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1. Introduction

Fuzzy topology, as an important research field in fuzzy set theory, has been developed
into a quite mature discipline [5-7, 10-11, 16]. In contrast to classical topology, fuzzy
topology is endowed with richer structure, to a certain extent, which is manifested with
different ways to generalize certain classical concepts. So far, according to Ref. [6], the
kind of topologies defined by Chang [1] and Goguen [2] is called the topologies of fuzzy
subsets, and further is naturally called L -topological spaces if a lattice L of
membership values has been chosen. Loosely speaking, a topology of fuzzy subsets
(resp. an L -topological space) is a family 7 of fuzzy subsets (resp. L -fuzzy subsets) of
nonempty set X , and t satisfies the basic conditions of classical topologies (9], -

On the other hand, the authors of [8, 13] proposed the terminologies I -fuzzy
topologies (if the set of membership values is chosen to be the unit interval [0,1]) and
L -fuzzy topologies (if the corresponding set of membership values is chosen to be
lattice L ). More specifically, an [ -fuzzy topology (resp. an L -fuzzy topology) isa
(resp. an L -) fuzzy family t over P(X), where P(X) denotes the class of all crisp

subsets of nonempty set X . They were defined and extensively studied by Hohle,
Sostak, Rodabaugh, Kubiak, and others [4, 8, 10-11, 13].

Received Octaber, 2004

| D66-B950/06 $8.50
Q2006 Inmemational Fuzey Mathematics Inatitale

Los Angeles




790 O R Sayed

In general, L -fuzzy topologies are investigated and described with algebraic and
analytic methods,

In 1991, Ying [17-20] used the semantic method of continuous valued logie to propose
the so-called fuzzifying topology as a preliminary of the research on bifuzzy topalogy
and elementally develop topology in the theory of fuzzy sets from completely different
direction. Briefly speaking, a fuzzifying topology on a set X assigns each crisp subset
of X toa certain degree of being open, other than being definitely open or not. In a way,
fuzzifying topologies are analogous to [ -fuzzy topologies, but the former appeal to
some semantical expressions of Lukasiewicz logic as a basic tool, and thus can be
viewed as an alternative approach to fuzzy topology. Particularly, as the author [17-20]
indicated, by investigating fuzzifying topology we may partially answer an important
question proposed by Rosser and Turquette [14] in 1952, which asked wether there are
many valued theories beyond the level of predicates caleulus.

Roughly speaking, the semantical analysis approach transforms formal statements of
interest, which are usually expressed as implicaton formulas in logical language, into
some inequalities in the truth value set by truth valuation rules, and then these
inequalities are demonstrated in an algebraic way and the semantic validity of
conclusions is thus established, So far, there has been significant research on fuzifying
topologies [12, 15, 20). For example, Ying [20] introduced the concepts of compactness
and established a generalization of Tychonoff's theorem in the framework of fuzzifying
topology. In [12] the concepts of fuzzifying y -open set and fuzzifying ¥ -continuity
were introduced and studied. Also, sayed [15] introduced and studied the concept of
fuzzifying y -Hausdorff separation axiom,

In [3] the concepts of ¥ -irresolute function and ¥ -compactness for fuzzy topological
Spaces were introduced.

In this paper we introduce and study the concept of ¥ -irresolute function between

fuzzifying topological spaces. Furthermore, we introduce and study the concept of y -

compactness in the framework of fuzzifying topology. We use the finite intersection
property to give a characterization of the fuzzifying y -compact spaces.

2. Preliminaries

In this section, we offer some concepts and results in fuzzifying topology, which will
used in the sequel. For the details, we refer to [12, 17-20], First, we display the
Lukasiewicz logic and corresponding set theoretical notations used in this paper. For any
formula ¢, the symbol [#’] means the truth value of @, where the set of truth values is

the unit interval [0,1]. We write &= @ if [@] =1 for any interpretation. By =* ¢ (¢ is
feebly valid) we mean that for any valuation it always holds that [p]>0, and @=*"

we mean that [@]>0 implies [p]=1. The original formulae of fuzzy logical and
corresponding set theoretical notations are:
(1) (a) [a]=a(ae01]);

® [pav]=min((ohly]):
(c) [@ = p]=min(1,1-[p]+[w]).
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@1f AeX(X), [red]=Alz).

(3) I X is the universe of discourse, then [ V@ (z)]=inf, ., [@(z)].
In addition the following derived formulae are given,

(1) [~p]=[p = 0]=1-[e]:

@ [pvy]=[~(=pa-w)]=max([e][w]);

@ [pev]=[lp-¥)aly-0)]:

@) [pap]=[~(g— —w)=max(0,[p]+[w]-1);
(8) [3rp(e)]=[~Vr-o(x)] = sup,ox [ 0(#)]:
(6)If A, e 3(X), then

[Ac ft]m[‘d.r(ze Aoze ﬂ}] = iﬂmin{l.l - A(x)+B(z)),

where 3(X) is the family of all fuzzy setsin X .

Often we do not distinguish the connectives and their truth value functions and state
strictly our results on formalization as Ying [17-20] did.
Secondly, we give some definitions and results in fuzzifying topology.

Definition 2.1 [17]. Let X be a universe of discourse, 1€ I(P(X)) satisfy the
following conditions:
(1) 7(X) =1, #(¢)=1;
(2) forany A, B, r(AnB)2 r(A)ar(B);
(3) for any {A, :deA}, T{Uhﬁﬂ,}z M AL
Then r is called a fuzzifying topology and (X, r) is a fuzzifying topological space.
Definition 2.2 [17]. The family of all fuzzifying closed sets, denoted by
Fed(P(X)), is defined as follows: AeF=X-Aer, where XA is, the
complement of A.

Definition 2.3 [17). The fuzzifying neighborhood system of a point x & X' is denoted
by N, € 3(P(X)) and defined as follows: N, (A) =sup,,uc. r(B).

~ Definition 2.4 [17,Lemma 5.2], The closure A of A is defined as A(r)=1-N, (X
~A). In Theorem 5.3 (17, Ying proved that the closure ~ : P(X) = 3(X) is u fuzzi-
fying closure operator (see Definition 5.3 [17]) because its extension “: I(X) = J3(X),
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izundu.qa-j:- AeJ(X), where A, ={.‘r:.*i[.1'}|?a} is the & -cut of A and
aA(r)=anA(z) satisfies the following Kuratowski closure axioms:

(DEP=¢;

@) forany AeI(X), FACA;

{3) for any ﬁ..ﬂeiﬂ{ﬁ.‘]. EAulsiul

=

(4) forany A, B ed(X), kz(,-!lg;ﬁ.

Definition 2.5 [18]. For any A< X, the fuzzy set of interior points of A is called
the interior of A, and given as follows: A'(x)= N, (A). From Lemma 3.1 [17) and the
definitions of IV, (A) and A we have 7(A)=inf,,, A'(z).

Definition 2.6 [12). Forany Ae3(X), =(A) = X ~(x - 4),

Lemma 2.1 (12). ff[AcB]=1, then (1) = Ac B @) = (A) c(B).

Definition 2.7 [12]. Let (X, ) be a fuzzifying topological space,

(1) The family of all fuzzifying y -open sets, denoted by r, € I(P(X)). is defined
as follows: Aer, =Vr(reA—red NA ")k, 7, (A)=inf,,, min(A” (z),A"
().

(2) The family of all fuzzifying y -closed sets, denoted by F, ed(P(X)), is
defined as follows: A e Fo=X-Aar,,

(3) The fuzzifying y -neighborhood system of a point 7€ X is denoted by
NI e X(P(X)) and defined as follows: Ny (A)=sup,, t,(4).

(4) The fuzzifying y -closure of a set Ae P(X), denoted by Cl, € 2(X), is .
defined as follows: C1, (A)(z)=1-N7 (X - A).

(5) Let (X,7) and (Y, o) be two fuzzifying topological spaces and let fe V¥, A
unary fuzzy predicate C, € J(Y'*), called fuzzifying y -continuity, is given as follows:
Co(f)=VB(Beo— " (B)e 4

Definition 2.8 [15]. Let Q be the class of all fuzzifying topological spaces. The
unary fuzzy predicate T, (fuzzifying y -Hausdorff) € 3(Q) is defined as follows:
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T (X, 7) =¥V
((re X nyeXaz#y)>3BIC(Be NI ACEN] ABNC = ¢)).

Definition 2.9 [20]. Let X be a set. If A e 3(X) such that the support sup pA =
{:I'.'E X:j{m]:-ﬂ} of A is finite, then A is said to be finite and we write F{.ﬁ]. A

unary fuzzy predicate FFe3(3(X )), called fuzzy finiteness, is given as F'!-‘[.-i]r-
(368)(F () a (A= B)) =1-int{a e[0.1]: F(4, )} =1~inf{a e [0.1]:F (Ay)} . where
;L={wex:ﬂ{m}2a} and ;ii_|={rrEX:E[:]>a}.
Definition 2.10 [20]. Let X be a set,

(1) A binary fuzzy predicate K & 3(3(P(X))x P(X)), called fuzzifying covering,
is given as follows: K (%, A)=Vz(reA—3B(BeRareB)).

(2) Let (X, r) be a fuzzifying topological space. A binary fuzzy predicate K e
3(3(P(X))x P(X)), called fuzzifying open covering, is given as follows: K (%,4)
= K(RA)a(ReT).

Definition 2.11 [20]. Let £ be the class of all fuzzifying topological spaces. A
unary fuzzy predicate I 3(2) , called fuzzifying compactness, is given as follows:

(X, 7)€ T = (VR)(K, (3. X) = (39) (1 < R) A K (0. 4) 2 FF (9))).
where <R means that for any M € P(X), p(M)<sR(M).

Definition 2.12 [20). Let X be a set. A unary fuzzy predicate IIEH{J{F[X}}}.
called fuzzifying finite intersection property, is given as follows:

f1(R) = (VB)((B £ R) A FF(B) = (32)(vB)((Be B) = (r € B))).

Lemma 2.2 [1.2]. Let (X,7) be a fuzzifying topological space. Then
M Ereri@EFeF. () FF(Nnwd)2 A F(A4).

Corollary 2.1 [12]. 7, (A)=inf,,, N7 (A).

Theorem 2.1 [12]. Forany =, A, U, #ACH—I{AEN," —FEEN:].
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3. Fuzzilving ¥ -irresolute functions

Definition 3.1. Let (V. 7} and (V, ) be two fuzzifying topological spaces and let
feY"*. Aunary fuzzy predicate 1, € 3(V*), called fuzzifying  -irresolute, is given
as follows: I, (f)=VB(Bea, = ["(B)er,). Inwitively, the degree to which [ is
fuzzifying y -irresolute function is

[1,(1)] = inf min(1.1-a, (8) +, (7 (8))).

Theorem 3.1, Let (X, 1) and (Y &) be two fuzzifving topological spaces and let
feY™, Then

E=fel, = feC,.

Proaf. From Lemma 2.2 we have a(f)< @, (B) and the result holds.

Definition 3.2. Let (X, 1) and (Y, &) be two fuzzifying topological spaces and let
fe¥Y”Y. We define the unary fuzzy predicates w, e J(Yx}. where k=1,--+,5, ns
follows:

(1) few =VB(BeF, —["'(B)eX"), where 7" and 7' are the fuzzifying
¥ ~closed subsets of X and Y, respectively;

(2) few, i‘n’;l:‘v'u[u EN_IErI = [ (u)eNT ) , where N7 and N7 are the
family of fuzzifying y -neighborhood systems of X and Y, respectively;

(3) few, = 'b’:r'ﬂ'n(u £ N;L. . E.Iu{_f[u}: u=veN” ]).
@ rew=va(r (¥ () <ot (1)

(5) few, =vB(ct) (£ (B) < 1 (ct) (B))).

Theoremd.2. =fel, & few, k=15,

Proof. (a) U;.Fe will prove that = fel, & [eu,.
[£&w]= inf min(1,1 -5 (B)+ 5 (1 (8)))
- it min{L1-0, (v =) 5, (X ~1" (1)

= inf min(l,1~c, (¥ -B)+r, (£'(v-8))
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- ..H'-[fwmi“{t'i g, (u)+r, {J"" {n}n = [f 3 IF].

(b) We will prove that i= fe [, & [ ew,. First, we prove that {_." Ew:!“-z[,.l’e Ir].
If N' r[u}sﬂr (_f [u] lhen mm(l - NH”{:;'_HNI* {f"[u}])ﬂa[}e!,l.
Suppose N/{r; (u) > NI' (£ (u)). Iuis clear that, if f(r)e Acu,then zef"(A)c
£ (u). Then,

ri{u]-—N" (" [u]]=r . % (A)- s:!p‘ | L (B)

£ 0,00, 30500

- S - (f' )

So
1= Ny () + N7 (£ ()2 inf (1=, (4)+ 5, (77 (4))).
Therefore
min (1,1 N, ()4 N2 (£ (w))) 2 ind_ min(1,1-0, (4)+ 7, (£ (4)))
2 inf min(11-0, ()47, (1" (v)))=[se1, ]
Hence

inf in mm(ll N“’f,,{u]-l-ﬁ" (s [u}])z[fe.']

s N wal

Second, we prove that [J"E J,]z[! [ u:,] . From Corollary 2.1, we have

[.f& Ir]r-“i!":,{l;]min(l,l-ﬂr{u}-r T, f"[u}])
E'jmﬂmin(m mt' N1 ][u}+ m!’ N"' (f {u])]
2 inf 'min(l.l inf NJiy(u)+ inf NIAT [u}}]

Zinf inf min(l1=N7, (u)+ N7 (1 [u]]) [few).

euX wal(¥)

(c) We prove that [f e, ] =[f € u,]. From Theorem 2.1 we have
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I Ty PR Y 3 f Ll
[f €w,] = int inf Imm[l.l—Nﬂ,][u]+l“1:_|;ﬁlmN,' [n}]]

> E!:IE“i::IE_'r]min(l.l—NF{,J[|¢]+Nf* (£ (W) =[1emw].

(d) We prove that [few,]=[few,]. First, since for any fuzzy set A we have
[£(1(A))24]=1. then for any BeP(¥) we have [ (1l (7 8)) 2
el (£ (8)]=1. Also, since [ (17 (B)) B]=1, then we have that

[ (1 ) 3)] 1.
Then from Lemma 1.2 (2) [22] we have
[ (r @) e (e @] (rlett (- @) e 1 (o )]
2[ 1 (rlet (7 @) < 1 ety (1 ()]
2[1(ety (£ ()< ety (£(r ()]
Therefore
[rew) = inf [et¥ (1 (B)) < 17 (et} (8))]
> inf [t (@) ety (1( (0)]
2 inf [1(el () ety (£(A)] =[f €m,].

Second, for each A€ P(X), there exists 7€ P(Y) suchthat f(A)= 8 and
f'(B)2 A. Hence from Lemma 1.2 (1) [22) we have

[few]= Jnf {1 (et (A))cet) (1 {-4}]]
2 i [ty () (1 (e (1(a)]
2 i [ () 1 (et} (1 ()]

2 ol oL (@) 2 1 () ()]
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2 inf [et (£ (B)) < ety (8)] =[/ & wi]

¥

(6) We want to prove that = [ € w; & few.
[few]= ni-'hfr:[d"v (r'()er (e (8)]

= inf_infmin(1,1~(1-N7" (X =7 (B)))+1 - N, (v -B))

e Y] e X

= inf ingmln(i.l-N}'E;}{Y-B}q.ﬁr:* U-i{y-B]))

fe Y] e

= inf. inf min{1,1=NJi, () + N7 (/" () =[f € ).

mely

4. Fuzzifying y -compact space

Definition 4.1. A fuzzifying topological space (X, 7) is said to be y ~fuzzifying
topological space if 7, (A B)2 7, (A) a7, (B).

Definition 4.2. A binary fuzzy predicate K, & Y(3(P(X))x P(X)), called fuzzi-
fying ¥ -open covering, is givenas K (R, A)e= H[E.A]q\{fﬁ = rr] :

Definition 4.3. Let € be the class of all fuzzifying topological spaces. A unary
fuzzy predicate T, € 3(€2), called fuzzifying y -compactness, is given as follows:

(1) (X, 7)eT, = (YR)(K, (R,X) - (3 0)((0 s R)A K (o, X) A FF(p))):
(2)If Ac X, then T, (A)=T, (A, 7/A).
Lemmad.l. =K (R,A4)= K,(R,.A). '
Proof Since from Lemma 2.2 = 7 7, then we have [Rc r]s[Re r,]. Se,
(K (%,4)]5[K,(®4)].
Theorem 4.1. &= (X,7r)el, = (X,r)el,
Proof. From Lemma 4.1 the proof is immediate.

Theorem 4.2. For any fuzzifying topological space (X, 7) and AC X,

r, (4) e (vR)(K, (R, 4) = (@p)(( s R) A K (9,4) 2 FF(p)).
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where K, iy related 1o T,

Proof Forany Re Z‘S['J{X]}. we get R e I(I(A)) defined as R(C) = R(B) with
C=AnB, BgX. Then

h’{‘i,ﬁ}=infsupi‘t[£‘]=inf sup K(B)=infsupR(B)= K (R, 4),
reld ¢ A cae A L
because 7 € A and z € B ifand only if x € An B. Therefore
[Ber/i]=int min(1,1-R(C)+1,/4(C))
uqi%f;min[l.l—- sup  R(B)+ sup t,{B'_I]

CmAnH B X CwdArdl Bg X

inf xmin(t.l-—ﬁ[ﬁ}-& rr{B])

A C=AnlL g
2 Llét;min{l.l -R(B)+7,(B) =[RecrT,].
Forany o< % , we define o’ € 3(P(X)) as follows:

, P(B) fBcA
o'(B)= L:l otherwise.

Then ' s R, FF‘[p‘]=FF[p] and H[p'.d}nk{ﬂ.ﬂ].
Furthermore, we have

[T, (4)a K, (R.A)]< [T, (A)a K (R.4)]
< [{Elp}({p <R)a K (p.A)n FF{p})]
<[ (0’ sR)AK (9", 4) 2 FF ()]

<[(@B)((BsK)AK (B,4)n FF(B))].

Then T, (A) <[ K, (%, 4)] [ (38)((B < R) A K (B,4) PF(B))], where K; (%, 4)
=[K{ﬁ.ﬂ}¢{‘i:r”!,)]. Therefore

r,(4)s gﬁg‘x“[fc, (R, A)— (3B)((B< R) A K (B, A)a Fr(8))]

= [ (var)(i, (%, 4) - (36)((B < R)a K (B.A) 2 FF(B)))].
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Conversely, for any Re 3(P(A)), if [Rer,/,]=inf,., min(11-K(B)+7,/,
(B))=A4, then for any neN and BC A, supy, oooox B (C)=1,/,(8)> A+
R(B)=1=1/n, and there exists €', € X such that CynA=8 and 7, (04)> A+
R(B)-1-1/n. Now, we define ReI(P(X)) as R(C)=max,., (0,4+%R(B)-
I=1fn). Then [Rc 7, |=1 and

" o o !
H‘{?ﬁ..ﬂ.) = lﬂﬁ,f:ﬁ'xm{“ )= i'r:hljgﬂ ()2 1Ir.l£s'|:5[1+ﬁ[ﬂ:|—t -;)

ninfsup‘ﬂ[ﬂ}+4—l-i— =K(R A)+4d-1- I

Frr
UL ] n

K, (R.4)=[K (& A)s(Fcr,)] =[x (R4)]2 mn[ﬂ.ff[at, A)+A-1 ~';]

Emu[ﬂ.ﬁ'[iﬁ.ﬂ.}-ral—l]—in,t-:;[gi‘&]_i_

For any 0<%, we set ' e J(P(A)) ns p'(B)=p(C,), B&A. Then p's K,
FF (') = FF () and K (', A) = K (2, A). Therefore

[R)(K, (3,4)  @0) (5 R) a K (9.4) A FF (0)) ] [ K7 (0, 4)]- -
<[(var)(, (%,4) - (3p) (0 sﬂ}nmw.dwr-‘[w}]]]a[[fr; {m.m]-ﬂ
<[ K, (%,4) > Ep)((0 < F) H[p.A}a:»FF[p}H{\[H, (3.4)]

<[@0)((i s F)ak (0.4)4 FF ()]
<[@p)((0 s R)A K (9, A) 2 FF (")) ]

<[(3B)((B <) a ke (B, A)a FF (8))].
Let n —»ea, We obtain

[(vR)(K, (R, 4) = (30) (10 5 R) A K (0. 4) o FF (10))) ]

[K;(R,A)]s[(38)((8sR)a K (B.A) 2 FF(B))].
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[(vR) (i, (R, 4) > (3e)((10 = K) A K (0. 4) A FF ()]
<[ K (R,A) = (3B)((B<R)A K (B,A)a FF (8))]
S, _j‘lﬂﬁx}][f{; (X, 4) > (38)((B < R) a K (B,A) 2 FF(B))]
=T (4).

Theorem 4.3, Let (X, 7) be a fuzzifving topological space.

o= (YR)((9% € (P (X)) A (R 5 ) AN(R) - (Fr) (VA) (A R~z e A));
7= (YR)3B)((R e 7 ) a(Ber,))a
(o) ({0 < R)a FF(p) - =(Np < B)) = ~(NR < B)).
Then =T, (X, 1) nm, i=12.

Proof. (a) We prove T, (X,7) =[x ]. Forany S e J(P(X)), we set R* (X - A)=
R(A). Then

(%] = inf_min(1,1-%(4)+7,(4))
= o nf min(L1-% (X - A)+ 7, (X -4)) =[% 7, ],
FP(R)=1-inf{ae(01]): F(R,)} =1-inf {aefo,1]: (%)} = £F ()
and

BER e>B(M)eB (X-M)sR(X-M)es B <K

Therefore
T, (X, 7) = (vR)(K, (3, X) = (3p) (1 s ) a K (9, X) & FF(p)))]
-r[{v‘x]({ﬁt 1 )aK(RX)— {Ep}{[psﬂt]nk{p,xhFF{p]}]]
=[(vR)(Rc7,) - (K (3, X) = (3p) (0 s R) n K (0,X) FP(p)))]

=[[H“3‘t}([9‘t’ ;}-r} = ((vz)(3A)(AeRaze A)—

(Fp) ({10 s R) A K (o, X) A FF!‘.F]}})]
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= [{\:"R}{[‘H" c .F"}'-J.t ((vx)(3A)(AeRare Al —
(36 )((5" s R)a & (B, X) n FF (B }]]]]

= [[H‘Eﬁ}[l_’ﬁ“ cF)=((ve)(3A)(AeRaze A)—

(38)((B < %) A PP (B) A f;{ﬂ*,-’f}]]]]

n[[*ﬂ'ﬂ}{[ﬂ' cF, )= ((vz)(3A)(AeRaz e A)—
(38)((BSR) a FF (B) a(V2)(3B) (B € B Az e 8))]

- [[V‘.’ﬁ}(ﬂ" c 7, - (~((38)(Bs X" A FF(B) A
(¥2)(3B)(B € B' ax € B)) - —((¥)(34)(4 eﬁn.:r-e.d]}])]
=[(vR)((R° < 7, ) (A% ) = ~((v2) (3A) (A e R az e )]
=[(vR)((® < 5, ) AN (R) > (F)(VA) AR >z e A)]=[x).
(b) We prove [ ]=[x,]. Let X -BeP(X). For any ReI(P(X)).

(e 5)a(Bes)]=[(Re5)n(x-me5)]
= inf min(1,1-R(A)+ 7, () 7, (X - B)
= inf min(L1-S(A)+ %, (A)) A inf min(l1-[Ae{X~B)]+7,(4)
= inf min(1,1-[(RU{X - B))(4)]+ % (1)
=[(rofx-Bhe 7]

Therefore, for any Be3(P(X)), let p=B\{X -B}eI(P(X)).

_|B(A), A#rX-B
P{A]'{u. A=X-B'
Then < B, pu{X-B}28, [FF(p)]=[Fr(8)],

[<R])=[B<(Ru{x-5))]
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and
[{Vpi[m SR) 4 FF(p) - (3r)(vA) A e(pu{X -8} = (rea }})]

= inf min[l.l —[FF{p]]wt-fl.T I ”((pu{x -B})(A)— A{.i:]]]

= st ™" (“ ~LPP(8)]+ap Jof, (B(4) >4 im}]]
=f(Ru{X-8}).

Furthermore, we have
m (R 7 )a(Ber,)atvi) (0 s R)a FF () - ~(Np < B))]
=m [ (Ru{X-B)c % )a(vp)
(05 %) 2 £7 () - (3r) (V) (A € (pL{X - B)) - z ¢ )
=x [ (Ro{X-B)c 5 )an(Ru{x - 5))]
s[@)wA)(Ae(Ru{x-B}) - zea)] =[~(%cB)].
Therefore

s ot s (RS 7 ABer)a(ve)(os R)aFF(p) -
“(NpcB))->-(NRcB))=r,.

Conversely,
ma[(Re 7)o ()] =m A[(RV(BYU{BY) 7, |a[A((X\{B)) o {B))]

il ‘5[(“!* E*Fr)“(x -Be fr]-’.\['ﬂ'lﬂ}“,fﬂ S R)a FF(p) =
(@)(vA)(Ae(pu{B))»rea))] .

=, z_\[{'ﬂ*c F)a(X-Ber,)a(vp)((ppsR)aFF(p)-
(e < X -B))]

s[-(n%* < x - 8)]=| (3x)(vA)((A € (R U{BY) - (re A)]

=[(3r)(vA) (AR = (re 4))].
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Therefore

m < a..%':‘.?}.m[{‘-“ CF)AN(R) = (3r)(vA) (AR - (re A )]=x

5. Some properties of fuzzifying y ~compaciness
Thearem 5.1. For any fizzifving topological space (X,t)and A X,
BT, (X.r)adeF, T, (A),
Proof. Forany R e 3(P(A)), we define R & I(P(X)) as follows:

R(B) ifBg A,
otherwise.

R(B)= {
Then F‘F‘[ﬁ)=I—inf[ae{ﬂ.l]:F(ﬁ,}]=I-inf{ae[ﬂ.l]:F{‘.‘!{,]}=FF{ER} and

sup inf {l ﬁ{ﬁj}“’ui’[( inf {I ifﬂ}))“[;.‘ﬂg.t{t'ﬁw”)]

LR refica

ralicA

-sup inf (I ﬁ{ﬂ}])ﬁf:tf[ljﬂﬂifl{l'ﬁfﬂl)]
=supl_inf (1~ (1)
on{ 0300 s g1 0-x0)

If & A, then forany 2°e A we have

A58 (1=SK(B)) = inf (1-R(B)) s _int (1-%(B)).
Therefore, sup,, ¢ inf,, 5, (1~ R(B)) = sup,, , inf, ., (1-%(m)),

[ﬂ[ﬁ}] =[[H§]((ﬁ < "i)ﬂFF (B)— [Hr]{"u"ﬁj((ﬁ‘ = ﬁ] —(re ﬂ'}))]
=m£min[l,l-FF{§]+wp inf {|-£ﬁ[n}}]

'-mf'min[ FF{B]Hup mf (1- 9‘.‘{3}}] =[a{%)].

We want to prove that ¥, [A]@[ER: }";;‘_,]s ['ET‘K = .Fr:f. In fact, from Lemma 2.2 (3)
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we have

F(A)a[Rc 5/, ]= max[ﬂ,ﬁ{}i}-l- Emin{i,i ~R(B)+ 7,/ (B))- |]
< ‘iiréi;{l—W[H]}+[.ﬁ[,ﬂl]+}-’”{4[ﬂ}-—l}
< inf (1=-R(B))+(F, (A)n %,/ 4(B))

z}rréE{I—‘:'R{ﬂ}:l-i-[f}{A]A' sup -‘*}(ﬂ'l]

A=l g X

.Ep-m[ﬁ)} sup (7, (4)aF, (8))

L
= f,';{.['-ﬂ[ﬂ)}+ﬂ,n4{';;*ﬂ. AT
= inf (1-%(B))+ 7, (B)
= inf min (L1-%(B)+ 7, (8))
= jnf min(1,1-R(B)+ 7, (B)) = [Rc 7, ].
Furthermore, from Theorem 4.3 we have
X )a % (A)a[Re 7/, ]a0(R) ST, (X, 0)A[R < 7 ]a0(%)

swg*lﬂg[l-gﬁ[ﬂ]}=lu£rjm:'d{'l-3‘t(ﬂ]}.

T, (X.)a % (4)$[Re %/, a0(R) > sup inf (1-R(B))

s ot ([R5 /a0 s int (1-5(8) =T, (4)

Theorem 5.2. Let (X, 1) and (Y,0) be any two fuzzifying topological spaces and
JeY?" is surfection. Then =T, (X,7)aC, ()= T(f(X)).

Proof. Forany Be3(P(Y)), we define R e J(7(X)) as follows:
R(4)=1"(B)(4)=B(r(4)).

K(R.X)= Eﬂsugﬁ[ﬁ.} =i|;n£:ﬂ£ﬂ[f{d]}
= inf sup B(8)= JIATT:T:EB{H} =K(B.f(X)),

ia N ”,:."
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[Bealac,(/)]= inf min {1.1-5[5]+a{ﬂ}}¢§2£min{|. \-a(B)+r,(f ()
= max({], inf min(1,1-B(8)+a(B))+ inf min(1,1~0(8)+ 7, (1 (1)) 1)
< inf max (0,min (1,1~ B(B)+ (1)) + min 1,1 ~a(B)+r,(1(8)))-1)
< inf min(11-B(B)+, (1 (B))) = ilgi;”.im’”min{l.l -B(B)+z, (1 (1))

= inf h:{Lmin(l.l—B{B}+f,{A]} = inf min[l.l F:"S?J:']EAH{HH T, {A}]

AgX Y

= inf min(1,1-%(A)+7,(4))=[ R < 5.
Forany @SR, we set o€ Y(P(Y)) defined as follows:
#f(A)=1(@)(f(A) = p(A), AcX.
Then B(f(A)) = f{@)(f(A)) < F(R)(F(A) = £ (£ (B)(£(A) < B(£(A)),

FF(p)= l-inl‘[ae[ﬂ.I]: F[pm)l = I-*ﬂf{ﬂﬂ [0.1]: F(J"l’.ﬂh)]

= FF(f(p)< FF(p)
and
KBSX))= i pB(2)= Jof, s p(4)2 jnf, s p(4)
=infsupf(A)=K(p, X).
ra X red
Furthermore

[y (. ale, (N]a[ k(8.1 (x))]
=[r, (X.0]a[C,(N]a[K (B.1(x)]alBc o)
s[r,(x0]a[Rer Ja[k®2)] =[r, (X.0]a[ £, (5.3)]
s[@0)(L s K)AK (p.X) A FF(p))]
<[@R) (0 s R K (0,1 (X)) ()]

where K’ is related to & . Therefore, from Theorem 4.2 we obtain
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[r(x.9)]a[c, (1]
SKI(B./(X)) - Ee) (e s R) A K (9" 1(X))a FF(p")
St (K(B1(X)) = @) (0" s R) A K (07,1 (X)) o FF ()

=[r(r(x)].

Theorem 5.3. Let (X,r) and (Y,0) be any two fuzzifving topological space and

fe Y™ is surjection.

=T, (XA, (1) T, ().
Proof. From the proof of Thearem 5.2 we have for any Be3(P(Y)) we define
ReI(P(X)) as
R(A)=1"(B)(4)=B(f(4)).
Then K (R, X)= K (B, [(X)) and [H:u‘r]aﬁ[fr{j}]s[?’i: !'r]. For any p< R,
we get @eI(P(Y)) defined as @(f(A))=f(p)(f(4))=p(4), AcX and we
have FF ()< FF(B). K (.f(X))2 K (. X). Therefore
[ (6o al1, (][ 26 (8.1 (X)]
=[r, (X, 0)]a[1, (][ & (B.1(X)]A[Bc g, ]
<s[r, (X.0)]a[Rer, Ja[K (R X)] =[T, (X.0)]a[ K (R X)]
s[(@p)((p s ) AK (0.X) 4 FF(p))]
s[@P)((psR)AK (B.1 (X)) 4 FF ()]
<[@0)((p < B)a K (. 1(X)) 2 FF (07))].
where K is related to o . Therefore, from Theorem 4.2 we obtain
[ty (0)]a[1, ()]
C SKBSX) - @0) (@' S B)AK (', /(X)) FF ("))

s inf (K7 (B.7(X)) - (E0)(0° < B)a K (0.1 (X))a FF ()

HaX M X))
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=[r, (£(x))].

Theorem 54. Let (X, 1) be any fuzzifving ¥ -topological space and A, B X .
Then
(1) T (X, 2)a (T, (A) AT, (B)AANB = =" T (X, 1) -

@U)av)((rer,)a(ver)a(Act)a(BeV)aUnV =9)):
(2) I7 (X, r)aT, (A)=" T (X, 7)o A€ F,.

Proof. (1) Assume ANB=¢ and T/ (X,7)=t. Let reA. Then for any y e B
and A <, we have from Corollary 2.1 that

sup{r,{P}Arr{Q}::r.eP.pEQ.Fr'\Q=¢}
nsup{rr{P]A‘r,{Q]:mE P;U.yEQﬁV.UﬁVﬂﬂ}

= sup {sup rrEP}A::EL'fr[Q}}Huﬂ:ﬂﬁ{ﬁ:(u]ﬂ N:{V}}

Vel ag | salct!

2 inf mp_{N: (AN (V)}=T7 (X,1)=t> 4, e,

R ) g

there exist £,, Q, such that 7€ P,, yeQ,, ,nQ,=¢ and 7, (P)> 4, 1.(Q,)>
A. Set B(Q,)=7,(Q,) for ye 8. Since ]:B:rr}ﬂ.w:hnw

[k, (B.8)]=[K (B, B)] = infsupB(C) 2 inf B(Q,) = inf 7, (@,) 2 4.

On the other hand, since T} (X, 7)A(T,(A)AT,(B))>0, then 1=t <T,(A)A
I, (B)sT,(A).
Therefore, for any A€ (1T, (A),1), it holds that

1-A<T,(A)s1-[ K, (B, H]]+1:ﬁ{ﬁ[p, B)]a FF ()}
<l- A+:.’|:g {H (1, 8)] F‘F{p}}.
6., SUppeu {K (0,8)] 2 FF(p)} >0 and there exists p<B such that K (fo,B)+
FF(p)=1>0,ie, 1-FF(p)< K (p,B). Then, inf{6: F(p,)} <K (0.B). Now,

there exists 6 such that 8 < K (g, B) and F{p‘], Since < B, we may wrile
Po={Qu Q] Wepu U, ={R, nenp ), ¥, ={@, 0@, } and have
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V,aB , U,nV,=¢ . r,(U,)zr,(B)rar(P)>4 because (X,7) is
fuzziyfing ¥ -topological space. Also, 1, (V,)2 7, (@, )a a1, (@, )>4. In fact,
inf psup . (D)= K (,13)> 6, and for any y € B , there exists ) such that y e D
and (D)>6,, De g, . Similarly, if 1e(1=[T,(4)AT, (8)].t), then we can find

Tz, €A with U =U, we-ull, DA. By putting V. =V, n--nV,_ we obtain
VaB, UnV=¢and

@)@EV)(( er,)a(Ver,)a(AcU)a(BaV)a(UnV =¢))
2r,(U ]A L {V}z I_Tm“ T, I:U,I )“..m.,.i-'.?.. 'r,{V,I )3' A.

Finally, we let 4 — ¢ and complete the proof.
(2) Assume =" T (X,t)AT,(4). Forany re X - A we have from (1)

sup Jrr{U]E:up{rr[U]Ar,[V]::nEU.A & V.Unvnw}E[T{[x.ﬂ].

ral'g X~
From Corollary 2.1, we obtain,

7 (A= jof NI(X )= e, s 6, (0)2[17 (%))

Definition 5.1, Let (X, r) and (Y, &) be two fuzzifying topological spaces. A unary
fuzzy predicate Q, € "‘5(}"}, called fuzzifying ¥ -closedness, if given as follows:

Q,(N)=vB(Be 7} = 1" (B)eF),

where F,' and ¥ are the fuzzy families of 7, o - y -closed in X and V'
respectively,

Theorem 5.5. Let (X, 1) a fuzzifving topological space, (Y,0) be an y -fuzzifying
topological space and [ e Y™, Then =T (X, 7)aTY (Y. 0)A T, (f)=Q,(f).

Proof. Forany A ¢ X, we have the following:
(i) From Theorem 5.1 we have [ T, (X, 7)a 5" I:A]]S r,(A);

(i) 1, (fa) = jnf min(11=0, (©)+ 1,/ 4((77.)" @)

- Hmﬂmin{l.l ~a, (U)+1, [ (An (1))
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-rl_ir']_{”min[l.I—a'r ()4 ™ sp rr{ﬂ:]J
2, inf min(Li=a, ()4, (1 (1)) =1, (1),

(iif) From Theorem 5.3, we have [T, (A)a 1, (£,)]<T, (£(4)).

(iv) From Theorem 5.4 (2) we have ﬂriv.u}4r,(f[A}]pw I (Y, 0)= f(A)
& 7", which implies 1= Y (Y, @) AT, (£ (A)) = f(A) e F . By combining (i)-(iv) we
have

[T (X 0)a Ty (Yio)al, ()] s[(£F (A) = T, (A) al, () a7y (v.0)]
s[(& (@)= (0, ()ad, () 273 (v.0)]
s[F () =T, (1(A)a17 (v,0)]
s[E5 ()= 7} (1(a))).

Therefore
[T (X0) a1y (Xoe)at, (0] s[5 (4)» 5 (1(4 )]
s it ([%° @~ 7 (1)) =e, 0.
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