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Abstract

This paper considers fuzzifying topologies, a special case of [-fuzzy topologies (bifuzzy topologies) introduced by Ying
[16, (D]. It investigates topological notions defined by means of regular open sets when these are planted into the frame-
work of Ying’s fuzzifying topological spaces (in Lukasiewwicz fuzzy logic). The concept of fuzzifying nearly compact
spaces is introduced and some of its properties are obtained. We use the finite intersection property to give a characteri-
zation of fuzzifying nearly compact spaces. Furthermore, we study the image of fuzzifying nearly compact spaces under
fuzzifying completely continuous functions, fuzzifying almost continuity and fuzzifying R-map.
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1. Introduction

Fuzzy topology, as an important research field
in fuzzy set theory, has been developed into a quite ma-
ture discipline [4-5. 7, 9-10, 15]. In contrast to classical
topology, fuzzy topology is endowed with richer structure,
which is manifested with different ways to generalize cer-
tain classical concepts. So far, according to [5], the kind of
topologies defined by Chang [1] and Goguen [2] is called
the topologies of fuzzy subsets, and further is naturally
called L-topological spaces if a lattice L of membership
values has been chosen. Loosely speaking, a topology of
fuzzy subsets (resp. an L-topological space) is a family
of fuzzy subsets (resp. L-fuzzy subsets) of nonempty set
X, and satisfies the basic conditions of classical topologies
[8]. On the other hand, the authors of [6, 11] proposed the
terminologies I-fuzzy topologies (if the set of membership
values is chosen to be the unit interval [0, 11} and L-fuzzy
topologies (if the corresponding set of membership values
is chosen to be lattice L). In [3], an L-fuzzy topology is
an L-valued mapping on the traditional power set P(X) of
X. In [6, 9-11] an L-fuzzy topology is an L-valued map-
ping on the L-valued mapping on the L-power set of X.
In 1980, Hohle [3] introduced the concept of fuzzy mea-
surable spaces with the idea of giving degrees in [0, 1]
to some topological terms rather than O and 1. In 1991,
by Lukasiewicz logic on [0, 1], Ying [16] used the seman-
tic method to propose so-called fuzzifying topology, whose
definition is the same with Hohle's. He gave an elementally
development of topology in the theory of fuzzy sets from a
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completely different direction. Briefly speaking, a fuzzify-
ing topology on a set X assigns each crisp subset of X to
a certain degree of being open, other than being definitely
open or nol. In fact, fuzzifying topologies are a special case
of the L-fuzzy topologies in [6, 11] since all (-norm on [
are included as a special class of tensor products in these
papers. Ying uses one particular tensor product, namely
tukasiewicz conjunction. Thus his fuzzifying topologies
are a special class of all the I-fuzzy topologies consid-
ered in the categorical frameworks [6, 11]. Particularly, as
the author [16] indicated, by investigating fuzzifying topol-
ogy we may partially answer an important question pro-
posed by Rosser and Turquette [12] in 1952, which asked
whether there are many valued theories beyond the level of
predicates calculus. Roughly speaking, the semantically
analysis approach transforms formal statements of inter-
est, which are usually expressed as implication formulas in
logical language, into some inequalities in the truth value
set by truth valuation rules, and then these inequalities are
demonstrated in an algebraic way and the semantic valid-
ity of conclusions is established. In 1993, Ying [17] intro-
duced the concepts of compactness and established a gener-
alization of Tychonoff”s theorem in the framework of fuzzi-
fying topology. In [13-14] Singal and Mathur introduced
the concept of nearly compact spaces in general topology.
In this paper, we give the definitions and basic properties
of fuzzifying open covering and fuzzifying nearly com-
pact spaces. Also, we use the finite intersection property to
give a characterization of fuzzifying nearly compact space.



Moreover, we study the image of fuzzifying nearly com-
pact spaces under fuzzifying completely continuous func-
tions, fuzzifying almost continuity and fuzzifying R-map.
We use the terminologies and notations in [16-19] with-
out any explanation. We will use the symbol & instead of
the second "AND” operation /A as the dot is hardly visible.
This means that [a] < [¢ — v] = o] ® [¢] £ [¢]. Also,
we need the fact that (a — Y) A (8 — 7) = (aV B) = 1
A fuzzitying topology on a set X [3, 16] is a function
7 € J(P(X)) such that:

M X)=7(0)=1;

2) forany A, B € P(X), (AN B) > 7( 4)/\7(3)

(3) for any {4y € P(X) : A € AL, 7 U Ay) 2
A/\ T(A4y).
£A
The family of all fuzzifying regular open sets [18], denoted
by

mr € S(P(X)), is defined as follows:

[Aerr] =min( A\ (Int(Cl(A)()),
A

A (L= In(CUA))(x))).

=X —A

If (X.7)and (Y,o) are two fuzzifying topological spaces
and f € Y. Then, the unary fuzzy predicates AC, Cc:
and Cp € (YY) called fuzzifying almost continuity
[18], fuzzifying completely continuous function [19] and
fuzzitying R-map [19], are given respectively, as follows:
AC(f) =YUU €eag — 1) € T1),
Ca(f) = (VOWU € ¢ — fY{U) € 7g), and
Cr(f) = (YUXU €eop — f1(U) € TR).
If €2 is the class of all fuzzifying topological spaces, then
a unary fuzzy predicate I' € 3(£2), called fuzzifying com-
pactness [17], is given as follows:
1 INX,7) = (VR(K.(R,X) — (Fel(lp <
RAK(p,X) 2 FF(p)).
(for K and K, see [16,(II}], Definition 4.4 , for < see
[16,(ID], Theorem 4.3 and for F'F' see [17], Definition 1.1)
(2)If AC X, thenT'(A) :=T(A,v/A)

2. Fuzzifying nearly compact space

Definition 2.1
(1) A binary fuzzy predicate Kp € S(S(P(X)) x
P({X)), called fuzzifying regular open covering, is given
as follows:
Kgp(R,A)=K(R,A) ® (RC7g).

(2) Let © be the class of all fuzzifving topological
spaces. A unary fuzzy predicates ['r € S(€1), called fuzzi-
fying near compaciness, is given as follows:

) Tr(X,7) = (VR)(Kp(R, X) — Fe)l(p <
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R) A K(p, X) ® FF(p)))
(i) If A C X, then 'g(A) :=Tx(A,7/4);
(3) Let (X, 7) be a fuzzifying topological space and
A C X, then the family of all fuzzifying regular open sets
in (A,7/A) denoted by 75 /A € (P A)) is defined as
Verg/Ad:=@U)U e ) A(V=UnA)).
The following theorem states that "the degree to which
a subset A is fuzzifying nearly compact is equal to the de-
gree in the statement “every fuzzifying regular open cover
from 7 of A has a finite subcover”.
Theorem 2.2, For any fuzzifying topological space (X, 7)
and A C X,
F Lp(4) +— (MR)(Kr(R.A4) — (Fplllp <
JAK(p, A) @ FF(p))),
where Kg is related to 7.

Proof. For any R € S(P(X)), we set R € S(P(A)) de-

fined as
R(C) = V  RB).
C=AnB, BCX
Then
K® 4] = N\ V&
oA el
>N\ V ®rB
acA pcC=ANB
> N\ V RB) = [K(® 4)),
xEA 2R
Therefore
[R C 7r/A]
/\ min(1,1 — R(C) + mr /A(C))
- /\ min(1,1 — \/  ®mB)+ \
c_A C=ANEB, BLX O=AnEB, BCLX
> /\ min(1,1 —R(B) + mr(B))
CCA, G=AnE, BLX
> A\ min(1,1—R(B)+ra(B)) = [R C 7.
BCX

Now, we define [Kz(R, A)] = [K(R,4) @ (R C 7g)]
and [Kx(R, A)] = LK(EE‘,A) ® (R C 7r/A)]. Then
[Kr(®,A)] < [Kp(®R,A).
So, for any p < R, we define p € S(P{X)) as
‘ p(B), it BCA
2 (3= { 0, otherwise.

Then o < R, [FF(p)] = [FF(p)] and [K(p , A)] =
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[K (g, A)]. Furthermore, we have

Ca(A) © Kg(R,A)]

< [Pr(4) & Kg(R, 4)]

= [(YR)(K (R, 4) — (Fp)((p <R) A

® FF(p))) ® Kg(R, A)]

< KRR A) — F)((p <R)AK
® FF(p)) ® Kz(R,A)

< [@p)(p <R)AK(p, A) @ FF(p))

<[(3)(p <RAK(p,A) ® FF(p))]

<[EBB<R)AKB A ® FF(B))).

Then [I'g(A) ] [Kr(R,A)] — [(3B)(B < R) A
K(B, A) ® FF(B))]. Therefore

Tr(A)] < A

REX(P(X))
AK(B,A) @ FF(B))]
= [(VR)(Kr(R, A) — (3B)((B < R)
AK(B, A) ® FF(B))].
Conversely, for any i € S(P(A)), if [R C mr/A] =

A min(l,1 — R(B) + 75/A(B)) = A, then for any
BCA

) A K(p, A)

(g, A)

[Kr(R, A) — (I)(BLR)

n< Nand B C A, V Tr(C) = Tr/A(B) >
B=4ng, CCX
A+ R(B) — 1 — -, and there exists C'g © X such that

CpNA = BandTR((‘B) > AMR(B)— 1—l Now, we de-
fine R € S(P(X )dss)?('}—max(}/\—i—%{B)—l——

Then [R € 75] = 1 and

[K(R,A4)] = V
red acsCCX
“A VR
> A\ VO+rs _1_%)
xeA xcB
= A V¢ (J+A—1—§
A =B
_ K(R,A)+A—1— =,
(1
[Kr(R, A)]
— [K(R, A) ® (RC g)]

= [K({R A]}max(OK(RA}—l—)\—l——)

> max(0, K(R,A) + A—-1) — i. K 1
n

T

Forany ¢ < R, we set o € S(P(A)) as p (B) =

p(Cp), BC A.
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R(RA) -~

Then ' < R, [FF(p)] = [FF(p)] and [K(p', A)] =

[K (g, A}]. Therefore
[(VR)KR(R,4) —
® FF(p

(Fe)(p < R) A K(p A)
Ml @ [Kr(R,A) I——
< [(VR)(Kr(R, 4) — (Fp)((p < R) /\K(sa.- A)
3 1
® FF(p))] @ (Kp(®4)] - )
< [KR(R, A) — Bp)(p <R) A K(p, 4)
® FF(p))] @ [Kg( iR, ;AN
< 3Fp)(p < R) /\K(sun A) @ FF(p))]
<@ <RAK(e,4) © FF(p))
< (3B <R)AK(B,A) ® FFB)).
Let n — co. We obtain
[(VR)Kg(R,A) — (Fp)(p<R) A K(p, A)
® FF(p)))] & [Kg( f*R A)|
<[3@B)((B<R)AK(B,A) ® FF(B))]. Then
[(Vﬂ?J(KR(*T? A) — (Fp)((p < R) A K(
< [}x (R,A) — (IBB<R)A KB, A) & FF(B))
< /\ [RR R,A) — (IBI(B<R) A K(B,A)
Re(PIX))
® FF(8))] = Tr(4)]. O
In the following theorem we give a characterization of
fuzzifying nearly compact space by using the finite inter-
section property.
Theorem 2.3.
Let (X, 7) be a fuzzifying mpo]nglcal space and let
= (VR)((R € S(P(X))A(R C Fr) ® fl{R) —
() (VA (A eR — x € A));

m = (YR)EB)((R € Fp) A (B € ma) ®
(p)((p < ®) ® FF(p) — ~(Np € B)) —
~(N® € B)).

Then = r(X, 7) +— m;,4 = 1, 2. (for fI see [17], Defi-
nition 2.2)
Proof. (a) First, we prove [['g (X, 7)] = [m1].

Forany R € S(P(X)), we set R°(X — A) = R(A). Then
[R C 7]
= A\ min(1,1-R(A) + 7r(4))
AEP(X)
= A min(1,1 -R(X — 4) + Fp(X — A4))
X—AeP(X)
= [R* C Fpl,

[FF®)] = 1 - Mo € [0,1] : F(R)} = 1 = Ma €

[0,1] : F(R2)} = [FF(R)] and

B <R +—B(A) <R(A) +— B°%(X
<RX —A)+—B° <R

=)

p, A) ® FF(p)))]



Therefore

C(X,7)]
= [(VR)(K (R, X) — (Jp)(p < ®)
AK(p,X) ® FF(p)))]
— (V)R C7R) ® K(R,X) —
(3p)((p < ®) A K(p, X) ® FF(p)))]
— [(VR)((R C 7r) — (K(R,X) —
(Fp)((p < R) A K(p, X) ® FF(p))]
— [(VR)((R® C Fr) —
— (@) ((p <R)AK(p,X) ® FF(p)))]
= [(VR)((RE C Fr) —
— (W< MAK
— [(VR)((R° C Fr)

(Y2)3A) A eR Az € A)

((Vz)(3A)(A e R Az € A)
(6% X) @ FF($)))
— ((W)(EIA){A eRAzEA
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[FF(B)], [p < ®] = [ < (RU{X — B})] and

[(Ve)(p <R) ® FF(p) —
(Fr)(VA)(A € (pU{X — B}) — z € A))]
= /\ min(1,1 — [FF(p)] +
pLk

AN

zeX A P(X)

oA /\ min(1, 1 — [FF(B)] +
B<(R{X—-B}}
V A B4) — A@))
*EX AEP(X)
— fI(RU{X — B}).

(pU{X — B})(4) — A(x)))

Furthermore, we have

— (3B)((B < R°) AFF(B) ® K(B° X))
= [(¥R)((R® C Fr) — (Vo)A (A e RAz € A)
— 5 (3B)((B < R°) A FF(B)
® (V£)(3B)(B € §° Az € B)))]
= [(YR)((R® C Fr) — (~((3B)((B < R°) A FF(B)
® (Vz)(3B)(B € 8° A z € B)))

[m1] ® [(RCSFr)A(BETR)) @ (Yp)((p < R)
® FF(p) — =([ )¢ S B))|

® [(RU{X =B} C Fg) @ (¥p)((p<R) ®
(Fz)(VA)(A € (pU {X B}) — z € A))

= [m1]
FF(p) —

— ~((v2)(FANA e RAz € A)))]
= [(¥R)((R° C Fr) — (fI(R°) —
~((V2)(AA)(A € RAz € A))))]
= [(VR)((R° C Fr) ® fI(R°) —
(Fz)(VA)A € R Az € A))] = [m1].

(b) We prove [mq] =
R € S(P(X)), we have

[72]. Let X — B € P(X). For any

=] ® [RU{X —B} C Fg) ®
< [(3z)(VA)(A € (RU{X — B}) —s z € A)]

= [~((\RC B).
Therefore
ml < A VI®RCFr)ABerm) ®

ReI(P(X)) BCX
Mp)((p<R) @ FF(p) —

[(R C Fr) A (B € 7r)] ~(e € B)) — ~([|RCB)) = [m].
=|(RC Fg) A (X - B € Fg)
= /\ min(1,1 — R(A) + Fr(A)) A Fr(X — B) Conversely,
AEP(X)
A min(1,1—R(A) + Fp(A)) A [m2] ® [(RC Fr) ® fI(R)]
AP(X) = [ma] ® [(R{B})U{B}) C Fgr)

A min(1,1—[A € {X — B} + Fr(A4))

A F(X)
= /\ min(
ACP(X)
~ [(RU{X — B}) C Fyl.

1,1 - [(RU{X — B})(A

Therefore, for any 8 € S(P(X)).
let p = B|{X — B} € S(P(X)).

o) = { B

Then p < B,

if A4X_B
if A—X—B.

pU{X — B} > 8, [FF(p)

)|+ Fr(A4))

® fI((R|{B}) U {B})]
— [ra] ® [(R CFr)A(X - Be€rg)
® (vp)(p <R @ FF(p) —
(Fz)(VA)A € (pU{B}) — z € A))]
= [rg] ® [(R CFr)A(X —Berg)
® (Vp)p <R @ FF(p) —
~(Nec X -B)
(% € x-B)]
[(Fz)(VA)(A € (R U{B}) — = € A)]
[(Gz)(VANAER —s 2 € A)].

1A
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Therefore

2] < N\

RES(P(X))
(Fz)(VA)AeR —axe A)]=[m] O

(RS Fr) ® fI(R) —

3. Some properties of fuzzifying nearly compact spaces

The following theorem gives the image of fuzzifying
nearly compact space under fuzzifying completely contin-
uous function.

Theorem 3.1. Let (X, 7) and (Y, o) be any two fuzzify-
ing topological spaces and f € Y be surjection. Then
Er(X,7) ® Col(f) — T(f(X)).

Proof. For any R € S(P(Y)), we define R € S(P(X))
as R(A) = f~1(R)(A) = R(F(A)). Then

K®X)] = A VR = A V R(FA)

zeX z€A X zcA
=A V =B
zeX f{z)eB
= A VRSB =[K®R [(X)],
yef(X) yeB
[REC o] ® [Calf)]

min(1, 1 —R(B)—I—c}'(Bﬁ

A

) /\ min(1,1 — o(B) + mr(f'(B)))

BCY
= max(0 /\ min(1,1 — R(B) + o(B))
BCY
=c /\ min(1,1 — a(B) + 7r(f(B))) -
BCY

< /\ max(0, min(1,1 —
BCY

R(B) + o(B))

+min(1,1 — &

+r(fH(B))) -
< /\ min(1,1 —R(B )—i—'rR(f (B
BCY

=1y

ACX f-(B)=A

=N A

ACX f-1(B)—A

min(l,1 — R(B) + 7a(f *(B)))

min(l, 1 — R(B) 4 mr(A4))

= /\ min(1,1 — v R(B) + mr(A))
ACX HB=A

= A min(1,1-R(A) + 7r(A)) = [R C 7&].
ACX
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For any p < R, we set ¢ € S(P(Y)) defined as

BF(A)) = F)(F(A)) = p(4), AC X.
Then  @(f(A)) = f(p)(f(A))
< f(R)(S(A4)
= FIFTR)(F(A))) < R(f(A)
[FF(g )J_l—/\{ae 0, 1J Fga[ﬂl 1} €1-Alac
[0,1] : F(f(p)a))} = [FF(f())] = [FF ()] and

A VaB)

yef(X) yeB

ANV

yef(X) yeB=f(A)

[K(@ f(X))] =

p(A)

> AV o4
yef(X) f-'{y}eA
= AV e(4) = [K(p, X))
=X meA
Furthermore
Cr(X,7)] ® [Co(f)] ® [K, (R, F(X))]

{FR X7 ® [Colf)] ®
rR(X,T)] ® RC 'r,-ei ® [K(R, X))

Tr(X,7)] ® [Ka(R, X)]

(Fe)((p < R) Mx(p,.x) ® FF(p))]

(Fp)(p <R) A K(p, f(X)) ® FF(p))

< [Ep)(p <RAK(p, f(X)) ® FF(p))],

where K is related to o, Therefore

[Cr(X,7)] ® [Col f)]
< K (R, (X)) — 3)(p <R
Mf(p’,f(X) & FF(p))
< A E®RAX)— @) <R)
REI(P(Y))
AK(p, FX))
= [D(f(X))]. O

= FF{{,J)N

The following theorem gives the preservation of fuzzi-
fying nearly compact space under fuzzifying R-map.
Theorem 3.2. Let (XX, 7) and (Y, o) be any two fuzzify-
ing topological spaces and f € Y- be surjection. Then
=Tr(X,7) ® Cr(f) — Tr(f(X)).

Proof. Trom the proof of Theorem 3.1 we have for any
R € S(P(Y)), we define R € S(P(X)) as R(A) =
LUR)(A) = R((4). )

Then [K(R, X)] = [K(R, f(X))] and [R C ogr] ®
[Cr(f)] < [R € 7g]. For any p < R, we set
§ € S(P(Y)) defined as 5(f(4)) = f(p)(f(A) =

[K®, /(X)) ® [RC o



p(4), A C
[FF(@)], [K(@, f

X, and we have [FF(p) <
(X))] = [K(g, X}]. Therefore

< [PriX, 7

= [[r(X, T
< [(3e)(p

< [Be)(lp
J(ECBIE

® [RC ] ®
® [Kr(R, X)]
SR K(p, X} ® FF(p))]
<R)AK(@ f(X) ® FF(@))
<R AK(p, f(X) & FF(p))],

(K (R, X)]

n-_-ra..-r

where K j, is related to o. Therefore

[Cr(X,7)] ® [Cr(f)]

< KpR f(X) — (3 )N(p <R)
AK(p ,f(X) ® FP(p))
N (KRR (X)) — @)(p <R)
Re(PY))

AK(p ,f(X) ® FF(p))

= [r(f(X))]. O

1A

The following theorem gives the image of fuzzifying
compact space under fuzzifying almost continuous func-
tion.

Theorem 3.3. Let (X, 7) and (Y, o) be any (wo fuzzify-
ing topological space and f € Y be surjection. Then
FT(X,7) ® AC(f) — Tr(f(X))

Proof. From the proof of Theorem 3.1 we have for any
‘R e S(P(Y)), we define R € S(P(X)) as R(A) =

LR)(A) = R(F(A)). )

Then KR, X)] = [K(R,f(X))] and [R C op] &

[AC(f)] € R C 7]. Forany p < R, weset g € I(P(Y))

defined as G(f(A)) = flp)(f(A)) = p(4), A C X.
and we have [FF(g)] < [FF(g)], [K(p f(X))] =
(K (¢, X)]. Therefore

[O(X,7)] ® [AC(f)] @ [Kg(R, f(X))]

<X, 7] ® RC7] ® [K®R,X)]

= [[(X.7)] ® [K.(R,X)]

< [EeNlp = RN K(p, X) ® FF(p))]
<[(Ep )(lso{RJAK(so f(X)) ® FF(p)]

<[(3p )¢ <R AK(p,f(X) & FF(p)),

On Fuzzifying Nearly Compact Spaces

where K:Q is related to o. Therefore

[C(X,7)] ® [AC(f)]

< Kp(R, f(X)) — (Fp)(p <
AK(p,f(X)) ® FF(g))

N\ (Er® (X)) — (Fp

RcI(P(Y))
AK(p, f(X))

= [Cr(F(X))]. O

R)

Ve <®)

IA

4. Conclusion

The present paper investigates topological notions
when these are planted into the framework of Ying’s fuzzi-
fying topological spaces (in Lukasiewicz fuzzy logic). It
continue various investigations into fuzzy topology in a le-
gitimate way and extend some fundamental results in gen-
eral topology to fuzzifying topology. An important virtue
of our approach (in which we follow Ying) is that we de-
fine topological notions as fuzzy predicates (by formulae
of Lukasiewicz fuzzy logic) and prove the validity of fuzzy
implications (or equivalences). Unlike the (more wide-
spread) style of defining notions in fuzzy mathematics as
crisp predicates of fuzzy sets, fuzzy predicates of fuzzy sets
provide a more genuine fuzzification; furthermore the theo-
rems in the form of valid fuzzy implications are more gen-
eral than the corresponding theorems on crisp predicates
of fuzzy sets. The main contributions of the paper are to
study nearly compact space in fuzzifying topology and the
behavior of (nearly) compact spaces under various types of
mappings. There are some problems for further study:

(1) What is the justification for fuzzifying near compact-
ness in the setting of (2, L) topologies.

(2) Obviously, fuzzifying topological spaces in [16] form a
fuzzy category. Perhaps, this will become a motivation for
further study of the fuzzy category.

(3) It would be interesting to find results on productivity.
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