~ {y}) + L Sup min(N(A),N"(B))) + infr(X ~ {2}))
NB=y : z€X

reX,x#y yeX

inf  inf (min(1,1 — (X ~ {y}) + supymin(Nf(A),Nf(B))) + (X ~ {z}))
ANB= :

r€X.a#ty vEX

inf(l +  sup min(N”(A), N[(B)))

ANB=

1 Jr inf sup mm(N[ (A), N[ (B))

a#y ANB=)
=141 (X,r)
namely, T7(X.0) =T (X 0)+ T, (X o) —1. Thus. T5(X.0)=max (0.7 (X.0)+T, (X 0)—1).

Theorem 4.2 = (X, 0) €T/ N X.0)OET,—> (X, 0)ETY.
Proof It is equivalent to prove that 75 (X, o) =T, (X,0)+T,(X,z)—1. In fact,

T(X.,0) +T,(X,0)

= inf min(1,] — min(z(X ~ E),7(X ~ D))
END=()
sup min(z,(A),7,(B))) + infe(X ~ {z})
z€X

ANB=.ECA,DZB

< inf min(1,1 — min(r(X ~ {z}),2(X ~ D))
& D

N

/A/A/A

4+ sup min(Nj’(A),r,,(B))) + igf{r(X ~ {z})

ANB=0) . D
< inf min(1,max(1 — (X ~ D) + sup  min(N"(A),7,(B)),
c&D ANB=0).DCB
=X ~{xp) + sup  (NI(AD,1,(B))) + infr(X ~ {z})
ANB=0), DB zeX

= inf max(min(1,1 — (X ~ D)) + sup min(N_f(A),rP(B)),

z&D ANB=,
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min(1,1 — (X ~ {x}) + sup  min(NY(A),7,(B)))) + in}f{r(X ~ {z})
z€

ANB=,DEB

< inf max(min(1,1 — (X ~ D) + sup (N'(A),r,(B)) + (X ~ {z}),

r&D ANB=),.DCB

min(1,1 — (X ~ {x}) + /milgzp” Pmin(Nf(A),rp(B)))) + (X ~ {x})
< inf (min(1,1 — (X ~ D) + sup min(NT(A),7,(B))) + 1)

T&D ANB=,DZB
<inf(Q—X~D) + sup min(N7(A),7,(B))) + 1

x&D ANB=,DZB

=T/(X.,0) + 1
By a similar procedures of Theorems 4. 1 and Theorems 4. 2 we have the following theorems
respectively.
Theorem 4.3 =((X.,0 €T NX.0DET])) > (X, 0ET..
Theorem 4.4 —=((X,00€TPN X, €T - (X, €T,

From the above discussion one can have the following diagram

TSANT! < TEATT
v

' T;’S - Tfs
v v
T, -~ T, ~ T, -~ T, ~ T,
v v v v v
Pl'y, < PI', < P, < PT, <= PT,
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