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ABSTRACT 

This paper considers fuzzifying topologies, a special case of I-fuzzy topologies (bifuzzy topologies), introduced by 
Ying [25]. It investigates topological notions defined by means of  -open sets when these are planted into the frame- 
work of Ying’s fuzzifying topological spaces (by Łukasiewicz logic in [0, 1]). In this paper we introduce some sorts of 
operations, called general fuzzifying operations from  P X  to  X , where  ,X   is a fuzzifying topological 

space. By making use of them we contract neighborhood structures, derived sets, closure operations and interior opera- 
tions. 
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1. Introduction 

In the last few years fuzzy topology, as an important re-
search field in fuzzy set theory, has been developed into 
a quite mature discipline [1-6]. In contrast to classical 
topology, fuzzy topology is endowed with richer struc-
ture, to a certain extent, which is manifested with differ-
ent ways to generalize certain classical concepts. So far, 
according to Ref. [2], the kind of topologies defined by 
Chang [7] and Goguen [8] is called the topologies of 
fuzzy subsets, and further is naturally called L-topologi- 
cal spaces if a lattice L of membership values has been 
chosen. Loosely speaking, a topology of fuzzy subsets 
(resp. an L-topological space) is a family   of fuzzy 
subsets (resp. L-fuzzy subsets) of nonempty set X, and 
  satisfies the basic conditions of classical topologies 
[9]. On the other hand, Höhle in [10] proposed the ter-
minology L-fuzzy topology to be an L-valued mapping 
on the traditional powerset  P X  of X. The authors in 
[4,5,11,12] defined an L-fuzzy topology to be an L-val- 
ued mapping on the L-powerset LX of X. In 1952, Rosser 
and Turquette [13] proposed emphatically the following 
problem: If there are many-valued theories beyond the 
level of predicates calculus, then what are the detail of 
such theories? As an attempt to give a partial answer to 
this problem in the case of point set topology, Ying in 
1991 [14,15] used a semantical method of continuous- 
valued logic to develop systematically fuzzifying topol-
ogy. Briefly speaking, a fuzzifying topology on a set X 
assigns each crisp subset of X to a certain degree of being 
open, other than being definitely open or not. In fact,  

fuzzifying topologies are a special case of the L-fuzzy 
topologies in [11,12] since all the t-norms on I are in-
cluded as a special class of tensor products in these paper. 
Ying uses one particular tensor product, namely Łu-
kasiewicz conjunction. Thus his fuzzifying topologies are 
a special class of all the I-fuzzy topologies considered in 
the categorical frameworks [11,12]. Roughly speaking, 
the semantical analysis approach transforms formal 
statements of interest, which are usually expressed as 
implication formulas in logical language, into some ine-
qualities in the truth value set by truth valuation rules, 
and then these inequalities are demonstrated in an alge-
braic way and the semantic validity of conclusions is thus 
established. So far, there has been significant research on 
fuzzifying topologies [16-21]. In 1979, several charac-
terizations of compactness are unified by the operation 
introduced by Kasahara [22]. Also, he studied the con-
cept of  -continuity (where   is an operation) and 
defined some types of spaces by using this operation. In 
1981, the concept of other type of continuity which gen-
eralizes the  -continuity [22] was introduced by Jank-
oviĉ [23]. In 1983, Abd El-Monsef, et al. [24] introduced 
an operation   on the family  of all closed sets in 
the topological space 


 ,X   which is dual to the opera-

tion  . In 1991, Kerre et al. [25] introduced an exten-
sion of the concept of an operation on the class of all 
fuzzy sets on X endowed with Chang fuzzy topology [7]. 
It was shown that a lot of characterizations and properties 
of many concepts and stronger forms can be unified by 
using this notion. In 1991, Kandil et al. [26] applied the 
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concept of the operation defined in [25] to unify and 
generalize several characterizations and properties of a 
lot of already existing weaker and stronger forms of 
fuzzy continuity. A basic structure of this paper is as fol-
lows: First, in Section 2 we offer some definition and 
results which will be needed in this paper. In Section 3 
the concepts of fuzzifying ∆-open sets, C∆-open sets, 
∆-closed sets and C∆-closed sets are introduced and 
some of their properties are discussed. In Section 4 the 
fuzzifying ∆- and C∆-neighborhood systems are pre-
sented and a fuzzifying topology induced by C∆- 
neighborhood system is introduced. In Section 5 the 
concepts of fuzzifying ∆- and C∆-derived sets, ∆- and 
C∆-closure operations and ∆- and C∆-interior operations 
were established and some of their properties are studied. 
Finally, in Section 6, we summarize the main results ob-
tained and raise some related problems for further study. 
Thus we fill a gap in the existing literature on fuzzifying 
topology. 

Note: All corollaries in this paper are results in [14- 
21]. 

2. Preliminaries  

We present the fuzzy logical and corresponding set theo-
retical notations [14,15] since we need them in this pa-
per. 

For any formula  , the symbol    means the truth 
value of  , where the set of truth values is the unit in-
terval [0, 1]. We write   if   1  for any interpre-
tation. Also,  X  is the family of all fuzzy sets in X. 
The truth valuation rules for primary fuzzy logical for-
mulae and corresponding set theoretical notations are: 

1) a)     0,1    ;  

b)       min ,     ; 

c)       min 1,1       . 

2) If    , : .A X x A A x    
    

3) If X is the universe of discourse, then  

   : inf
x X

x x x 


       . 

In addition the truth valuation rules for derived formu- 
lae are: 

1)      : 0 1       ;  

2)         : max ,             ; 

3)      : ;              

4)        : max 0,              1 ; 

5)      : : sup
x X

x x x x 


             x  ; 

6) If  ,A B X  , then 

a)  :A B x x A x B          
    

    inf min 1,1 ;
x X

A x B x


     

b) :A B A B B A              
     ;  

c) :A B A B B A              
     . 

We give now the following definitions and results in 
fuzzifying topology [14-21] which are used in the sequel. 

Definition 2.1 [14]. Let X be a universe of discourse, 
and   P X   satisfy the following conditions: 

1)    X  1   ; 

2) for any        , , ;A B P X A B A B       

3) for any  

    : , .A P X A A 


  


     
 
   

Then   is a fuzzifying topology and  ,X   is a 
fuzzifying topological space.  

Note: In the rest of this paper  ,X   (or briefly X) is 
always fuzzifying topological space. 

Definition 2.2 [14] The family of all fuzzifying closed 
sets, denoted by    ,F P X  is defined as  

 : ,AA F X      where X A  is the complement 
of A.  

Definition 2.3 [14] The neighborhood system  
  xN P X  of x X  is defined as  

  sup .x
x B A

N A B
 

   

Definition 2.4 [15] The interior A  or  Int A  of 
A X  is defined as    .xInt A x N A   

Definition 2.5 (Lemma 5.2. [14]). The closure  Cl A  
or A  of A is defined as . In 
Theorem 5.3 [14], Ying proved that the closure  

   1 xCl A x N X  A

   :Cl P X X  is a fuzzifying closure operator since 

its extension   : ,X X    
 

Cl   
0,1

=Cl A Cl A





  , 

  ,A X  where   x:A A     is the  -cut  

of A and  A A x     satisfies the following Kura- 
towski closure axioms: 

1)   ;Cl     

2) for any   ,A X   ;A Cl A   
3) for any  

       , , ;A B X Cl A B Cl A Cl B         

4) for any       , .A X Cl Cl A Cl A      

Definition 2.6 [18] For any  A X ,  

   Int A X Cl X A    .  

Theorem 2.1 [18] For any  , ,A B X   
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1)   ;Int X X   

2)   ;Int A A   

3)      ;Int A B Int A Int B       

4)     .Int Int A Int A    

Theorem 2.2 [18] For any  ,A B X  , if  

 then 1,A B   
 

1)      ;Cl A Cl B 

2)    ;Int A Int B   

3)        ;Int Cl Int A Int Cl Int B    

4)      ;Cl Int A Cl Int B   

5)      ;Int Cl A Int Cl B    

6)        .Cl Int Cl A Cl Int Cl B    

Theorem 2.3 For any  A X , 

1)        X Int Cl Int A Cl Int Cl X A   


 [19]; 

2)     X Cl Int A Int Cl X A   


 [18]; 

3)     X Cl Int A Cl Int X A   


 [18]; 

4)      X Cl Int Cl A Int Cl Int X A     [16]. 

Theorem 2.4  

1)         ; ;X Int Cl Int X Int Cl Int   

2)      ; ;X Cl Int X Cl Int     

3)      ; ;X Int Cl X Int Cl     

4)          ; .X Cl Int Cl X Cl Int Cl   

Theorem 2.5 For any  A P X

   
, 

1)  Int A Int Cl Int A  [19]; 

2)       ;Int Cl Int A Int Cl A  

3)       ;Int Cl Int A Cl Int A   

4)       ;Cl Int A Cl Int Cl A  

5)       .Int Cl A Cl Int Cl A   

Theorem 2.6 For any  A P X
  ;

, 

1)  Int A Cl Int A   

2)     Int A Int Cl A  [17];  

3)     Int A Cl Int Cl A  [16].  

Definition 2.7 Let X be a non-empty set. 

1) By the symbol    P X
X  we denote the set of all 

functions from  P X  into  X . Each member of 

   P X
X  will be called a general fuzzifying operation. 

2) Let    ,
P X

X  . 

a) We say that    , if    A A    for each 
.A X  

b) We say that   and   are dual if  
   ;X A X A      equivalently  
   X A X A     for each .A X  

3) A general fuzzifying operation    P X
X

 
 is 

said to be monotone if  .A B A   B   

4) A general fuzzifying operation    P X
X

 
 is 

said to be of type  if 1O X X  ; equivalently 
    , where   and  are dual. 

5) A general fuzzifying operation    P X
X  is 

said to be of type  if 2O      A B A B     for 
any , .A B X   

Example 2.1 1) From Theorem 2.4 we have  () ,

() , () , () , ()       , () () ,    and  are of type 
 and each member of them is monotone from Theo- 

rem 2.2. 

() 

1O

2) The fuzzifying operations () , , () , () , () , ()      

() () ,    and ()   and the fuzzifying operations 
() , () , () , ()     , () ,  () () ,   ()   and  are dual 
respectively (see Theorem 2.3). 

3) From Theorem 2.1 (3),  is of type . () 2O
4) From Theorem 2.5, one can easily deduce that: 
a)   () () ;  

() () ;   b)   

() () ;c)       
d) () () () ;  

() () ;
     

e)       
f) () () ;      
g) () () () .        
Note: In the rest of this paper always    ,

P X
X  . 

3. Fuzzifying Open Sets  

In this section the concepts of fuzzifying ∆-open sets, 
C∆-open sets, ∆-closed sets and C∆-closed sets are 
introduced and some of their properties are discussed. 

Definition 3.1 1) The family of all fuzzifying ∆-open 
sets, denoted by    ,P X   is defined as follows: 

  : ,A x x A     x A    

i.e.,  

   inf ;
x A

A A x 
   

2) The family of all fuzzifying C∆-open sets, denoted 
by    ,C P X    is defined as follows: 

  : ,CA x x A A x A           
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i.e.,  

       inf min 1,1 ;C
x A

A A x A x  
     

3) The family of all fuzzifying ∆ (resp. C∆-closed sets, 
denoted by   (resp. C )    ,P X  is defined as 
follows: 

resp. .A X  : respC CA          

Definition 3.2 1) If (resp. , 


() ,    () , () , ()    

∆-open sets



() () , () )     ,
co

 the notion of fuzzifying  
incides with the notion of fuzzifying open (resp.  - 

open, semi-open, pre-open,  -open,  -open) sets and 
will be denoted by   (resp. , , , ,S P       ); 

2) If ()      (resp. () () , () () , () )         , the 
notion of fuzzifyin  C∆-ope es 

, 
g he 

notion of fuzzifying c
n sets coincid with t

  (resp. csemi, cpre, c , c )- 
open sets and will be denoted by C  (resp. ,CS PC  , 

,C C   ); 
3) If () ,    (resp. () , () , () ) ()         , 

ion 
, ( , () )  

the  fuzzifynot ing
the notion of fuzzifying closed (resp. 

of   -closed sets coincides with 
 -closed, semi- 

closed, pre-closed,  -closed,  -closed) sets and will 
be denoted by   (resp. , , , ,S P       ); 

(4) If ()      (resp. () () , () () , () )        , 
the notion of fuzzifying C

,

∆
the notion of fuzzifying c

-closed sets coincides with 
  (resp. csemi, cpre, c , 

c )-closed sets and will be denoted by C  (resp. 
, , ,CS CP C C     );  
heorem 3.1 1) If ∆ is of type O1, then T

a) ;X   ;   
b) ;CX    ;C   

2) I
a) f

f ∆ is monotone, then 
or any    : ,A P X      

 .A A 


  


 
  

 
  

b) for any  , ,A B P X   

    C C C A B A       B

Proof. 1) a) 

b) 

    1;X X X         

        1.   

     1;C X X X X X X         
   

      1.C             
  

2) a) Since is monotone, then   

 

 

    

inf inf

inf inf .

x A

x A

x A

A A x

A x

inf

A x A








 
 

 

 





 

  

  

   

 
  

 
   



  

    
     

   : ,A X       b) For any 

 A B A B  
 

 
 

          

(see Lemma 1.1 (1) [14]). Since ∆ is monoton en 
from Theorem 2.1 (3) we have 

e, th

   
   

        

     
 .

C C

C

A B

A A B B B

A B A B A B

A B A B A B

A B

 



 





     

        

A 

A B A B A B

        
        
 



      
 

 

 



 

Corollary 3.1 1) a)  resp. , , , , ;S PX         

 resp. , , , , ;S P         

b) for any    : ,A P X     

 

 

resp. , , , ,

. , , , , .

S P

S P

A

resp  A

   


  


     

    




 
 
 


 



2) a) 

 

 resp. , , , ;C CS CP C CX        

 , , , ;C CS CP C C      resp.  

b) for any  , ,A B P X  

  
   
  

resp. , , ,

resp. , , ,

resp. , , , .

C CS CP C C

C CS CP C C

C CS CP C C

A B

A

B

  

  

  

    

    

    







 

Theorem 3.2 1) If ∆ is of type 1, then O
a) X ;   ;    

;CX    ;C    b) 

2) If ∆ is monotone, then 
a) for any    : ,A P X      

 .A A 
       


 

 

b) f  , ,A B   P Xor any 

  C C   .C A B A  B   

 immediate from Theo  3.1.  

Corollary 3.2 1) a)    

  

Proof. It is rem

 resp. , , , , ;S PX        

 resp. , , , , ;S P          

b)  resp. , , , ;C CS C C   CPX       
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 resp. , , , ;C CS CP C C         

2) a) for any    : ,A P X     

 

  

resp. , , , ,

resp. , , , ,

S P

S P .

A

A

  


  






 
 
 

 

     

    

 


b) for any ,



 ,A B P X  

 resp.C  
  
  

, , ,

resp. , , ,

resp. , , ,

CS CP C C

C CS CP C C

C CS CP C C

A B

A

A

 

 

  







   

    

    



   

Theorem 3.3 1)   ;A x x A x A       

2)  C A x x x A A      , where 

is the dual of   
Proof.  

1) 

A 

  .

  x x A x A       

  
 

 .


 

x x X A x X A

x x X A x X A



       

        
 

 

X A A  

 

2)   x x A x A A       

      
       
       

   .C C

x x X A A x X A

x x X A X A x X A

x x X A X A x X A

X A A  

           
           
            

   







 
Corollary 3.3  

1)  resp. , , , ,S PA           




resp. , , ,

, ;

x x A A A A

A A A x A

   

  

 

  

  

   
 



2) C resp. , , ,C CS CP CA          

x x A 

 resp. , , , .

x A A

A A A A A

 

    

  





     
 

Theorem 3.4 Let 

1) If , a) 

   
1 2, .

P X
X    

1 2  
1 2

;  

1 2
;C C   

 b)  c) 

2) a) 

1 2
;  

1 2
;C C   d)   

;C    b)   

Proof.  
1) a) 

 .C 

       
1 21 2 ;A A A A A A                

b) From a) above, we have  

      
21

;
1 2

A X X A A        A   

    
1 1 2C A A A A A A A         c)     

   

 
2

;C A   

d) From (c) above, we have  

      
2

.C C C 
1 1 2

A X A X A A           

2) a)      ;CA A A A A A A     
         

b) From a) above, we have  

       C CA X A X A A           

Corollary 3.4 1) a) i) ;   ii) ;S   iii) 

;P   iv) ;S    (v) ;P    (vi) .    

b) i) ;   ii)  iii) ;S   ;P   iv) 

;S    v) ;P    vi) .   

c) i) ;CS C   ii)  iii) ;CP C  ;C CS   

iv) ;C CP   v)  .C C    

d) i) ;CS C   ii) ;CP C 

.C

  iii ;S  

P C

)

iv) 

 C C 

;C C  v)      

2) a)  resp. , ;C C CP , ,S C C        

b)  resp. , , , .C C CP C C    S     

C   
1) ;S

orollary 3.5
 a)    b) ;P  c) ;    d) 

; 
2) ;S  b ;

  
 a)   )  c) ;  d) P   

.    
em 3.5 Let Theor  A A   fo r eac .h A X  

1)  ;CA A A A     

2)  .CA A A A      

) Since Proof. 1  A A    nd ,A Aa  hen  t
 .A A A   Thus  

     
  .

C A A A A A A A

A A

 

A

           
  

 

 

2)  , ,A X A A   Since for every  then one 
can deduce that  A A  r every .A X   fo Also, 

nce si A A  one can hat have t   .A A A
From Theorem 3.  

   
 (2) we ha3 ve 

   
   
  .

C A A A A

A A A A A A

A A A

     
           





 

llary 3.6

   

Coro  For any A X , 

1)  resp. , , ,C CS CP CA C        

 resp. , , , ;A A A A A A A A                
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2) C resp. , , ,C CS CP CA           

 resp. , , , .A A A A A A A A                 

Remark 3.1 In crisp setting, i.e., if the underlying 
fuzzifying topology is the ordinary topology, one can 
ha

wicz’s implication or the Boolean’s implication 
since these implications are identical in crisp setting. But 
in fuzzifying setting the statement (*) may not be true as 
illustrated by the following example.  

Example 3.1 Let 

ve  

 
 

   
   

resp. ,

, ,

. *

C

S CS

P CP C

A A A

A A

A A A A

A A

 

 

  

 

  

 

    

  

     

  



 

C 

Of course the implication “” in (*) is either the 
Łukacie



 , ,X a b c  and   be  fuzzify-

ing topology on X defined as follows:  

c

a

         , 1X a a        ; 

     , 0b a b    and       1
, .

4
c b c    

From the definitions of the interior and the closure of a 
subset of X and the definitions of the interior and the 
cl set of X and cosure of a fuzzy sub  some alculations we 
have:  

        

     

, , ,

3
, ,

4

S Pa b a b a b

a b a b



 

  

 

 

 
 



and  

        

     

, , ,

1

C CS CPa b a b a b   
 

, , .
4C Ca b a b    

So,  

     
     
     
     
     

  

, ,

, ,

, ,

, ,

, ,

3 1 1
0 ,

4 4 4

C

S CS

P CP

C

C

a b a b

a b a b

a b a b

a b a b

a b a b

a b

 

 

 

 

 

 

 

 





 

 

 

 

    

 

.

Theorem 3.6 Let  A A   for each .A X  
Then 

1)   

2) 

 ;CA A A       

  .CA A A          

Proof. 1) It is obtained from Theorem 2.4 (1)(a) and 
(2)(a).  

2)       max 0, 1C CA A A A             

   
      

   
  

        
   

max 0,inf

inf min 1,1 1

max 0,inf

max 0,inf 1 1

inf .

x A

x A

x A

x A

A x

A x A x

A x

x A x

A x x A x

A x A 









 

   

 

   inf 1 1
x A

A


 

 A

x A

     

  









 

Corollary 3.7  
1) A   

   resp. ,C SA A A A            CS

   , ;P CP CA A A A           

 ;CA A      

   resp. ,C SA A A A           2) CS

   , ;P CP CA A A A           

  .CA A A          

Theorem 3.7 Let  A A    for each .A X  If 
for every A X , A   or ,CA    then 

1)      ;CA A A    

2)   .CA A A          

Proof. Using Theorem 3.6 it remains to prove the 
following 

1) Suppose that .A   Then for each x A  we 
have    1.A x   So  

     
     

   

inf min 1,1

inf .

C C

x A

x A

A A A

A x A x

A x A

  



  





    

  

 





 

Now, suppose that .CA   nce  Si   1A A  
 , 

then  


     
    

1 min 1,1

1 .

A x A x

A x A x

  

  




 

For each x A  we have     .A x A x    Thus,  

       .CA A  A A         

2) T milar tohe proof is si  1).  
Corollary 3.8 If for every ,A X  A   or 

CA   (resp. SA   or ,CSA   PA   or 
,CPA   A   or ,CA A      or  
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 then  ),CA 
1) A 

 

A

 

  
   



resp. ,

, ;

;

C S

P CP C

C

A A A A

A A A A

 

 

   

   



    

       

CS

A A   

2)   

   
   

resp. ,

, ;

C S

P CP C

C

A A A A

A A A A

 

 

 

   

   

 

    

     



 

 .A A

CS

Let be a monotone. Then  

 



Theorem 3.8   

  .A x x A B B      

 

  x x A B

x B A  

Proof. 

in




First, we have

 f sup .
x A x B A

B x B A

B







 

        
 

   inf sup .
x A x B A

B A    
  

at  : .x B x B A     

 On the other 

se th Then for any hand, Suppo

,x
x A

f 


  we have   .
x A

f x A


  Since   is mono- 

 Theorem 3.1 (2)(a) we have  tone, then by

    ( ) inf .
x A

x A

A f x f x

 
  

 
  

distributive 

 By completely 

law we have  

      nf .
x

x A

x A x Af x
sup i inf sup

B A
A f x    B




   
 



 3.9  

x A

 following are valid in c

Corollary

  
  

resp. , , , ,

resp. , , , , .

S P

S P

A x

x B A

  

  

     

     

 

   
 

B B



1) 
Remark 3.2 The risp setting: 

;A B A B           

2) A B ;A B    

,

    

3) A B A B        

but in fuzzifying setting these statement ma
by the following example.  

   

Exam

y not be true 

ple 3.2 From Example 3.1 we have 

1)       1
, ,a b b c   0

4
   

       , ,b a b b c      .

2)       1
, ,

4
0a b b c      

       , ,b a b b      

      1
, ,

4
a b b c  

.c

3) 0     

       , ,b a b b      .c

4. Fuzzifying Neighborhood Structure of a 
int 

In this section the concepts of ∆-ne borhood system 

-) neighbor-
hood system of 

Po

igh
and C∆-neighborhood system of a point are presented 
and a fuzzifying topology induced by C∆-neighborhood 
system is obtained. 

Definition 4.1 The fuzzifying ∆-(resp. C∆
(resp. C

xN  denoted by xN   x X , ) 
  P X , is defined as follows: 

 
  

:

resp. : ,

x

C
x C

A N B B x B A

A N B B x B A









    

      
 

  

i.e., 

C

Definition 4.2 Let 

      sup resp. supC
x

x B A x B A
A B N A B  

 
   

   
 

. xN

x X . 
1) If  (resp.() ,    () , () , () , () () , () )           ,  

the fuzzifying ∆-neighborhood system of x  coincid
with the fuzzifying (resp. fuzzifying 

es 
 -, fuzzifying 

, fuzzifying semi-, fuzzifying pre-  -, fuzzifying  -) 
neighborhood system of x  and will be denoted by xN  
(resp. , , , ,S P

x x x x xN N N N N   ); 
2) If ()      (resp. () , () , () () , () )          , the 

fuzzifying C∆-neig ood system of x  coinhborh cides 
with the fuzzifying c - (resp. fuzzifying csemi-, fuzzi-
fying cpre-, fuzzi cfying  -, fuzzifying c -) neig r-

 of 
hbo

hood system x  and will be denoted by C
xN   (resp. 

, , ,CP C CCS
x x xN NxN N   ).  

∆ beTheorem 4.1 Let  a monotone. 

  ;xA x x A B B N B A 
        1) 

2)   .xx x A A N A 
        

Proof. Using Theorem 3.8 we have  

  xB N B A

   

   

inf sup inf sup sup

inf sup .

x
x A x AB A B A x C B

x A x C A

N B C

C A



 


    

   

x x A B       
 

  

 

2) From 1) t mediate.  he proof is im
ry 4.1 Corolla Let  ,X   be a fuzzifying topological 

space. 

1)             resp. , , , ,S PA A A A A A         

     

    , , ;P C C C   

inf sup resp. , ,S
x A x C A

C C C  
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1)            , ,S Presp. , , A A A A    A A   

     
     

inf resp. , ,

, , ;

S
x x x

x A

P

N A N A N A

N A N A N A



 




x x x

Theorem 4.2 The mapping 

 

  :N X P X , 

xx N  , 
1) If 

has the following prop
 is of type , then

erties: 
 1O  xN   is normal for any 

x X ; 

2) For any , , ;xx A A N x A    

3) For any  , , , ;x xx A B A B A N B N       

4) If   is monotone, then for any , ,x A  

A 

  ;
x

x y

N

H H N H A y y H H N 



       
 

5) If  is of type , then  2O

.x x xA N B N A B N        

of. 1) Since is of type , then  Pro   1O

       sup 1.x
x B X

N X B X X X 
 

 
        

2) If  then the results holds. Suppose 

 

 0xA N     ,

 sup 0
x H A

A N H


 
   . Then there exists x

 H P X  such that  x H A  . Now, we have 

  1.A   Tx hus  xA N x A lds always.      ho

3) If   0B A os
at 

, then the result holds. Now, supp e 
th  1.  TheA B n we have  

   sup supx x
x C A x C B

A N C C B  
   

     . N  

4) Since is monotone, then from Theorem 4.1 ) 
we have 

    

   a

 
  

   

nf sup

sup sup .

x y

H A

x
H A x H A

H H N H A y y H H N

H

H H A N



 

 


 

  

         

 

     

 

  

     sup ix y x
yH A H

N H N H N H  


  

5)    supxN C
  

  
2C B

C C




x C A B
A B

  
 

 

 

   

 

1 2

1

1 2
,

1 2
,

1

sup

sup

x C A x C B

x C A x

A x

x x

C C

C

N A N





 


   

 
  



 

 


 

 
1 2

2sup sup

.

x C C B
C

B


   

 

 

    resp. , , , , : ,S PN N N N N X P X      

 resp. , , , ,S P
x x x x x xx N N N N N N   , 

has the following properties: 
1) For any x X , xN   resp. , , , ,S P

x x x x xN N N N N    
is normal; 

2) For any , ,x A  

 resp. , , , , ;S P
x x x x x xA N N N N N N x   A    

, , ,x A B  3) For any 

 
 

resp. , , , ,

resp. , , , , ;

S P
x x x x x

S P
x x x x x x

xA B A N N N N N N

B N N N N N N

  

  

  

 


 

, ,x A  4) For any 

 


  

resp. , , , ,

,

resp. , , , , ;

S P
x x x x x x

x x

S P
x x x x x

A N N N N N N

N N H

A y y H H N N N N N N

  

 

 



 

    



  resp. , , ,S P
x x x xH H N N N N 

x


5) For any , , ,x A B  

.x x xA N B N A B N       

Theorem 4.3 e m   : ,CN X P X   Th apping  
C

Corollary 4.2 The mapping N  

xx N  ha o
1) If 

s the f llowing prop, erties: 
  is peof ty , then  1O C

xN   is normal for any 
x X ; 

, , ;C
xx A A N x A    

, , ,
2) For any 
3) For any x A B   

 ;C C
xA B A N B N       x

4) If is monotone, then or any , , ,x A B    

.C C
x xB N A B N C

xA N          

Conversely, if a mapping satisfies 1), 3) and 4), 
then it assigns a fuzzifying logy on X, denoted by 

CN   
 topo

  CN
P X   , is defined llows:  as fo

 : .C
C
xN

A x x A A N 
        

e Proof. Sinc C
xN   

) and (3) in
is normal and satisfies properties 

(2  4.2, then  is a fuzzifying 
topology on 

 Theorem CN
 

X . The rest  the 
pr

ll

of the proof is similar to
oof of Theorem 4.2.  
Coro ary 4.3 The mapping CN    

   resp. , , , : ,S CP C C
 resp. , , , ,

C C
x

CS CP C C
x x x x

N N

N N N N

N N X P X x N    
 

 

ha ing prop ies: 
1) 
s the follow ert

 resp. , , ,C CS CP C
x x x xN N N N N C

x
    is norm for any al 

x X ; 
2) Fo ny , ,r a x A  
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resp. , , , ;C CS CP C C
x x x x x A N N N N N x    A 

3) For any , , ,x A B   

 resp. ,C CS CP C C
x x xA N N N N N

 
, ,

resp. , , , ;

x

C CS CP C C
x x x x x

A B

B N N N N N 
x

  

  

 

 


 

4) If   is mo ne, then or any , , ,noto x A B  

 


resp. , , ,

resp.

C CS CP C C
x x x x

C

A N N N N N

B N N

  





 




C
x





5) The mapping C

 
, ,

resp. , , , .

x

CS CP C C
x x

C CS CP C
x x x x

N N

A B N N N N N



   

 ,x x xN

  resp. , , ,C CS CP CN N N N N  

 on X, denoted by 

 as- 

signs a fuzzifying topology CN 

 , CN N
P X  

 

r , ,CS CP C   esp.
N N

, is defined as 

fo

, . 

Theorem 4.4 If ∆ is of type  and monotone, then 

 Then  

llows: 

 


resp. , , ,

resp. , ,

C CS CP C CN N N N N

C CS CP C C
x x x x

A

A N N N N

  



    

 
 

: xx x A N   
1O

.CC N
     
Proof. Let .B X

      .CB A B   inf inf supC
C
xN x B x B x A B

N B 


   
  C

Corollary 4.4 1) ;CC N    2)  3) ;CSCS N
 

;CPCP N
   4) ;CC N    (5)  .CC N     

5. Closure and Interior Operations in 
ology 

ts o
fuzzifying ∆- and C∆-derived sets, fu
C∆-closure operation and fuzzifying ∆-

 and study some of their properties. 
Definition 5.1 The fuzzifying ∆- (resp. C∆-) derived 

set 

Fuzzifying Top

The purpose of this section is to establish the concep f 
zzifying ∆- and 
 and C∆-interior 

operation

 d A  (resp. )  Cd A  X  of A X  is 
defin llows: ed as fo  

     : xx d A B B N B A x 
         

      r : CA B A xesp. C xx d B B N      ,     

i.e.,  

x

  
  

  inf 1 x
B A x

d A x N B




  
   

 1 
  

 resp. inf C
C

B A x
d A x N B




   

   
 

. 

Definition 5.2 For .A X  

1) If () ,    (resp. () , () , () , () () , () )           ,  

the notion of fuzzifying ∆-derived set of A X  coin-
cides with the notion of fuzzifying derived (resp.  - 
derived, semi-derived, pre-derived,  -derived,  -de- 
rived) set and will be denoted by  

          resp. , , , ,S PA d A d A d A d A d A  ; 

2) If ()



     (resp. , the 
notion of fu g c∆-d

 () , () , () () , () )         

erived set of zzifyin A X  coin
ing derived (resp. c

cides 
with th  fuzzifye notion of  -der

ved, c
ived, 

csemi- re-deriderived, cp  -derived, c -derived
set and will be denoted by  

) 

          resp. , , ,C CS CP C CA d A d A d A d A d  .  

Theorem 5.1 For every A X  we have 

1)        1 ;xd A x N X A x
       

2)        1 .C
C xd A x N X A x
       

orem 4.3 3) we have Proof. 1) Using The

  
  

  

  
 

inf 1

1 sup

1 sup

x
B A x

x
B A x

d A x N B

N B






   



  

 

 

 
   

 

    1 .

x
B X A x

x

N B

N X A x



  

   

 

2) It is similar to the proof. of 1).  
Corollary 5.1  

1) a)       1 ;xA x N X A x     

b) 



       x A x    1d A x N X  ;

c)        1 ;S
S xd A x N X A x      

d)        1 ;P
P xd A x N x   X A 

e)         1 ;xd A x N X A x
       

f)        1 ;xd A x N X A x
      

2) a)       1 Cd A x N X A x    ;   

b) 

C x

       1 ;CS
CS xd A x N X A x     

       1 ;CP
CP xd A x N X A x   c)   

d)        1 ;C
C xd A x N X A x
      

       1 ;C
C xd A x N X A x
    e)   

Theorem 5.2 For every  we have A X
1) If ∆ is monotone, then   ;A d A A   

d monotone, then  
 

2) If ∆ is of type an1O  

 C CN
A d A  A    . 

Proof. Using Theorem 4.1 (2) we have 
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1)       inf 1
x X A

d A A d A x  
    

    
   

inf

inf .

x
x X A

x
x X A

N X A x

N X A X A A



 


  

  

    
 

 
ilar to 1).    

ry 5.2  
2) It is sim
Corolla
1) a) ;A A A     

b)   ;A d A A      

c)   ;S SA d A A     

d)   ;P PA d A A     

e)   ;A d A A       

f)   ;A d A     A  

2) a)   ;C CN
A d   A A 

b)   ;

  

CS CSN
A d A A     

c)   ;CP CPN
A d A A      

d)   ;C CN
A d A A     

e)   ;C CN
A d A A       

Definition 5.3 The fuzzifying ∆-(resp. C∆-) cl   
(resp.  

osure
 Cl A   CCl A )  X  of A X  is de- 

fined as follows:  

  :    x Cl A  B B A B x B     

C

 

       re :Csp. x Cl A B B B x B        , A 

i.e

 

ition 5.4 1) If  (resp. 
 the zzifyin

.,  

     inf 1
x B

Cl A x B  
   

A

       resp. 1C C
x B A

Cl A x B  
  .

  

inf

Defin
 

() , 
notion of fu

() , () , () ,     
g ∆-closure of () () , () )    , 

A X  coincides w
(resp. 
 ith t on of fuhe noti zzifying closure 

 -closure, semi-cl  pre-clososure, ure,  -closure, 
 -clo  dsure) operation and eno will be ted by  

         resp. , , ,S P ,A Cl A Cl A Cl l A Cl A   ; 

2) e 
not on ying C

A C

 If ()      (resp. () , () , () () , () )          , th
i o of fuzzif cl  ∆- sure of A X   incides 

with the notion o
co

zzifying cf fu   (resp. csemi, cpre, 
c , c )-closure operation and will be denoted by 

          resp. , , ,C CS CP C CCl A Cl A Cl A Cl A Cl A   .  

Theorem 5.3 For every A X  we have 

  

2)   

Proof.  

1) 

1)     1 ;xCl A x N X A
   

    1 ;C
C xCl A x N X A
   

     inf 1
x B A

Cl A x B  
   



 

 

inf

1 sup

1 .

x X B

x X B X A

x

1
X A

X B

X B

N X A





  


   



 

  

  

 

2) It is similar to the proof of (1).    




Corollary 5.3  
 1) a)    1 ;A xx N A     X

b)     1 ;xCl A x N X A
     

c)      1 ;S
S xCl A x N X A     

    1 ;P xCl A x N X A    Pd) 

    1 ;Cl A x N X A     e) x

f)     1 ;xCl A x N X A    

2) a    1 ;C
C xCl A x N X A
       ) 

b)     1 ;CS
xA x N X A    CSCl

c)     1 ;CP
CP xCl A x N X A     

    1 ;C
C xCl A x N X A
     d) 

   1 ;C
C xCl A x N X A
   e)    

Theorem 5.4 For every  and x XA X  we 
have 

1) If ∆ is of type O1, then  
a)  Cl ;     

b)   ;CCl     

2) a  ;A Cl A   ) 

b)  ;CA Cl A  

3) a     ;Cl A d A A     ) 

b)     ;C CCl A d A A    

4) a)    ;xx Cl A B B N A B 
        

b)    ;C
C xx Cl A B B N BA 
      

5) a   ;A Cl A A      ) 

b) I , thf ∆ is of type O1 and monotone en  

  ;CC N
A Cl A A      

Proof. We prove only a) of each statements since b) is 
similar. 

1) a)     x1Cl x N X      

  1 11 xN X 0.      

2) a   0xN A   for any A X) It is clear that  and 
x X  in case of .x A  Now, suppose that .x A  
Then     N X A1 1A x .xCl      Therefore  

 .A C l A  
3) a) Using Theorem 5.1 (1) and (2) above, we have  
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m 1 ,

.

xA A x N X A x A x

Cl A x





    


 

axd

4) a)  C
xB B N A B         

    

    

inf 1 1 sup

1

x x
B X A B X A

x

N B N B

N X A Cl A x

 

   




   

   
 

.

m Theorem 

5.2 (1) and (3) (a) above we have  

5) a) Since   1,A d A A      then fro

     A d A A d A A A

   
    ,

A d A A d A A A

d A A A Cl A A

 

 

          
       

 

            





be



cause B A B       
   for any A A   .B X   

Corollary 5.4  
1) a)   ; b)  Cl   ; c)  SCl   ; d) 

 ClP   ; e)  Cl    ; f)  Cl   ; g) 

 CCl    ; h)  CSCl   ; i)  CPCl   ;  j)

 CCl    ; k)  CCl    ; 

2) for any A X , a) A A ; b)  A Cl A ; c) 

 SA Cl A ; d)  PA Cl A ; e)  A Cl A ; f) 

 A Cl A ; g)  CA Cl A ; h)  CSA C A l ; i) 

 CPA Cl A ; j)  CA Cl A ; k)  CA Cl A . 

3) for any A X , a) A A A 

; d) 

; e) ; f) 

; g) ; h) 

; i) ; j) 

; k

; b)  

   Cl A d A A   ; c) SCl    SA d A A 

   Cl A d A A  

   C CCl A d A A  

   CP CPCl A d A 

  

 Cl A A

 Cl A A

 CSCl A A

 Cl A A

 P Pd A 

 d A  

 CSd A 

 C Cd A  

A

)  C CCl A d A   A . 

4) for any A X  and x X , 

a)  xA B B N A B      ;  

b)  xx C A A  l B B N B
      ; 

  S
S xc)  x Cl A B B N A B       ;  

d)  A  P
P xx Cl B B N A B       ; 

e) x Cl B A   xA B N B
   

 A A

    ;  

f)  xx Cl B B N B
      ; 

 C
C xA 
g)   x Cl B B N A B      ;  

  SA

 

h)  C
CS xx Cl B B N A B      ; 

i) x Cl A B   CP
CP xA B B N       

   C
C xx Cl A N A B
 B B

;  

j)       ; 

   C
C xx Cl A N A B
 B Bk)       . 

A X , 5) for any 

A A A    ;a)   

 A Cl A A   b)  ;  

c)  S Sl A A C A   ;  

d)  P PA Cl A A    ;  

e)  A Cl A A     ;  

f)  A Cl A A     ; 

g)   CC N
A Cl A A     ;  

h)   CSCS N
A Cl A A    ;  

i)   CPCP N
A Cl A A   ; 

j)   CC N
A Cl A A     ;  

k)   CC N
A Cl A A     .  

For every Theorem 5.5 ,A B X  we have 
1)   ;B Cl A B       

2)   .CC N
B Cl A B       

of. 1) Suppose Pro   0.A B  Then  

 Cl A 0B       and the results holds. Now, suppose 

  1.A B   Then    1 sup x
x B A

N X A

 
    B Cl A   

and   inf x
x X B

N 

 
 .A    So  Cl A B X

 

   max 0, inf sup .x x
x X B x B A

B Cl A

N X A N X A



 

   

  
   
 


 

 

Let   .B Cl A t     Then  

  in sup .x x
x x B A

N X A 

  
  For any  f

X B
>N X A t 

,x X B     X A

x

 , i.e., sup
x C X A


  

exists xC X

sup x
A

C t N  

the  such th
x B 

re at x C X   A  and 

   X A  . N

then there exist 

supt N  

C X B . If not, 

x x
x B A 

C ow we want to prove 

x  x B A   with 

.xx C  Hence  

     

 

sup

sup

x x xA N X C 
 

 x B A

x
x B A

N X A

t N X A


 



 

  

  

 contradicand this is a tion. Therefore  

     

   

inf

inf sup .

x
x X B

x x
x X B x B A

B X B N X

C t N X A






   


   

  

   

 B

t
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Since t is arbitrary, it holds that    B Cl A B       

2) The proof is similar to 1).  
Corollary 5.5 For any A and B. 

 a) 1) B A B    ;  

b)  B Cl A B     ;  

c) 

d) 

 S SB Cl A B    ; 

 P PB Cl A B    ;  

e) B Cl B A     ;  

e)  B Cl A B    

2) a) 

; 

CC N
 B Cl A B    ;  

 CSB Cl A

 

b) ;  

c) 

d) 

CSN
B  

  CPCP N
B Cl A B    ; 

  CC N
B Cl A B     ;  

e)  B Cl A B CC N 

Definition 5.5 The fuzzifying ∆-(re

    .  

sp. C∆-) interior 
 Int A  (resp.  CInt A )  X  of A X  is de- 

ollows:fined as f   

        : resp. : C
x C xx Int A N A x Int A N A 

     . 

(resp. 
zzifying

Definition 5.6 1) If () ,   , 
fu

() , () , ()       
  -interior of () () , () )      , the notion of 

A X  coincides with the notion of fuzzifying interior 
(resp.  -interior, se pre-inmi-interior, terior,  -inte- 
rior,  -interior) opera ill be dtion and w enoted by  

         sp. , , , ,S Pre A Int A Int A In A Int A Int A  ; t


f  (resp. , the 
no  g

2) I ()()    

of fuzzifyin
 () , , () () , () )         

-int r of tion erio C A X  coin
fying c

cides 
wi th  th e notion of fuzzi   (resp. csemi, cpre, 
c , c )-interior operation an  will be denoted by  d

          resp. , , ,C CS CP C CIn Int A Int A A Int A  . t A Int 

eorem 5.6 For every Th , ,x A B  we have 
) 1) a   ;B Int A B      

b) i otof  is of type O1 and mon ne, then  

pe O1 a onoton n  

A



  ;CC N
B Int A     B

2) a)  ;B B A B Int A       

b) if   is of ty nd m e, the

 ;CN
B B A B Int        

3) a)  A Int A ;A    

ype O1 and monotone, the  

  ;CC N
A Int A A      

4) a    



b) if  is of t n 

) 





;x Int A x A x X d X A          

   ;C C x Int A x A x X d X A         b) 

5) a)    ;Int A l X A   X C 

b) 

  

   ;C CInt A X X A     

Proof. We prove only a) of each statements since b) is 
ila

Cl  

sim r. 
First, we prove 2) a) If  then  ,B A

  0.B B A     Now se that 
 have  

, suppo .B A  Then 
we

      

     inf .x
x B

B A

N B B B B A 




 

   

     
 

inf inf x
x B x B

Int A Int A x N   

3) a)  A Int A    

 

       
    

   

m

inf inf

.

x A x A

x
x A x A

in inf , inf 1Int A x Int A x

Int A x N A

A A 

  


 

 

 

  

 

 

4) a) If , x A   

   0 .x Int A x A x X d X A                

If ,x A   

    
    

1

1 1

x

x

x d X A N A x

N A t A x







      
  

 
.

Th

In

us      .x A x X d X A t A x        In  
5) a) Follows from Theorem 5.3 (1). 
Finally, we prove 1) a). Fr ) a) and Tom 5 heorem 5.5 1) 

we have  

  
   .

Int A X B Cl X A


B

X B B
 

 

          
     

 


 

Corollary 5.6 For any , , ,x A B  

B A B   1) a) ;  

b)  B Int A B    ;  

c)  S SB Int A B    ; 

 P PB Int A B   d) ;  

e)  B Int A B    ;  

f)  B Int A B    ; 

g)   CC N
B Int A B     ;  

h)   CSCS N
B Int A B    ;  

i)   CPCP N
B Int A B    ; 

  CC N
B Int A B    j) ;  

k)   CC N
B Int A B     ; 

2) a) A ;  B B A B     
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b)  B B A B Int A      

c)  B B A B Int A     ;  

; 

S S

d) A

e) A ;  

A

A ;  

A

A ;  

A

A

 

 P PB B A B Int     ; 

 B B A B Int     

f)       B B A B Int ; 

g) B  CN
B B A Int     

h) I  CS SN
B B A B nt    ; 

i)   CP PN
B B A B Int   

j) In  CN
B B A B t     ; 

k)   CN
B B A B Int     ; 

3) a) A A A    ;  

b)  A Int A A    ;  

c)  S SA Int A A   ; 

d)  P PA Int A A    ;  

e)  A Int A A   ;   

f)  A Int A A    ; 

g)   CC N
A Int A A     ;   

h)   CSCS N
A Int A A    ;  

i)   CPCP N
A Int A A    ; 

j)   CC N
A Int A A     ;  

k)   CC N
A Int A A     ; 

4) a)   x A x A x X X A        ;  

b)    x Int A x A x X d X A        ; 

c)   S S x Int A x A x X d A       X ;  

d) P   Px Int A x A x X d X A       ; 

e)    x Int A x A x X d X A        ;  

f)    x Int A x x X d X A      ; A 

Cg)    Cx Int A x A X d X A      x  ;  

h)    CS CSx Int A x A x X d X A      ; 

i)    CP CP x Int A x A x X d X A       ;  

Cj)    Cx Int A x A X d X A       ; x 

Ck)    Cx Int A x A x X d X A      ; 

) 



5) a A X X A   ;  

b)    Int A X Cl X A    ;  

c)   S SInt A X Cl X A   ; 

d)    P PInt A X Cl X A  

e)    Int A X Cl X A    ;  

f)    Int A X Cl X A    ; 

   C CInt A X Cl X A    ;  g) 

;  

h)   CS CS Int A X Cl X A   ;  

i)   CP CP Int A X Cl X A   ; 

j)    C CInt A X Cl X A    ;  

k)   C C Int A X Cl X A    .  

6. Conclusions 

Th resent paper investigates topological notions w
these are planted into the framework of Ying’s fuzzify g 
topological spaces (in semantic method of continuous 
va d-logic). It continue various investigations  
fu  topology in a legitimate way and extend some n- 
damental results in general topology to fuzzifying topol- 
og n important virtue of our approach (in which we 
fo ing) is that we ne topological notions as 
fu edicates (by formulae of Łukasiewicz fuzzy logic) 
an rove the validity of fuzzy im ations (or equiva- 
lences). Unlike the (more wide-sp ad) style of defining 
no s in fuzzy mathematics as crisp redicates of fuzzy 
sets, fuzzy predicates of fuzzy sets vide a more genu- 
in zzification; furthermore the t s in the form of 
va fuzzy implications are more neral than the corre- 
spo ing theorems on crisp predicates of fuzzy sets. The 
m ntributions of the paper are to y some sorts of 
op ions, called general fuzzifyin perations. There 
ar me problems for further study

pply the general fuzzifying eration to conver- 
ge eory, continuity, separation ms etc. 

at is the justification of these concepts in the set- 
ting of (2, L) topologies. 
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