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Abstract. In this paper, some characterizations of fuzzifying semi-compactness are given, including characterizations in terms of
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1. Introduction and preliminaries

In 1952, Rosser and Turquette [12] proposed emphat-
ically the following problem: If there are many-valued
theories beyond the level of predicate calculus, then
what are the detail of such theories? As an attempt
to give a partial answer to this problem in the case of
point-set topology, M. S. Ying in 1991-1993 [16-18]
used a semantical method of continuous-valued logic
to develop systematically fuzzifying topology. Briefly
speaking, a fuzzifying topology on a set X assigns to
each crisp subset of X a certain degree of being open,
other than being definitely open or not. Roughly speak-
ing, the semantical analysis approach transforms formal
statements of interest, which are usually expressed as
implication formulas in logical language, into some
inequalities in the truth value set by truth valuation
rules, and then these inequalities are demonstrated in
an algebraic way and the semantic validity of con-
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clusions is thus established. There are already more
than 100 papers in fuzzifying topology published in
the last two decades, we guess. But only a few papers
can properly use the semantic method introduced in
the original papers of Ying, which we strongly believe,
can provide more delicate characterization of fuzzifying
topological structure. So far, there has been significant
research on fuzzifying topologies [1, 6, 7, 13—15]. For
example, Ying [19] introduced the concepts of compact-
ness and established a generalization of Tychonoff’s
theorem in the framework of fuzzifying topology. In
[15] the concept of local compactness in fuzzifying
topology is introduced and some of its properties are
established. Generalized open sets play a very important
role in General Topology and they are now the research
topics of many topologists worldwide. Indeed a sig-
nificant theme in General Topology and Real Analysis
is the study of variously modified forms of continu-
ity, separation axioms etc. by utilizing generalized open
sets. One of the most well-known notions and also an
inspiration source is the notion of semi-open [9] sets
introduced by N. Levine. The introduction of semi-open
sets raised many basic general topological questions,
which has thus far led to a productive study in which
many new mathematical tools have been added to the
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general topology tool box, many new properties have
been defined and examined, many new gems have been
discovered for old properties, additional associated sets
and associated topologies have been introduced, exam-
ined, and utilized, and, very importantly, additional
basic general topological questions continue to arise.
Semi-compactness (or s-compactness [11]) in General
Topology was studied in [2-5]. We have no refer-
ences for locally semi-compactness. In [6] the concepts
of fuzzifying semi-open sets and fuzzifying semi-
continuity were introduced and studied. Furthermore,
two extensions of semi-open sets and semi-continuity
in fuzzifying topology were introduced in [1]. Depend-
ing on these types of semi-open sets, four types of
irresolute functions are introduced and studied in fuzzi-
fying topology. Also, the authors in [7] introduced some
concepts of fuzzifying semi-separation axioms and clar-
ified the relations of these axioms with each other as
well as the relations with other fuzzifying separation
axioms.

Based in the concept of semi-open set of N. Levine
[9], this paper introduces its generalization for fuzzi-
fying topology of M. S. Ying [16-18], and studies
respective concepts of semi-(sub)base and (local) semi-
compactness. Additionally, it provides the notion of
fuzzifying irresolute map. Thus we fill a gap in the
existing literature on fuzzifying topology. All of the
contributions in General Topology in this paper which
are not referenced may be original.

For any formula ¢, the symbol [¢] means the truth
value of ¢, where the set of truth values is the unit inter-
val [0, 1] and the only designated value is 1. We write
F ¢ if [p] = 1 for any interpretation. Also, J(X) is the
family of all fuzzy sets in X. The truth valuation rules
for primary fuzzy logical formulae and corresponding
set theoretical notations are:

@ @) [o] =l € [0, 1]);
(ii) [ A Y] = min([¢], [V]);
(ifi) o — y] = min(1, 1 — [g] + [¥]).
(b) If A € J(X), then [x € A] := A(x).
(c) If Xistheuniverse of discourse, then [Vxp(x)] :=

A [px)].
xeX
In addition the truth valuation rules for derived

formulae are:

@ [—¢]l:=1[p = 01=1-—[¢];

®) [p V¥l :=[~(—¢ A =y)] = max([¢], [¥]);

© lp<ev]=e—> VAW — 0l

d) [p® V] := [~(¢ — —¥)] = max(0, [p] +
[¥1—1D.

This means that [o] < [¢ — V] & [a] ® [¢] < [V];
) [Fxp)] = [-Yx—p(x)] =\ [pX)];

xeX
() IfA, BeJ(X), then B
(i) [AC Bl:=[Vx(x € A > x € B)] =
A min(1, 1 — A(x) + B(x));

xeX

(i) [A=B]:=[AC B]A[BC A].

We now give some definitions and results in fuzzifying
topology, which are useful in the rest of the present

paper.

Definition 1.1. [16]. Let X be a universe of discourse,
and t € J(P(X)) satisfy the following conditions:

M X)) =@0)=1,
(2) VA, B € P(X), 7(AN B) = ©(A) A ©(B);

(3) Y{Ar € P(X):h e Aht(J A = A (A
reEA reA

Then 7 is a fuzzifying topology and (X, 7) is a fuzzify-
ing topological space.

Definition 1.2. [16]. (1) The family of all fuzzify-
ing closed sets, denoted by f € J(P(X)), is defined
as Aef :=(X—A) et where X — A = A€ is the
complement of A.

(2) The neighborhood system N, € J(P(X)) of x €
X is defined as N.(A) = \/ 1(B).

xeBCA

(3) The interior A° or Int(A) of A C X is defined as
Int(A)(x) = N(A).

(4) The closure CI(A) or A of A is defined as
Cl(A)(x) =1 — N (X — A).

Definition 1.3. [6] (1) The family of all fuzzifying
semi-open sets, denoted by 75 € IJ(P(X)), is defined as
follows: A € 15 :=Vx(x € A — x € Cl(Int(A))), i.e.,
75(A) = A Cl(Int(A))(x).

X€A

(2) The family of all fuzzifying semi-closed sets,
denoted by F 5 € J(P(X)), is defined as A € F 5 :=
X — A €rg.

(3) The fuzzifying semi-neighborhood system of a
point x € X is denoted by N;fx(or Nf) € J(P(X)) and
defined as N;f(A) = V 15(B).

XeEBCA

(4) The fuzzifying semi-closure of a set A C X,
denoted by Cls € J(X), is defined as Cig(A)(x) =
1 — N3(X — A).

S) If (X, 7) and (Y, o) are two fuzzifying topologi-
cal spaces and f € Y¥, the unary fuzzy predicate Cs €
J(YX), called fuzzifying semi-continuity, is given as
Cs(f) :=VB(B e o — f~1(B) € t5). Intuitively, the
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degree to which f is semi-continuous is [Cs(f)] =

A min(1, 1 — o(B) + t5(f~'(B))).
BCX

Definition 1.4. [12] If (X, 1) is a fuzzifying topolog-
ical space and N(X) is the class of all nets in X, then
the binary fuzzy predicates >5, ocSe J(N(X) x X) are
defined as T 5 x := VA(A € N;fx — TCA), T &
x:=VA(A € N5' - TEA), where"T >5 x","T o
x" stand for "T semi-converges to x" , "x is a semi-
accumulation point of 7", respectively; and "C", "C"
are the binary crisp predicates "almost in","often in",
respectively. The degree to which x is a semi-adherence
point of T is adhsT(x) = [T o5 x].

In the following, we always assume €2 be the class
of all fuzzifying topological spaces.

Definition 1.5. [7] A unary fuzzy predicate TZS € (),
called fuzzifying semi-Hausdorffness, is given as fol-
lows:

Ty(X, 1) =VaVy(x e XAy e X Ax #y) —
3BAC(Be N AC € N; ABNC = ¢)).ie.,

X, o= A \V  WEBLN©).

x,yeX,x # yB,Ce P(X),BNC=¢

Definition 1.6. [19] (1) A unary fuzzy predicate
I' € J(R2), called fuzzifying compactness, is given as
follows: I'(X, 7) := (VI K. ( R, X) — Gp)(p <
M A K(gp, A) ® FF(p))) andif A C X, thenT'(A) :=
I'(A, t/A). For K, K, (resp. < and FF) see [16, Defi-
nition 4.4] (resp. [16, Theorem 4.3] and [19, Definition
1.1 and Lemma 1.1]).

(2) A unary fuzzy predicate f1 € I(I(P(X))), called
fuzzy finite intersection property, is given as fI(h) :=
Vo <N) A FF(p) > IxVB(B € pp — x € B)).

Definition 1.7. [14]. (1) A fuzzifying topological space
(X, 7) is said to a be fuzzifying S-topological space if
5(AN B) = t5(A) A T5(B).

(2) A binary fuzzy predicate Kg € I(I(P(X)) x
P(X)), called fuzzifying semi-open covering, is given
as Kg(M, A) = K(NRN, A QN C 1y).

(3) A unary fuzzy predicate I's € J(R2), called
fuzzifying semi-compactness, is given as follows:
(X, 1) € I'g i= (YR)(Ks( N, X) — @p)(p = M) A
K( 9, X)® FF(p))) and if A C X, then ['s(A) :=
I's(A, T/ A).

Definition 1.8. [14]. A unary fuzzy predicate LC €
J(2), called fuzzifying local compactness, is given

as follows: (X, 7)€ LC :=(Yx)(@B)(x € Int(B) ®
I'(B, 1/ B)), i.e.,

LeX, )= /\ \/ max(0, N, (B)+T(B.t/B) — D).
xeX BCX

2. Fuzzifying semi-base and semi-subbase

Definition 2.1. Let (X, 7) be a fuzzifying topological
space and Bs C t5. Then By is called a semi-base of
tg if Bg fulfils the condition: E A € NXSX — 3B((B €
Bs) A (x € B < A)).

Example 2.2. Let X = {a, b, ¢}, and I = [0, 1]. Define
a mapping t: P(X) — I on X as follows: (@) =
©(X) =1, t{a, ) = 0, t({a, b)) = 3, ©({b, c}) = 3,
t({a}) = 0, 7({b}) = 3, z({c}) = }. Then we can easily
verify that 7 is a fuzzifying topology. By calculat-
ing, Ts(#) = ts(X) = 1, ws({a, c}) = 3, ws{a, b)) =
3 s, ) = 3, wsfa) = 0, ws((b) = 3, wsfeh) =
%. If we set Bs = s, then N3(A) = Viepcats(B) =
VxeBCA Bs(B) by Definition 1.6(3). Obviously, Bs is
a semi-base of tg by Definition 2.1.

The proof of the following two theorems is easy, and
we omit it.

Theorem 2.3. Let (X, t) be a fuzzifying topolog-
ical space and Bs C ts, then Bs is a semi-base
of ts if and only if tg :ﬂ(SU), where ,3<SU)(A) =

V' NieaBs(By), and A is an index set.
UAEAB}‘:A

Theorem 2.4. Let Bs € I(P(X)). Then Bs is a semi-
base for some fuzzifying S-topology ts if and only if it
has the following properties:

1 BYx) =1;
(2) E(AeBs)AN(BeBs)A(xe ANB) —
AC(C e Bs)AN(x e C S AN B)).

Definition 2.5. ps € J(P(X)) is called a semi-subbase
of g if (p@ is a semi-base of tg, where q)@ is the finite
intersection-extension of ¢g in Zadeh’s sense, i.e.,
A=V A es(B), {Bi:ieA}c
(Bi=A *eA
reA
P(X), with " € " standing for "a finite subset of".

Theorem 2.6. o5 € I(P(X)) is a semi-subbase of some
fuzzifying S-topology if and only if (p@(X) =1.
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Proof. We easily demonstrate that go@ satisfies the sec-
ond condition of Theorem 2.4, and others are obvious.
O

3. Fuzzifying irresolute mappings

The purpose of this section is to introduce and study
the concept of irresolute mappings in fuzzifying topo-
logical spaces.

Definition 3.1. Let (X, t) and (Y, 0) be two fuzzify-
ing topological spaces and let f € YX. A unary fuzzy
predicate 1 € J(YX), called fuzzifying irresoluteness,
is given as follows:

I(f):=VB(B € os — f~(B) € 15).

From [6, Theorem 3.3 (1) (a)] wehave o(B) < os(B),
andsowehaveF fel— feCs.

Example 3.2. Let (X, ) and 75 are defined just as in
Example 2.2, we have that 7(B) < 75(B) (VB € P(X)).
Let Y ={d}, and I = [0, 1]. Define a mapping ¢ :
P(Y) — I on Y as follows: ¢(#) = ¢(Y) = 1, then
¢ is a fuzzifying topology and ¢s(¥) = ¢s(¥Y) = 1.
Now, define a mapping f € X? by f(d) = a. Clearly,
ss(f71(B)) = 1> 15(B) = ©(B) (VB € P(X)), so we
haveF fel— feCs.

Theorem 3.3. Let (X, 1), (Y, 0) and (Z, v) be three fuzzi-
fying topological spaces and let f € YX and g € Z¥.
Then

(DEI(f) = (Cs(g) = Cs(go f)),(2)F Cs(g) —
(I(f) — Cs(go f)).

Proof. (1) It suffices to show that [I(f)] < [Cs(g) —
Cs(go N].If[Cs(g)] < [Cs(g o f)], the results holds.
If [Cs(g)] = [Cs(g o )], then

[Cs()] — [Cs(go )]

= /\ min (1, 1—w(V)+ as(g_l(V)))
VeP(Z)

= A min (11— + o576 )

VeP(Z)

< V s )y -t @ v

VeP(Z)
Therefore,

[Cs(g) = Cs(go f]
=min(l, 1 — [Cs(8)] + [Cs(g o /D

> A min(l, 1 —o5U) + ws(f 7 (U))
UeP(Y)

= [I(N].

(2) Follows from (1) and the fact that [«] <
lp > V] & [a]l ®[p] < [¥].

Definition 3.4. Let (X, 7) and (Y, o) be two fuzzifying
topological spaces and let f € YX. We define the unary
fuzzy predicates wy € %(YX), where k=1, ..., 5, as
follows:

() few =VB(BeFrk— f'(Berd).
where [ § and [ 157 are the fuzzifying semi-closed
subsets of X and Y, respectively;

(2) few=VaYUW € N§jy — f1(U) €
N fx), where NS and NS are the family of
fuzzifying semi-neighborhood systems of X and
Y, respectively;

(3) f € w3 =VaYUU € N,y — V(f(V) C
U— VeNY):

@) f € ws=VA(f(CI{(A)) S CIg(f(A)):

(5) f € ws =VBCIE(f~'(B)  f~(CIZ(B)).

Theorem 3.5.F fel < fewy, k=1,...,5.
Proof. The proof is similar to that of Theorem 7.2 in
(1].

Theorem 3.6. £ f el — VxXVT(T € NX)AT %
x— foT >S5 f(x)).

Proof. From Theorem 3.5, the result holds if we
prove that [VxVT(T € N(X)AT >S x — foT >
S(x)] = w3(f). So, it suffices to show that for any
xe Xand T € N(X),

min(l,1 — [T >S5 x]1+[fo T &5 f(0)]) > w3(f).

The concrete proof is easy, and we omit it. U

4. Fuzzifying semi-compact spaces

Theorem4.1. Let (X, t) and (Y, o) be any two fuzzifying
topological spaces andlet f € YX be a surjection. Then
(D FTs(X, 1) @ Cs(f) — T(f(X)),
Q) ETs(X, 1)@ I(f) — T's(f(X).

Proof. The proofs of (1) and (2) are the same as for
Theorems 4.2 and 4.3 in [14], respectively. (]
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The above theorem is a generalization of the follow-
ing corollary [2, Corollary 3.1].

Corollary 4.2. Let (X, 1), (Y,0) be two topological
spaces and let f : (X, 1) — (Y, 0) be a surjective map-
ping. If f is semi-continuous (resp. irresolute) and X is
semi-compact, then Y is compact (resp. semi-compact).

Definition 4.3. Let (X, t) and (Y, 0) be two fuzzify-
ing topological spaces. A unary fuzzy predicate Qs €
J(YX), called fuzzifying semi-closedness [14], is given
as follows:

Os(f):=VYB(BeF§— f'(B)eF3),

where [ § and g are the fuzzy families of t, o-semi-
closed sets in X and Y, respectively.

Theorem 4.4. Let (X, 1) be a fuzzifying topologi-
cal space, (Y, o) be a fuzzifying S-topological space
and f € YX. Then F T's(X, 1) @ Ty (Y, 0) ® I(f) —>
Os(f)

Proof. Similar to the proof of Theorem 4.5 in [14]. OJ

Theorem 4.5. Let (X, t) be a fuzzifying topological
space, ps be a semi-subbase of ts, and

B1 = (YR)(Kps (N, X) — Fp((p < M) A
K(p, X) ® FF(p))),
where K,o(0, X) := KR, X) @ (R C ¢s);

B2 = (VS)(S is a universal net in X) — Ix((x €
X) A (SB>5x));

B3 =S e NX)— AT)@E)(T< S A(x €
X) A (TD>5x)),
where "T < S" stands for "T is a subnet of S"';

Ba = (VS € N(X) — —(adhsS = ¢));

Bs = (VIR e I(PX))ARC Fs® fIM) —
AxVA(A € N — x € A)).

ThenE (X, 1) els < Bi,i=1,2,...,5.

Proof. (1) Since g5 C 5, [N C ps] < [N C t5] for
any R € J(P(X)). Then [Ky (N, X)] < [Ks(R, X)].
Therefore I's(X, 7) < [B1].

Q) [B2] = /\{ \/ [S>5x] : S is a universal net in X}.

xeX
(2.1) Assume X is finite. We set X = {xq, ..., x;,}.
For any universal net S in X, there exists i, € {1, ..., m}

with S&{x,-o}. In fact, if not, then for any i € {1, ..., m},
S ¢ {xi}, SCX —{x;} and SC(VL;(X — {x;}) = ¢,
a contradiction. Therefore x;, ¢ A and Nfio (A)=0
(see [6], Theorem 7.2 (1)) provided SEA, and

furthermore [SB>%xi.] = Ag, (1- N5 (4) = 1.
Therefore, [82] = 1 > [B1].

(2.2) In general, to prove that [81] < [B>], we prove
that for any A € [0, 1], if [B2] < A, then [B1] < A.
Assume for any A € [0, 1], [82] < A. Then there exists
a universal net S in X such that Vxex[SDSx] < A and
for any x € X, [S>%x] = Ay, (1= NJ(A) <2,

i.e., there exists A C X with SEA and
NXS(A) > 1—A. Since ¢s is a semi-subbase of
s, (p@ is a semi-base of 7y and from Definition
2.1, we have \,cpca95(B)> N3(A)>1-2,
i.e., there exists B C A such that x € BC A and
V {/\AeAwS(B)\) :(NweaBr=B.BL S X, 1 € A} =
(p@(B) > 1 — A, where A is finite. Therefore, there
exists a finite set A and B; € X(A € A) such
that (),coBn =B and for any A€ A, ¢s(By) >
1—AX. Since S EA and A A/is finite, there
exists A(x) € A such that S ¢ Byy. We set
E)io(BMx)) = \/xeX(pS(B)L(x))' If P = No, then for
any 8> 0, o5 C {By(x) : x € X}. Consequently, for
any B € s, SEB and SCB¢ since S is a universal
net. If [FF(p)l=1—inf{§e[0,1]: F(gps)} =t,
then for any n € w (the non-negative integer),
inf{6 €[0,1]: F(ps)} <1—1t+ % and there exists
8, <1l—t+1 such that F(pso). If 8, =0, then
P(X) = g5, is finite and it is proved in (2.1). If §, > O,
then for any B € s, SCBC. Since F(¢s,), we have
SCN{B®: B € gso) # ¢, ie., Jgso # X and there
exist x, € X such that for any B € s, X, ¢ B.
Therefore, if x, € B, then B ¢ gs,, i.e., 9(B) < o,
K(p, X) = /\xeX\/xeB@(B) = oneBﬁo(B) <do <
1—t+ 1 Let n — co. We obtain K(p, X) < 1—1¢
and [K(p, X)® FF(9)] =0. In addition,
[KpsMNo, X)] > 1 —A. In fact, [R, S ¢s] =1 and
(Ko, X)] = Aex ViesMo(B) = ArexRe(Bign) =
Niex9@s(Bax) = 1 — A since x € Bjy).

Now, we have [Bi] = (YO)(Ky(N, X) —
Ip((p <N A K(p, X) ® FF(p))) < Kys(No, X) —
dp((p < No) A K(p, X) ® FF(p)) = min(1, 1 —
KysOo, X) + Vo [K(9. X) ® FF(9))] < 1.

By noticing that A is arbitrary, we have [81] < [B2].

(3) It is immediate that [8] < [B3].

(4) To prove that [B3] < [B4], first we prove that
AT (T < S) A (TD>Sx)] <[S o x], where [3T (T <
S) A (TD>Sx))]= \/T<S/\T?A (1 - N3(A)) and[S o’
x] = /\SEA (1 = N3(A)) . Indeed, for any T < S one

can deduce {A: SEA}NQ {A: TEA} as follows.
Suppose T = S o K.If S [ A, then there existsm € D
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such that S(n) ¢ A when n > m, where > directs the
domain D of S. Now, we will show that T ¢ A. If not,
then there exists p € E suchthat T(g) € Awheng > p,
where > directs the domain E of T. Moreover, there
exists n1 € E such that K(n;) > m since T < S, and
there exists no € E such that nyp > ny, p since (E, >
) is directed. So, K(n2) > K(n1) > m, So K(ny) ¢
A and So K(ny) =T(ny) € A, which is a contra-
diction. Hence {A : S i A} C {A: T ¢ A}. Therefore
[AT (T < S) A(T>5x))]= \/T<S/\T€A (1-N3(A)
_ S S

- TYSA{A:TEJA} (I=NW)= A (1-N(4)

{A:S 7 A}

= /\SE/A (1= N3(A)) =[S oS x]. Therefore for any
x € Xand S € N(X), we have

Bl= A\ VIET(T<S$)AT>x)]

SeN(X) xeX

/\ \/[S<x5x]

SeN(X) xeX
- /\ —1</\(1—[So<sx])>
SeN(X) xeX

= /\ [—(adhsS = ¢)] = [B4].

SeN(X)

IA

(5) We want to show that [B4] < [Bs]. For any
N € J(P(X)), assume [ fI(N)] = A. Then for any § >
1—A, if Ar,..., A, €Ns, ATNAN...NA, # ¢.
In fact, we set ©(A;) =\, R(A;). Then p <R
and FF(p)=1. By putting e=12+5—1>0,
we obtain A —e <A< [FF(p)— @x)(VYB)B e
o> x€B]  =V,cxAwgp(l —9(B).  There
exists x, € X such that A —¢ < /\XO¢B(1 — ©(B)),
Xo ¢ B implies PB) <l —-—r+e=34 and
X €Ngps=A1NAN...NA,. Now, we set
Ps={AINAN..NA,:neN,Ay .. A, €Ns}
and S:9s—> X,B+—> xpe B,Bevs and
know that (95, C) is a directed set and S is a
net in X. Therefore [B4] < [—(adhsS = ¢)] =
\/XGX/\S ; A(1 — N3(A)). Assume [R C [ 5] = p.
Then for any B € P(X), R(B) <1+ F s(B) — u, and
[RCFs® fIM— Ax)VA((A € N) — x € A)]
=min(1,2 —u — A+ \/xeX/\x¢A(1 — N(A))). There
fore it suffices to show that for any x € X, /\S & A(l —

NS(A) <2 — 1 =+ Agga(l — R(A)), ie.,
Viga(A) <2 —p -+ \/S ; ANf(A) for some
6> 1—A.Forany t € [0, 1], if \/ngER(A) > t, then
there exists A, such that x, ¢ A, and R(A,) > t.

Case 1: If r<1—A, then t<2—pu—A+
\V NZ(A).
ST A
Case 2: Letr > 1 — A. Here we set § = %(t+1—k)
and have A, € N;, A, € ¥s. In addition, 1 < R(A,) <
L+ Fs(Ao) —p,  t+u—1=Fs(Ac) = t5(AD).
Since A, € s, we know that Sp e A,, 1ie.,
Sp¢ AS when BC A, and S (£ AS. Therefore,
2—p—2r+ V NS(A)= 2—pu—2r+N5(A9) >
S A
2—pn—Xr+1ts(AS) > t+ (1 —A) >t By noticing
that ¢ is arbitrary, we have completed the proof.
(6) To prove that [B5] = [(X, 7) € 's] see [14, The-
orem 3.3]. U
The above theorem is a generalization of the follow-
ing corollary [3, Theorems 3.3 and 3.6].

Corollary 4.6. The following are equivalent for a topo-
logical space (X, 7).

(a) X is a semi-compact space.

(b) Every cover of X by members of a semi-subbase
of ts has a finite subcover.

(c) Every universal net in X semi-converges to a
point in X.

(d) Each net in X has a subnet that semi-converges
to some point in X.

(e) Each net in X has a semi-adherent point.

(f) Each family of semi-closed sets in X that has
the finite intersection property has a non-void
intersection.

Definition 4.7. Let {(X;,7;)):i€ I} be a fam-
ily of fuzzifying topological spaces, [[;c;Xi
be the cartesian product of {X;:ie€ I} and
o ={p;'U):ie LU e P(X;)}, where p; : [[;; X
— X (tel) is a projection. For @ C g,
I(®) stands for the set of indices of ele-
ments in ®. The semi-base Bgs € I([[;c;Xi) of
[Lic/(ts)i is defined as Ve fBy:=@3P)(P €
oA (D =V)) = Vil € (D) > V; € (t5)), e,
Bs(V) = V A (@9)i(V).

e[| o=V €l(®)

Example 4.8. Let (X, ) and 75 are defined just as in
Example 2.2. Define a mapping ¢ : P(Y) — I on
Y as follows: ¢(¥) = ¢(Y) =1, then ¢ is a fuzzify-
ing topology and ¢s(¥) = ¢s(Y) =1 (see Example
3.2). Hence, Y x X ={(d, a), (d, b),(d, c)}, so ¢ =
{9, X x Y {(d, @)}, {(d, D)}, {(d, o)}, {(d, a), (d, b)},
{(d. D), (d, o)}, {(d, @), (d, O)}}.
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By calculating, Bs(@)=1,8s(X xY)=1, Bs
{d.ah =0, Bsdd.bH=32, Bs{(d o)) =31,
Bs({(d, a), (d, o)) = 3.85({(d, @), d, D)) = 3, Bs
(W, b),d, )} = % According to Theorem 2.3, we
can easily obtain ,B(SU) = Bs, 80 Ts X ¢5 = Ps.

Definition 4.9. Let (X, 1), (¥, o) be two fuzzifying topo-
logical spaces. A unary fuzzy predicate Og € J(Y¥),
called fuzzifying semi-openness, is given as: Os(f) :=
YU(U € 15 — f(U) € os). Intuitively, the degree to
which f is semi-open is [Os(f)] = Aycy min(1, 1 —
t5(U) + o5 (f(U))).

Example 4.10. We know that (X, 7) is a fuzzi-
fying topological space (see Example 2.2) and
5@ =ts(X) =1, wsa,ch) =3, ws{a, b)) =3,
ts({b, ¢)) = 3. ts{a) = 0, T5({b)) = 3, Ts({ch) = 5.
We set Y = X, 0 =71 and f = idy, then [Os(f)] =
A min(1, 1 —z5(U) + o5 (f(U))) = 1.

Ucx

Lemma 4.11. Let (X, t) and (Y,0) be two fuzzify-
ing topological spaces. For any f € YX, Os(f):=
VB(B € ﬂé( — f(B) € as), where ,3§ is a semi-base
of 1s.

Lemma 4.12. For any family {(X;, t;) : i € I} of fuzzi-
fying topological spaces.

(1) EMViel - pieOs), 2 FN)iel -~
pi € Cy).

Theorem 4.13. Let {(X;, ti):i € I} be a family of
fuzzifying topological spaces. Then

FAUWU C [[;e; Xi ATs(U, t/U) A 3x(x € Ints(U))
= 3JJ €IAVj(jel—JATs(X},1))).

Proof. It suffices to show that
Vuer(]xoTsW DAV [T x N2 (O =
\/J@/\je,_ll"g(Xj, 7). Indeed, if
VUGP(HieIXi)(FS(U’ T U A \/XGH,'GIX"N;E(U)) =
w >0, then there exists U € P(J[;c;Xi) such
that T's(U,t/U) > n and \/XGHMXI,N)?(U) > W,

where  N2(U) =V cycy (ITie/(zs)i) (V). Fur-
thermore, there exists V such that x ¢ V C U and
(ITic;(s)i) (V) > . Since By is a semi-base of

II ] e

=V A BsB
U B, =V AEA
AEA

=V A \/ N @iV >,
U B,=V reA CI))‘@(p’m ®,=B; iel(®,)
reA

where @) = {pi_l(V,-) 1i e I(®P))}(r € A). Hence
there exists {B) : A € A} € P([[;c;X:) such that
Uxe A B, = V. Furthermore, for any A € A, there
exists @, € ¢ such that (| ®, = B, and for any
i € I(®,), we have (t5);(V;) > . Since x € V, there
exists By, such that xe B, CV CU. Hence
there exists @, €¢ such that [P, = B,
and ﬂiel(@)l’i_l(vi) =By, S [[;c;Xi and for
any i€ l(d,), we have (15);(V})>pu. By
NicryPi (Vi) = By, we have ps(B,,) = Vs C X5,
if §e€l(®y,); ps(Br,)=Xs5, if del—I1(Py,).
Since B, C U, for any del—I1(®,), we
have  ps(U) 2 ps(By,) = Xs and  ps(U) = Xs.
On the other hand, since for any i€/ and
Uie PXD. (TLeies)s) (p7' @) = (s,
we have for any i € I, I(p;) = /\U,»eP(X,-)min(l’ 1-—
(x)iU) + [1je;()j(p; ' (UD) = 1. Furthermore,
by Theorem 4.1, I's(U, t/U) = TI's(U, 1/ U) ® I(ps) <
I's(Ps(U), t5) = I's(Xs, t5) for each § € I — I(P,).
Therefore, VieNjel—JTs(Xj, 1)) >
/\561,1@“1—‘5(){5, 75) > I's(U, 1/ U) > u. O

The above theorem is a generalization of the follow-
ing corollary.

Corollary 4.14. If there exists a coordinate semi-
neighborhood semi-compact subset U of some point
x € X of the product space, then all except a finite
number of coordinate spaces are semi-compact.

Lemma 4.15. For any fuzzifying topological space
(X, 1) and A C X we have
FTS(X, 1) — T5(A, T/A).

Lemma 4.16. For any fuzzifying S-topological space
(X, ) we have
F T (X, 1) ® Ts(X, 1) — T (X, 7) (for the definition
of T; (X, 7) see [7, Definition 3.1]).

The above lemma is a generalization of the following
corollary [10, Theorem 3.9].

Corollary 4.17. Every semi-compact semi-7» S-
topological space is s-normal.

Lemma 4.18. For any fuzzifying S—topological
space (X, 1), E T3(X, 1) @ T's(X, 7) — TS (X, T)(For
the definition of T3S(X, ) see [7, Definition 3.1]).
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The above lemma is a generalization of the following
corollary [11, Theorem 3.9].

Corollary 4.19. Every semi-compact semi-T, S-
topological space is s-regular.

Theorem 4.20. For any fuzzifying topological space
(X, t)and A C X we have
FTo(X, ) ®Ts(A) - Aers.

Proof. For any {x}C A°, we have {x}N
A=¢ and Ts({x})=1. By Theorem 4.4
in [13]  [HX.DQTsAATs({x})] <
\/GOHX:d),AEG,erx min(ts(G), ts(Hy))). Assume
Bx={Hc: ANHy=¢,x € H}, U,cpef(x) D A"
and  Uyeqe fO) N A = Uyepc(f(X)NA) =¢.  So,
Uyeac f(x) = A€ and therefore,

[T5(X, 1) ® T5(A)]

< \V Ts(Hy)
GNH,=¢,ACG,xcH,
<AV sH)

xeA¢ ANHy=¢,xeH,

=V Azt

fe H By XEAC

<V o
rell g xeA

=\ A =75, O
re]] 8«

xeAC

The above theorem is a generalization of the follow-
ing corollary.

Corollary 4.21. Semi-compact subspace of a semi-
Hausdorff topological space is semi-closed.

Theorem 4.22. F(X,7)el's —> (VB)(BefFs—
(B, t/B) € T'g).

Proof. From Theorem 4.1 [13], we have for any
BC X, [I's(X, 1) ® F s(B)] <T's(B). So I's(X, 1) <
[F s(B) — I's(B)]. Therefore, I's(X, 1) < [(VB)(B €
Fs— (B, t/B) e I'g)]. U

The above theorem is a generalization of Theorem
3.21in [3].

5. Fuzzifying locally semi-compactness

Definition 5.1. Let Q be a class of fuzzifying topo-
logical spaces. A unary fuzzy predicate LsC € J(2),
called fuzzifying locally semi-compactness, is given as
follows:

(X, 1)eLsC:=(Vx)3B)((x € Ints(B) ® I's(B, t/B)).

Since [x € Ints(X)] = N3(X) = 1, then LsC(X, 1)
> I's(X, 7). Therefore,

F(X,1)el's — (X, 1) € LgC.

Also, since F (X, 1) e I' — (X, 1) € LC [15] and
FX,nDels—> X,0)el [14], FX,7)els—
(X,7)e LC.

Theorem 5.2. For any fuzzifying topological space
(X, 7)and A C X,

F(X,1)e LsCRAeFs— (A, t/A) € LsC.
Proof. We have
LsC(X, 1)

= A\ '/ max0, N3 (B) + I's(B. t/B) — 1)
xeX BCX

and
LsC(A, t/A)

= /\ \/ max(0, N5"(G) + I's(G, (1/A)/G) — 1).
xeA GCA

Now, supposethat[(X,7) e LsCR A€ Fg] > A >
0. Then for any x € A, there exists B C X such that

NS (B)+ Ts(B.7/B)+ ts(X — A)—2 > ». (1)

Let E=ANB e P(A). Then N;EA(E) =VEe_cns
NfX(C) > NfX(B) and for any U € P(E), we have

(rs/A)s/EU)

=V wao=\ V =

U=CNE U=CNEC=DNA
=V wsd=\/ .
U=DNANE U=DNE

Similarly, (zs/B)s/EU) = VU:DmETS(D)~ Thus,
(ts/B)s/E = (ts/A)s/E and T's(E,(tr/A)/E) =
I's(E, (tr/B)/E). Furthermore, [E € F 5/B] = 15/B
(B—E)=1t5/B(BNE)= \grpe—pnpts(D) > ts
(X—A)=Fs(A).SinceF (X, 1) el'sQAe€fs—
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(A, 1/A) € I'g (see [14], Theorem 4.1), from (1) we
have for any x € A that

\/ max(0, N¥'(G) + I's(G. (t/A)/G) — 1)
GCA

> NS(E) + I's(E. (t/A)/E) — 1

= N3 (E) + T's(E. (t/B)/E) - 1

> NS*(B)+ [I's(B, //B)® E € I s/B] — |

> NS (B)+ I's(B,7/B)+ [E € F 5/B] — 2

> NS“(B)+ Ts(B, t/B) +[A € Fs] —2 > A.
Therefore,
LsC(A, 1/A)

= AV max©, ¥ (G)

x€A GCA
+I's5(G, (1/A)/G) — 1) > 4.

Hence [(X, 1) € LsC® A € Fs] < LsC(A, t/A).
]
As a crisp result of the above theorem we have the
following Corollary.

Corollary 5.3. Let A be a semi-closed subset of locally
semi-compact space (X, 1). Then A with the relative
topology t/ A is locally semi-compact.

The following theorem is a generalization of the
statement "If X is a semi-Hausdorff space and A is a
dense locally semi-compact subspace, then A is semi-
open', where A is a dense in a topological space X if
and only if the semi-closure of A is X.

Theorem 5.4. For any fuzzifying S-topological space
(X,7) and ACX, FTy(X,7)®LsC(A, t1/A)®
(Cls(A)=X) > A € 15.

Proof. Suppose that [T(X,7)® LsC(A,1/A)®
(Cls(A) = X)] > 12> 0. Then LsC(A,1/A) >
A—[T5(X, D)@ (Cls(A)=X)+1=1> 1, ie,
AxeaV pea max(0, NS*(B) + T's(B, (t/A)/B) — 1)
> )/. Thus for any x € A, there exists B, € A such
that NS"(B,)+ Ts(By. (t/A)/B,) — 1>V, ie.
Vunaz=s, Viekcuts(K) +Ts(By, (t/A)/By) — 1 >
A’. Hence there exists K, such that K, N A = B,,
15(Ky) +Ds(By, (t/A)/By) — 1 > A'. Therefore,
t5(Ky) > .

(1) If for any x € A, there exists K, such that x €
K, C By C A (thus K = By), then | J,.4Kx = A and
75(A) = Ts(Uyea Kx) = ApeaTs(Kx) = 2 > A.

(2) If there exists x, € A such that

Ky, N (BS) # ¢, t5(Ky,) + Ts(By., (t/A)/By,) -
1 >2/. From the hypothesis, we have that
[TQS(X, 7)® LsC(A,1/A) ® (Cls(A) = X)] > A > 0,
we have [T (X, 7) ® (Cls(A) = X)] # 0. So 75(Ky,)
+ Ts(By., (t/A)/Bx,) — 1 + [T5(X, 1) ® (Cls(A) =
X)] —1 > 1. Therefore, t5(K,, )+ I's(Byx,,(t/A)/
By)— 1+ Ty (X, )+ [(Cls(A) = X)] — 1 —1 > A
Since

(ts/A)s/Bx, (U)

=\ wao= \ V s
U=CNBy, U=CNBy,C=DNA

= \/ s(D)=15/By (U),Ts(By,, (t/A)/Bx.)
U=DNB,,

= FS(B)CO? T/B)Co)7

from Theorem 4.20, we have tg(B} ) > TZS X, )®
[s(By,,7/By) >  T5(X,7)+'s(By,,/By,) — 1.
Hence ts(Ky,) + ts(B}) + [Cls(A) = X]—2 > A.
Now, for any ye€ A we have [Clg(A)=X]=
Arex(1 = N3"(A%) < 1 — NS*(A°). Since (X, 1) isa
fuzzifying S-topological space, ts5(K, )+ rS(BfCO)
— 1< 15(Ky,) ®ts(BS) < ts(Ky) ATs(BS) < ts
(Kx, N BS) < NS (K, N BS)<NS'(A9), where y
€ Ky, N By C Hy, N(Hy, NA) = Hy,N(H; U A°)
= H,, N A° C A°. Therefore, 0 < A < t5(Ky, )+
T5(BS ) + [Cls(A) = X] =2 = t5(Ky,) + ts(B}) —
I+ [Cls(A) = X] =1 < NS (A +1 - N5 (49 —
1 = 0, a contradiction. So, case (2) does not hold. We
have completed the proof. (]

Theorem 5.5. For any fuzzifying S-topological space
(X,7),F T3 (X, 1) ® (LsC(X, 1))* — VaVU(U €
NS" = 3V(V e NS* A CIs(V) € U ATs(V))),
where (LsC(X, 1))* := LsC(X, 1) ® LsC(X, 7).

Proof. We need to show that for any x and U, x € U,
N 2 sX
5 (X, 1) ® (LsC(X, 1))" ® N, (U)

<V Wy A AN (V) ATs(V 7/ V).
VX yeue

Assume that TS (X, 1) ® (LsC(X, 1))? ® NS (U) >
A > 0. Then for any x € X there exists C such that

TS(X, )+ N5 (C) + (LsC(X, 1))

+NS (U) -3 > A )
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Since (X, 1) is a fuzzifying S-topological space,
NS )+ NS ()= 1 < NS (0) @ NS (U) < NS*
OANTWU) < NS(CNU) =V ewecnyTs(W).
Therefore there exists W such that xe W C CNU,
and T5(X, 1)+ (LsC(X, 1) +t5(W) —2 > A. By
Lemmas 4.15 and 4.17 we have TZS(X, 7)<
T(C,7/C) and T5(C,t/C)+Ts(C,t/C)—1<
T;(C,1/C)®'s(C, 1/C) < T{(C,t/C). Thus Ty
(X, )+ T's(C, t/C) + (W) — 2 > A. Since for any
x € W C U, we have T5(C,7t/C) < 1 —15/C(W) +

C C
V(NS (G) A Nyec_wNy (C=G))) (see [T,
Theorem 3.16]), so there exists G, x € G C W such
C C
that (NS (G) A \yec_wN; (C=G)=T(C, 7/C)
+75/C(W)—1 = T5(C, 7/ C)+15(W)—1, and (N5
C
(G) A Nyec—wNy (C—G)))+Ts(C,7/C)— 1>
Thus N3(G) = \/ prc_g NS (D) = NS (G U C9) >
A =x+1-Tg(C, t/C) > A. Furthermore, for any
C X

yeC—W, Ny (C—G)=Vpnc—cngeNs (G°U
€)= N5 (G > 1 and N5'(G) = NS ((GUCY)
NC) = NS (GUC) ANS™(C) > V. Since NS (G)
= VyepecgeTs(BY) > A/, for any y € C — W, there
exists B; such that y € B; € G° and rS(Bg,) > ).
Set B =Jycc_wBS . Then C — W C B € G° and
T5(B°) > /\yec_WrS(B;) > A/, Again,letV = BN C,
then VC(C—W)YXNC=(CUW)NC=CNW
=WCUNCand V¢ = B°UC*c. Since (X, 1) is a
fuzzifying S-topological space,

§X sX §X §X
N2 (V)= NS (BNC) > N> (B)A N> (C)
§X sX
> Ny (G)AN; (C) > A. (3)
By (2) and Theorem 4.20,
75(C%) > T3 (X, 1) ® ['s(C, 7/ C) = T5 (X, 7)
+I5(C, 7/C)— 1> ).

So 5(VE) =15(B°UC) = 15(B°) A T5(C) = I,
ie., ts(VE) +T's(C,7/C) — 1 > X and

Ts(V.7/V) = Ts(V.(t/C)/ V) = 15/C(C — V)
+T5(C.7/C) — 1 = 15(V)
+I's(C,7/C)—1 > A. 4)

Finally,
AN vy = AN V)=tV = 1 (5)

ue ve
"IYlelus by (3), (4) ayned (5), for any x € U, there exists
V CU such that N3 (V) > &, AycpeNS (V) =
and I's(V, t/V) > A.

So  VNFWA A NSV ATs(V.t/V))
vex yeUe
> A U

Theorem 5.6. For any fuzzifying S-topological space
(X, 1), FT3(X, 1) ® (LsC(X, 1)* — Ty (X, 7).

Proof. By Theorem 5.5, for any x € U, we have
sX sX e
\V S woa ANV
xeVCU yeU¢
N 2 sX
> [T (X, 1)@ (Ts(C, /C)” @ Ny (U)].

Thus

X X X
1-NSWw+ \/ WA ANV
xeVCU yeU¢

> [I5(X. 1) ® (T's(C. 7/ O))*1.
ie, [T (X, D] > [T (X, 1) ® (I's(C, 7/C))*]. O
Theorem 5.7. For any fuzzifying S-topological space
(X, 1),
FTS(X, 1) ® LsC(X, 1) > YAYU(U € NS
®Ts(A, 7/A) > IV(VCUAU e NS
ATs(VE) ATs(V, 1/ V))),

where U € NS" := (Vx)(x € AAU € N5Y).

Proof. We only need to show that forany A, U € P(X),
[T5(X. 1) ® LsC(X, 1) ® T's(A, 7/A) ® N§ (U)] <
V (VS (V) A Ts(VE) ATS(V. 7/ V).
VCuU
_Indeed, if [T3S(X, 7)® LsC(X, 1) QT's(A, t/A) ®
NiX(U)] > A > 0, then for any x € A, there exists C €
P(X) such that [T3S(X, ) ® NSX(C) RI's(C,7/C)®

I's(A,t/A)® NgX(U)] > A. Since (X, 1) is a fuzzify-
ing S-topological space,

\/  Ts(w)

xeWcCenu
SX SX SX
=N (CNU)= NS (C) A NS (U)
> NS () A NS (U) = NS“ () @ NS (U).

Then there exists W such that x e W € C N U, and
[T3S(X, DR TsW)RT's(C,t/C) R 's(A, t/A)] > A.
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Therefore

[T5 (X, )]+ t5(W) — 1 > 1 +2 — T5(C, t/C)
—Ts(A, t/A)] =1 > A. (6)

Since for any xe W, [T5(X,0)]<1—1t5(W)+

\/ (NfX(B)/\ /\ NS?X(BC)), we have
BCW yewe

X X .
\/ WS By A N\ NE(BY >
BCW yewe
Thus there exists B, such that x € By % wcln
U and for any y € W¢ we have Nf (BS) > W,
X /o X
N3"(By) > ). Since N;? (BY) = Viegecpets(GY) >
A/, then for any ye W€, there exists G,, such
that x € G§, € By and t5(GY)) > M. Set GS=
UyeweGSy-  Then W€ <GS, € By and t5(GY) >
Ayewets(GS) = 1. Since Gy 2 By, N'(Gy) >
NfX(BX) > ), ie., Viencg, ts(H) > A’. Thus there
exists H, such that x € H, € G, and t5(H,) > ).
Hence for any x € A, there exists H, and G such that
xeH, CG,CU ts(H)>2NandW 2 J,.,Gx 2
UxeAHx O A. Wedefine i € I(P(A)) as follows:
R(D)

\/  ts(Hy), there exists Hy s.t. H, N A=D,
HNA=D

0, otherwise.
LetI's(A,t/A) = u > u — € (¢ > 0). Then

1-KsOt A+ \/ [K(p. A ® FF()] > n— €, ()
PN
where

(Ko, A= A\ /sy = A\ \/ %D

xeAxeB xeAxeD

=AV V wH)z¥

x€A xeD HyNA=D

and

[N S 15\A]

= /\ min(1, 1 — R(B) + 15\ A(B))
BCX

= A\ min(l,1- \/ ts(Ho+ \/ ts(H)=1.

BCX H,NA=B HNA=B

So, Ks(N, A) = [K(N, A)] = 1. By (7), [K(p, A) ®
FF(E)]>pnu—€e—14+KsM A >pu—e—1+1 >
A — €. Thus

N VeoE) +1— \8: Fps)} —1 > —e,

xeA xeE

and

N VeE) >r—e+ \8: Flps).

xeA xeE

Hence there exists B> 0 such that F(gpg) and
AveaViep@(D) > L — e+ B. Therefore for
any x € A, there exists D, C A such that
(D) >r—e+p and |J,4Dx S A Suit-
ably chosen € such that A —e€ >0 provides
©(Dy) > B> 0. Since N(Dy) = p(Dy) > 0,
D.=HyNA, ie, HyNAcpg By F(pp),
there exists finite Hx/l , Hx/z, Hx;l such that
Ui Hy2A4 and UL Hy SUZ Gy. Set
V=U, lec, and V¢ =(\_, Gf{;, ACVCU,
and  Ts(V) > A1, 7s(GS) = A > . Since
for any x € A, GXQWQéOUQC, we have
V=UL, Gx; cCwWccC by ts\C(C — V) =
vaC:CﬂVL' TS(D) > TS(VC) > )\,/. Thus by (6),
ts\C(C - V)+Ts(C,7/C)—1>x. By Theo-
rem 4.1 in [14], T's(V,7/V)=Ts(V,t/C/V) >
[Ts(C,1/C)® ts\C(C — V)] > A.  Finally, we
have for any xe A, N5 (V)=NS"(UL,G,) >
X
N Uis Ho) = tsUiZy H) 2 Aj<iznTs(Hy) =
>0 So NS (V) = AeaNS“ (V) = & There-
fore, Ni V)YANTs(VEYATs(V,t/V) > A. Thus
X
VycuW3 (V) Ats(VE) ATs(V, 1/ V)) > A. O

Theorem 5.8. Let (X, 1) and (Y, o) be two fuzzifying
topological spaces and f € YX be surjective. Then
LsC(X,7)® Cs(f)® O(f) — LC(Y, o). For the def-
inition of O(f), see [17].

Proof. If [LsC(X, 1) ® Cs(f) ® O(f)] > A > 0, then
for any x € X, there exists U C X, such that

X
[NJ (V) ® Ts(U, 1/U) @ Cs(f) ® O(f)] > A
Since NXSX(U) = V,eveyts(V), there exists V' C X
such that x € V' C U and [t5(V)®Ts(U,1/U) ®
Cs(f)® O(f)] > A. By Theorem 4.1 (1),

[Cs(U, 7/ U) @ Cs(NH] < [I'(f(U), o/ f(U))]
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and
[2(V") ® O(f)] = max(0, 7(V') + O(f) — 1)

=max(0, t(V)+ /\ min(1, 1 —t(V)+o(f(V))—1)
vex

< max(0, 7(V)+ 1 — (V) + o(f(V)) — 1)

= o(f(V)) < Ny (f(V) < Ny (FQO)).
Since f is surjective,

LC(Y,0) = LC(f(X),0)

= A V

YEfSfXOU'=fU)C f(X)

AN INpo(FU) ® [T(fU), o/ fU))]
yef()Cf(X)

A [(V)e o)
YES(OCSf(X)
®I's(U,7/U) ® Cs(f)] = A. U
Theorem 5.9. Let (X, 7) and (Y, 0) be two fuzzifying

topological spaces and f € YX be surjective. Then E
LsC(X, 1) ® I(f) ® Os(f) > LsC(¥, o).

[Ny (U)®IT(WU', o/ U]

v

v

Proof. By Theorem 4.4, the proof is similar to that of
Theorem 5.8. (]

Theorems 5.8 and 5.9 are generalizations of the fol-
lowing corollary.

Corollary 5.10. Let (X, t) and (Y, o) be two topological
spaces and f : (X, 1) — (Y,0) be a surjective map-
ping. If [ is semi-continuous (resp. irresolute), open
(resp. semi-open) and X is a locally semi-compact,
then Y is locally compact (resp. locally semi-compact)
space.

Theorem 5.11. Let {(X;, t;) : i € I} be afamily of fuzzi-
fying topological spaces. Then

FLsC( [xi [ [ —
iel iel
Vii e INLsC(X;, (t)) AIJ(J € 1
AVj(jel—JAN FS(Xj, ‘L'j))).
Proof. It suffices to show that

Lsc( [Xi [ [0 < IALsC(Xi, (z5)i)

iel iel iel

/\\/ /\ Ls(X;, T))].

Jel jel—J

From Theorem 5.8 and Lemma 4.12 we have for any

jel LsC(IIX:, [[(zs)i) = [LsC(J]Xi, [1(r9)i) ®
iel iel iel iel

Cs(pj) ® Os(pj)] < LsC(X}, T)).

So, A LsC(Xj, tj) = LsC([] X, [T(zs))-
jel iel iel
By Theorem 4.13, we have

\V A Tsxj.t)

Jeljel—J
=1\ rswJJes/me \/ N
vellx iel x<[]xi
>/ Irsw JJes/vme NS
vel [xi x<[[x: iel
> AV Imsw e/ e NS
xc[[xi ve] [x:i iel
= LsC([ [Xi. [x).
iel iel
Therefore,
Lsc( [xi. [[(xs)0)
iel iel
<IALsCXj.tpA\ N\ TsXj. 7l
iel Jel jel—J

O
We can obtain the following corollary in crisp setting.

Corollary 5.12. Let {X, : L € A} be a family of

non-empty topological spaces. If [ X islocally semi-
AEA
compact, then each X is locally semi-compact and all

but finitely many X, are semi-compact.

6. Conclusion

The present paper investigates topological notions
when these are planted into the framework of Ying’s
fuzzifying topological spaces (in semantic method of
continuous-valued-logic). It continues various investi-
gations into fuzzy topology in a legitimate way and
extends some fundamental results in General Topol-
ogy to fuzzifying topology. An important virtue of our
approach (in which we follow Ying) is that we define
topological notions as fuzzy predicates (by formulae
of Lukasiewicz fuzzy logic) and prove the validity of
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fuzzy implications (or equivalences). Unlike the (more
wide-spread) style of defining notions in fuzzy mathe-
matics as crisp predicates of fuzzy sets, fuzzy predicates
of fuzzy sets provide a more genuine fuzzification;
furthermore the theorems in the form of valid fuzzy
implications are more general than the corresponding
theorems on crisp predicates of fuzzy sets. The main
contribution of the present paper is to give characteriza-
tions of fuzzifying semi-compactness. Also, we define
the concept of locally semi-compactness of fuzzifying
topological spaces and obtain some basic properties of
such spaces. There is a problem for further study.

Ourresults are derived in the Lukasiewicz continuous
logic. Is it possible to generalize them to a more gen-
eral logical setting, like residuated lattice-valued logic
considered in [20-21]?

It’s worth to say, there already exists a version in the
setting of (2, L) topologies (see [10]). Our obtained
results will be still valid in the setting of [10], in
which the author only introduced L-continuity degree,
L-openness degree, L-closedness degree of mappings
between L-fuzzifying topological spaces. Moreover,
he showed that most of elementary results related
to continuous mappings, open mappings, and closed
mappings in general topology could be extended to L-
fuzzifying topological spaces by means of the graded
concepts.
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