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Abstract: 
In this paper, some characterizations of fuzzifying g -compactness are given, 

including characterizations in terms of nets and g -subbases.  Several characterizations 
of locally g -compactness in the framework of fuzzifying topology are introduced and 
the mapping theorems are obtained. 

Keywords and Phrases: 
Łukasiewicz logic; semantics; fuzzifying topology; fuzzifying compactness; g -

compactness; fuzzifying locally compactness; locally g -compactness. 

1.  Introduction and preliminaries 

In the last few years fuzzy topology, as an important research field in fuzzy set theory, 
has been developed into a quite mature discipline [6-8, 11-12, 22].  In contrast to 
classical topology, fuzzy topology is endowed with richer structure, to a certain extent, 
which is manifested with different ways to generalize certain classical concepts.  So far, 
according to Ref. [7], the kind of topologies defined by Chang [2] and Goguen [3] is 
called the topologies of fuzzy subsets, and further is naturally called L -topological 
spaces if a lattice L  of membership values has been chosen.  Loosely speaking, a 
topology of fuzzy subsets (resp. an L -topological space) is a family t  of fuzzy subsets 
(resp. L -fuzzy subsets) of nonempty set X , and t  satisfies the basic conditions of 
classical topologies [10].  On the other hand, Hohle in [5] proposed the terminology L -
fuzzy topology to be an L -valued mapping on the traditional powerset ( )P X  of X .  
The authors in [9, 11-12, 16] defined an L -fuzzy topology to be an L -valued mapping 
on the L -powerset XL  of X . 

In 1952, Rosser and Turquette [17] proposed emphatically the following problem: If 
there are many-valued theories beyond the level of predicates calculus, then what are the 
detail of such theories?  As an attempt to give a partial answer to this problem in the case 
of point set topology, Ying in 1991-1993 [23-25] used a semantical method of 
continuous-valued logic to develop systematically fuzzifying topology.  Briefly speaking, 
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a fuzzifying topology on a set X  assigns each crisp subset of X  to a certain degree of 
being open, other than being definitely open or not.  Roughly speaking, the semantical 
analysis approach transforms formal statements of interest, which are usually expressed 
as implication formulas in logical language, into some inequalities in the truth value set 
by truth valuation rules, and then these inequalities are demonstrated in an algebraic way 
and the semantic validity of conclusions is thus established.  So far, there has been 
significant research on fuzzifying topologies [13-15, 18-21, 26].  For example, Ying [26] 
introduced the concepts of compactness and established a generalization of Tychonoff’s 
theorem in the framework of fuzzifying topology.  In [21] the concept of local 
compactness in fuzzifying topology is introduced and some of its properties are 
established.  Generalzied open sets play a very important role in General Topology and 
they are now the research topics of many topologists worldwide.  Indeed a significant 
theme in General Topology and Real Analysis is the study of variously modified forms 
of continuity, separation axioms etc. by utilizing generalized open sets.  One of the most 
well known notions and also an inspiration source is the notion of b -open [1] sets 
introduced by Andrijevic in 1996.  In [4] Hanafy used the term g -open sets instead of 
b -open sets and studied the concepts of g -open sets and g -continuity in fuzzy 
topology [2].  In [13] the concepts of fuzzifying g -open sets and fuzzifying g -
continuity were introduced and studied.  Also, Sayed [19] introduced some concepts of 
fuzzifying g -separation axioms and clarified the relations of these axioms with each 
other as well as the relations with other fuzzifyign separation axioms.  Furthermore, in 
[20], Sayed characterized the concepts of fuzzifying g -irresolute functions and used the 
finite intersection property to give a characterization of fuzzifying g -compact spaces.  In 
this paper, the concepts of g -base and g -subbase of fuzzifying g -topology are 
introduced.  Other characterizations of fuzzifying g -compactness are given, including 
characterizations in terms of nets and g -subbase.  Several characterizations of locally 
g -compactness in the framework of fuzzifying topology are introduced and the mapping 
theorems are obtained.  Thus we fill a gap in the existing literature on fuzziyfing 
topology.  We use the terminologies and notations in [13, 19-25] without any explanation.  
We note that the set of truth values is the unit interval and we do often not distinguish the 
connectives and their truth value functions and state strictly our results on formalization 
as Ying does.  We will use the symbol ƒ  instead of the second “AND” operation Ÿ

�
 as 

dot is hardly visible.  This mean that [ ] [ ] [ ] [ ] [ ]g j y g j y£ Æ ¤ ƒ £ .  All of the 
contributions in general topology in this paper which are not referenced may be original.  
We now give some definitions and results which are useful in the rest of the present 
paper.  The family of all fuzzifying g -open sets [13], denoted by ( )( )P Xgt Œ� , is 

defined as follows: 

( )( ) ( )( )( )( )Cl Int Int ClA x x A x A AgtŒ " Œ Æ Œ » , 

i.e., ( ) ( )( )( ) ( )( )( )( )Cl Int Int Cl
x A

A A x A xgt Œ
= ⁄� . 

The family of all fuzzifying g -closed sets [13], denoted by ( )( )P Xg ŒF � ,is defined 

as A X Ag gtŒ - ŒF .  The fuzzifying g -neighborhood system of a point x XŒ  [13] 

is denoted by 
X

xN
g  (or xN

g ) ( )( )P XŒ�  and defined as ( ) ( )x x B AN A Bg
gtŒ Õ= � .  The 
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fuzzifying g -closure of a set A XÕ  [13], denoted by ( )Cl Xg Œ� , is defined as 

( )( ) ( )Cl 1 xA x N X Ag
g = - - . If ( ),X t  is a fuzzifying topological space and ( )N x  is 

the class of all nets in X ,then the binary fuzzy predicates ( )( ), N X Xg gμ Œ ¥� �  [18] 

are defined as ( )X

xS x A A N S Ag g" Œ Æ Ã�� , ( )X

xS x A A N S Ag gμ " Œ Æ � , 

where “S xg� ”,“S xgμ ”stand for “Sg -converges to x ”,“ x  is an g -accumulation 
point of S ”, respectively; and “Ã� ”, “ � ” are the binary crisp predicates “almost in”, 
“often in”, respectively.  The degree to which x  is an g -adherence point of S  is 

( )adh S x S xg
g È ˘= μÎ ˚ . If ( ),X t and ( ),Y s  are two fuzzifying topological spaces and 
Xf YŒ , the unary fuzzy predicates ( ), XC I Yg g Œ� , called fuzzifying g -continuity 

[13], fuzzifying g -irresoluteness [20], are given as ( ) ( )( )1C f B B f Bg gs t-" Œ Æ Œ , 

( ) ( )( )1I f B B f Bg g gs t-" Œ Æ Œ , resepctivley. Let W be the class of all fuzzifying 

topological spaces.  A unary fuzzy predicate ( )2T
g Œ W� , called fuzzifying g -

Hausdorffness [19], is given as follows: 

( ) ( )(2 ,T X x y x X y X x yg t = " " Œ Ÿ Œ Ÿ π Æ  

( ))x yB C B N C N B Cg g f$ $ Œ Ÿ Œ Ÿ « ∫  

A unary fuzzy predicate ( )G Œ W� , called fuzzifying compactness [20], is given as 

follows: ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( ), , ,X K X K A FFtG "¬ ¬ Æ $√ √£ ¬ Ÿ √ ƒ √D  and if 

A XÕ , then ( ) ( ),A A AtG G .  For K , KD  (resp. £  and FF ) see [24, Definition 
4.4] (resp. [24, Theorem 4.3] and [26, Definition 1.1 and lemma 1.1].  A unary fuzzy 
predicate ( )( )( )fI P XŒ� � , called fuzzy finite intersection property [26], is given as 

( ) ( ) ( ) ( )( )fI FF x B B x B¬ "√ √£ ¬ Ÿ √ Æ $ " Œ√Æ Œ . A fuzzifying topological 

space ( ),X t  is said to be fuzzifying g -topological space [20] if ( ) ( )A B Ag gt t« ≥  

( )BgtŸ .  A binary fuzzy predicate ( )( ) ( )( )K P X P Xg Œ ¥� � , called fuzzifying g -

open covering [20], is given as ( ) ( ) ( ), ,K A K Ag gt¬ ¬ ƒ ¬ Õ .  A unary fuzzy pre-

dicate ( )gG Œ W� , called fuzzifying g -compactness [20], is given as follows: ( ),X t Œ 

( ) ( ) ( ) ( ) ( ) ( )( )( ), ,K X K X FFg gG "¬ ¬ Æ $√ √£ ¬ Ÿ √ ƒ √  and if A XÕ , then 

( ) ( ),A A Ag g tG G .  It is obvious that ( ) ( ), ,X Xg gt tG G , ( ) (, ,A A Ag tG G  

)Agt  and ( ) ( ), ,K A K Ag¬ Æ ¬D .  A unary fuzzy predicate ( )LC Œ W� , called 

fuzzifying locally compactness [21], is given as follows: ( ) ( )( ) ((,X LC x B xt Œ " $  

( ) ( )))Int ,B B BtŒ ƒG . 
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2.  Fuzzifying g -base and g -subbase 

Definition 2.1.  Let ( ),X t  be a fuzzifying topological space and g gb tÕ .  Then gb  

is called an g -base of gt  if gb  fulfils the condition: ( )(X

xA N B Bg
gbŒ Æ $ Œ Ÿ  

( ))x B AŒ Õ . 

Theorem 2.1.  gb  is an g -base of gt  if and only if ( )
g gt b »= , where ( ) ( )Agb

» =  

( )B A B
l l l g lb
ŒL = ŒL∪� � . 

Proof.  Suppose that gb  is an g -base of gt . If B Al gŒL =∪ ,then from Theorem 3.1 

(1) (b) in [13], ( ) ( ) ( ) ( )A B B Bg g l l l g l l g lt t t bŒL ŒL ŒL= ≥ ≥∪ � � .  Consequently, 

( ) ( )B AA B
l lg l g lt b
ŒL = ŒL≥ ∪� � .  To prove that ( ) ( )B AA B

l lg l g lt b
ŒL = ŒL£ ∪� � , we 

first prove ( ) ( )x A x B AA Bg gt tŒ Œ Õ= � � . (Indeed, assume { }:x B x B Ad = Œ Õ . Then 

for any x A xf dŒŒ’ , ( )x Af x AŒ =∪ , and furthermore ( ) ( )( )x AA f xg gt t Œ= ≥∪ x A gtŒ�  

( )( ) ( )( ) ( )
x A xf x A x A x B Af x f x Bd g gt t
ŒŒ’ Œ Œ Œ Õ≥ =� � � � .  Also ( ) x AAgt Œ£ � x B AŒ Õ�  

( )Bgt .  Therefore ( ) ( )x A x B AA Bg gt tŒ Œ Õ= � � . 

Now, since ( ) ( )X

x x B AN A Bg
gbŒ Õ£ � , ( ) ( ) X

x A x B A x A xA B N g
g gt tŒ Œ Õ Œ= =� � �  

( ) ( ) ( )( )
x A xx A x B A f x AA B f xg d gb b
ŒŒ Œ Õ Œ’ Œ£ =� � � � .  Then ( ) B AA

l lg lt
ŒL = ŒL£ ∪� �  

( )Bg lb .  Therefore ( ) ( )B AA B
l lg l l lt b
ŒL = ŒL= ∪� � .  In the other side, we assume 

( ) ( )B AA B
l lg l g lt b
ŒL = ŒL= ∪� �  and we will show that gb  is an g -base of gt , i.e., for 

any A XÕ , ( ) ( )X

x x B AN A Bg
gbŒ Õ£ � .  Indeed, if x B AŒ Õ , B Bl lŒL =∪ , then 

there exists l ŒLD  such that x BlŒ
D

 and ( ) ( ) ( )x B AB B Bl g l g l gb b bŒL Œ Õ£ £
D

� � .  
Therefore 

( ) ( ) ( ) ( )X

x x B A x B A B A x B AN A B B B
l l

g
g l g l gt b b

ŒLŒ Õ Œ Õ = ŒL Œ Õ= = £∪� � � � � . 

Theorem 2.2.  Let ( )( )P Xgb Œ� .  Then gb  is an g -base for some fuzzifying g -

topology gt  if and only if it has the following properties: 

(1) ( ) ( ) 1Xgb
» = ; 

(2) ( ) ( ) ( ) ( ) ( )( )A B x A B C C x C A Bg g gb b bŒ Ÿ Œ Ÿ Œ « Æ $ Œ Ÿ Œ Õ « . 

Proof.  If gb  is an g -base for some fuzzifying g -topology ( ) ( ) ( )X Xg gt b »= .  

Clearly, ( ) ( ) 1Xgb
» = .  In addition, if x A BŒ « , then ( ) ( ) ( ) ( )A B A Bg g g gb b t tŸ £ Ÿ  

( ) ( ) ( )X

x x C A BA B N A B Cg
g gt bŒ Õ «£ « £ « £ � .  Conversely, if gb  satisfies (1) and (2), 

then we have gt  is a fuzzifying g -topology.  In fact, ( ) 1Xgt = .  For any { }:Al l ŒL  

( )P XÕ , we get { }{ }: :B B A
l l l ll l l ld F F ŒL F= F ŒL =∪ . Then for any f l ldŒLŒ’  
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( )B f
B A

ll
l l llFŒL F ŒLŒ =∪ ∪ ∪ .  Therefore ( )

fB A

A B
ll

ll

g l g
l d

t b
F

ŒLFŒL ŒL

FFŒLŒL Œ=

Ê ˆ = ≥Á ˜Ë ¯ ’∪ ∪
∪ � � �  

( ) ( )
B f

B
l

l
gl l

b
F

FŒL Œ
� �  

{ }
( ) ( )

:B

B A
l

l l
l l ll

g g ll ld
b t

F

FŒL F ŒL ŒLF ŒL Œ
≥ =� � � � . 

Finally, we need to prove that ( ) ( ) ( )A B A Bg g gt t t« ≥ Ÿ .  If ( )A tgt > , ( )B tgt > , 

then there exists { }1 1 1:Bl l ŒL , { }2 2 2:Bl l ŒL  such that 
1 1 1
B Al lŒL =∪ , 

2 2 2
B Bl lŒL =∪  

and for any 1 1l ŒL , ( )1
B tl lb > , for any 2 2l ŒL , ( )2

B tg lb > . Now, for any x AŒ «  

B , there exists 1 1xl ŒL , 2 2xl ŒL  such that 
1 2x x

x B Bl lŒ « .  From the assumption, we 

know that ( ) ( ) ( )
1 2 1 2x x x x

x C B Bt B B C
l lg l g l gb b bŒ Õ «< Ÿ £ �  and furthermore, there exists 

xC  such that 
1 2x xxx C B B A Bl lŒ Õ « Õ « , ( )xC tgb > .  Since x A B xC A BŒ « = «∪ , 

we have ( ) ( )x A B x B A Bt C B
l lg l g lb b
ŒLŒ « = « ŒL£ £ =∪� � � ( )A Bgt « .  Now, let ( )Agt  

( )B kgtŸ = .  For any natural number n , we have ( ) 1A k ngt > - , ( ) 1B k ngt > -  

and so ( ) 1A B k ngt « ≥ - .  Therefore ( ) ( ) ( )A B k A Bg g gt t t« ≥ = Ÿ . 

Definition 2.2.  ( )( )P Xgj Œ�  is called an g -subbase of gt  if gj  is an g -base of 

gt , where ( ) ( )B AB B
l lg l l l l lj j
ŒLŒL = ŒL= ∩∩ � � , { } ( ):B P Xl l ŒL , with “ ” 

standing for “a finite subset of”. 

Theorem 2.3.  ( )( )P Xgj Œ�  is an g -subbase of some fuzzifying g -topology if and 

only if ( ) ( ) 1Xgj
» = . 

Proof.  We only demonstrate that gj  satisfies the second condition of Theorem 2.2, 

and others are obvious.  In fact ( ) ( ) ( )1
1 1

1 2
1 1 2 2

B A B B

A B B
l l

l l

g g g ll
j j j

ŒL ŒL

ŒL= =

Ê ˆ Ê
Á ˜ ÁŸ = Ÿ
Á ˜ Á
Ë ¯ Ë∩ ∩

� � �  

( )2
2 2

Bg ll
j

ŒL

ˆ
˜
˜̄

� ( )( ) ( )( )1 2
1 1 2 2

1 2
1 1 2 2

B A B B

B B
l l

l l

g l g ll l
j j

ŒL ŒL

ŒL ŒL= =
= Ÿ
∩ ∩

� � � � (
B A Bl

l

gl
j

ŒL

ŒL= «
£
∩

� �  

( )) ( )B A Bl gj= « . Therefore if x A BŒ « , then ( ) ( ) ( )A B A Bg g gj j jŸ £ « £  

( )
x C A B

Cgj
Œ Õ «

� . 

3.  Fuzzifying g -compact spaces 

Theorem 3.1.  Let ( ),X t  be a fuzzifying topological space, gj  be an g -subbase of 

gt , and  
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( ) ( ) ( ) ( ) ( ))( )1 , ,K X K X FF
gjb "¬ ¬ Æ$√√£ ¬ Ÿ √ ƒ √ , where ( ),K X

gj ¬  

( ) ( ),K X gj¬ ƒ ¬ Õ ;  

( )2 Sb "  ( ) ( )( ( is a universal net in S X x x X S gÆ $ Œ Ÿ �  ))x ;  

( )3 Sb "  ( ) ( )( )( ) ( ) ( )( )S N X T x T S x X T xgŒ Æ $ $ < Ÿ Œ Ÿ � , where “ T S< ” 

stands for “ T  is a subnet of S ”; 
 ( )4 Sb "  ( ) ( )( )S N X adh Sg fŒ Æ ÿ ∫ ;  

5b  ( )"¬ ( )( ) ( ) ( )( )P X fI x A A x Ag¬ Œ Ÿ¬ Õ ƒ ¬ Æ $ " Œ¬Æ ŒF F . Then 

( ),X t  ig bŒG ´ , 1, 2, ,5i = " . 

Proof.  (1) Since g gj tÕ , g gj tÈ ˘ È ˘¬ Õ £ ¬ ÕÎ ˚ Î ˚  for any ( )( )P X¬Œ� .  Then 

( ) ( ), ,K X K X
gj g

È ˘ È ˘¬ £ ¬Î ˚Î ˚ .  Therefore ( ) [ ]1,Xg t bG £ . 

(2) [ ] { }2 :  is a universal net in x X S x S Xgb Œ È ˘= Î ˚�� � . 

(2.1) Assume X  is finite.  We set { }1, , mX x x= " .  For any universal net S  in X , 

there exists { }1, ,i mŒD "  with { }iS xÃ
D

� .  In fact, if not, then for any { }1, ,i mŒ " , 

{ }iS xÃ/
D

� , { }iS X xÃ -
D

�  and { }( )1
m
i iS X x f=Ã - =

D
� ∩ , a contradiction.  Therefore 

ix Aœ
D

 and ( ) 0
ix

N Ag =
D

 (see [13], Theorem 4.2 (1)) provided S AÃ/� , and 

furtheremore ( )( )1 1
ii S A xS x N Agg

Ã/È ˘ = - =Î ˚D D
�� � .  

Therefore [ ] [ ]2 11b b= ≥ . 

(2.2) In general, to prove that [ ] [ ]1 2b b£  we prove that for any [ ]0,1l Œ , if [ ]2b l< , 

then [ ]1b l< .  Assume for any [ ]0,1l Œ , [ ]2b l< .  Then there exists a universal net S  

in X  such that x X S xg lŒ È ˘ <Î ˚��  and for any x XŒ , ( )( )1S A xS x N Ag g lÃ/È ˘ = - <Î ˚ �� � , 

i.e., there exists A XÕ  with S AÃ/�  and ( ) 1xN Ag l> - .  Since gj  is an g -subbase of 

gt , gj  is an g -base of gt  and from Definition 2.1, we have ( ) ( )x B A xB N Ag
gjŒ Õ ≥�  

1 l> - , i.e., there exists B AÕ  such that x B AŒ Õ  and { ( )min :B Bg l l ll j ŒLŒL ∩�  

} ( ), , 1B B X Bl gl j l= Õ ŒL = > - , where L  is finite.  Therefore there exists a finite 

set L  and ( )B Xl lÕ ŒL  such that B Bl lŒL =∩  and for any l ŒL , ( ) 1Bg lj l> - .  

Since S AÃ/�  and L  is finite, there exists ( )xl ŒL  such that ( )xS BlÃ/� .  We set 

( )( ) ( )( )x Ax x
B Bgl ljŒ¬ =D � .  If √£ ¬D , then for any 0d > , ( ){ }:

x
B x Xd l√ Õ Œ .  

Consequently, for any B dŒ√ , S BÃ/�  and cS BÃ�  because S  is a universal net.  If 

( ) [ ] ( ){ }1 inf 0,1 :FF F tddÈ ˘√ = - Œ √ =Î ˚ ,then for any n wŒ (the non-negative integer), 

[ ] ( ){ }inf 0,1 : 1 1F t ndd Œ √ < - + , and there exists 1 1t nd < - +D  such that ( )F d√
D

.  
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If 0d =D , then ( )P X d=√
D
 is finite and it is proved in (2.1).  If 0d >D , then for any 

B dŒ√
D
, cS BÃ� .  Since ( )F d√

D
, we have { }:cS B B d fÃ Œ√ π

D
� ∩ .  I.e., X

d√ π
D

∪  

and there exist x XŒD  such that for any B dŒ√
D
, x BœD .  Therefore, if x BŒD , then 

B dœ√
D
, i.e., ( )B d√ < D , ( ) ( ) ( ), 1 1x X x B x BK X B B t ndŒ Œ Œ√ = √ £ √ £ < - +

D D� � � .  

Let nÆ• .  We obtain ( ), 1K X t√ £ -  and ( ) ( ), 0K X FFÈ ˘√ ƒ √ =Î ˚ .  In addition, 

( ), 1K X
gj lÈ ˘¬ ≥ -Î ˚D .  In fact, 1gjÈ ˘¬ Õ =Î ˚D  and ( ) ( ), x X x BK X BŒ ŒÈ ˘¬ = ¬ ≥Î ˚D D� �  

( )( )x X x
BlŒ ¬ ≥D� ( )( ) 1x X x

Bg lj lŒ ≥ -�  because ( )xx BlŒ . Now, we have [ ] ( )1b = "¬  

( ) ( ) ( ) ( )( )( ), ,K X K X FF
gj ¬ Æ $√ √£ ¬ Ÿ √ ƒ √ ( ) ( )(,K X

gj
£ ¬ Æ $√ √£ ¬ ŸD D  

( ) ( )),K X FF√ ƒ √  ( ) ( ) ( )min 1,1 , ,K X K X FF
gj l

√£¬

Ê ˆÈ ˘= - ¬ + √ ƒ √ £Î ˚Á ˜Ë ¯D

D � . By 

noticing that l  is arbitrary, we have [ ] [ ]1 2b b£ . 

(3) It is immediate that [ ] [ ]2 3b b£ . 

(4) To prove that [ ] [ ]3 4b b£ ,first we prove that ( ) ( )( )T T S T xgÈ ˘$ < Ÿ £Î ˚� S xgÈ ˘μÎ ˚ , 

where ( ) ( )( ) ( )( )1T S T A xT T S T x N Ag g
< Ã/

È ˘$ < Ÿ = -Î ˚ �� � � and (1 xS AS x Ng g
/È ˘μ = -Î ˚ ��  

( ))A .  Indeed, for any T S<  on can deduce { } { }: :A S A A T AÕ Ã/ /� �  as follows.  

Suppose T S K= D .  If S A/� , then there exists m DŒ  such that ( )S n Aœ  when 
n m≥ , where ≥  directs the domain D  of S . Now, we will show that T AÃ/� . If not, 
then there exists p EŒ  such that ( )T q AŒ  when q p≥ , where ≥  directs the domain 

E  of T .  Moreover, there exists 1n EŒ  such that ( )1K n m≥  because T S< , and 

there exists 2n EŒ  such that 2 1n n≥ , p because ( ),E ≥  is directed. So, ( ) ( )2 1K n K n≥  

m≥ , ( )2S K n AœD  and ( ) ( )2 2S K n T n= ŒD  A .  They are contrary.  Hence { :A  

} { }:S A A T AÕ Ã/ /� � . Therefore ( ) ( )( ) ( )( )1T S T A xT T S T x N Ag g
< Ã/

È ˘$ < Ÿ = -Î ˚ �� � �  

{ } ( )( ): 1T S xA T A
N Ag

< Ã/= - £�� � { } ( )( ) ( )( ): 1 1x xS AA S A
N A N A S xg g g

//
È ˘- = - = μÎ ˚��� � .  

Therefore for any x XŒ and ( )S N XŒ we have [ ]
( )

( )( (3
S N X x X

T T S T gb
Œ Œ

È= $ < ŸÎ �� �  

))x ˘̊
( ) ( ) ( )( )1

S N X S N X x Xx X

S x S xg g

Œ Œ ŒŒ
È ˘ È ˘£ μ = ÿ - μÎ ˚ Î ˚� � � �

( ) ( )
S N X

adh Sg f
Œ

È ˘= ÿ ∫ =Î ˚�  

[ ]4b . 

(5) We want to show that [ ] [ ]4 5b b£ .  For any ( )( )F P X¬Œ , assume ( )fI lÈ ˘¬ =Î ˚ .  

Then for any 1d l> - , if 1, , nA A dŒ¬" , 1 2 nA A A f« « « π" .  In fact, we get ( )iA√  

( )1
n
i iA== ¬� .  Then √£ ¬  and ( ) 1FF √ = .  By putting 1 0e l d= + - > , we obtain 

( ) ( )( )( ) ( )( )1x X x BFF x B B x B Bl e l Œ œÈ ˘- < £ √ Æ $ " Œ√Æ Œ = -√Î ˚ � � .  There 

exists x XŒD  such that ( )( )1x B Bl e œ- < -√
D

� , x BœD  implies ( ) 1B l e d√ < - + =  
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and 1 2 nx A A AdŒ √ = « « «D ∩ " .  Now, we get { 1 2 1: , ,nA A A n N AdJ = « « « Œ"  

}, nA dŒ¬"  and :S XdJ Æ , BB x BŒ6 , B dJŒ  and know that ( ),dJ Õ  is a 

directed set and S  is a net in X .  Therefore [ ] ( ) (4 1x X S Aadh Sgb f Œ /
È ˘£ ÿ ∫ =Î ˚ �� �  

( ))xN Ag- .  Assume Fg mÈ ˘¬ Õ =Î ˚ .  Then for any ( )B P XŒ , ( ) ( )1B F Bg m¬ £ + - , 

and ( ) ( )( )F fI A x AgÈ¬ Õ ƒ Æ $ "Î  ( )( ) (min 1, 2 x XA x A m l Œ˘Œ¬ Æ Œ = - - +˚ �  

( )( ))1x A Aœ -¬�  Therefore, it suffices to show that for any x XŒ , ( )( )1 xS A N Ag
/ -��  

( )( )2 1x A Am l œ£ - - + -¬� , i.e., ( ) ( )2x A xS AA N Agm lœ /¬ £ - - + �� �  for some 

1d l> - .  For any [ ]0,1tŒ , if ( )x A A tœ ¬ >� , then there exists AD  such that x AœD D  

and ( )A t¬ >D .  

Case 1.  1t l£ - , then ( )2 xS At N Agm l /£ - - + �� . 

Case 2.  1t l> - .  Here we set ( )1 2 1td l= + -  and have A dŒ¬D , A dJŒD .  In 

addition, ( ) ( )1t A F Ag m< ¬ £ + -D D , ( ) ( )1 ct F A Ag gm t+ - £ =D D .  Since A dJŒD , we 

know that BS AŒ D , i.e., c
BS Aœ D  when B AÕ D  and cS A/ D

� .  Therefore, 2 m l- - +  

( ) ( ) ( ) ( )2 2 1c c
x xS A N A N A A t tg g

gm l m l t l/ ≥ - - + ≥ - - + ≥ + - ≥� D D� .  By noticing 
that t  is arbitrary, we have complete the proof. 

(6) To prove that [ ] ( )5 ,X gb tÈ ˘= ŒGÎ ˚  see [20] Theorem 4.3.  

The above theorem is a generalization of the following corollary. 

Corollary 3.1.  The following are equivalent for a topological space ( ),X t . 

(a) X  is an g -compact space. 

(b) Every cover of X  by members of an g -subbase of gt  has a finite subcover. 

(c) Every universal net in Xg -converges to a point in X . 

(d) Each net in X  has a subnet that g -converges to some point in X . 

(e) Each net in X  has an g -adherent point. 

(f) Each family of g -closed sets in X  that has the finite intersection property has a 
non-void intersection. 

Definition 3.1.  Let ( ){ }, :s sX s St Œ  be a family of fuzzifying topological spaces, 

s S sXŒ’  be the Cartesian product of { }:sX s SŒ  and ( ){ 1 : ,s s sp U s S Uj -= Œ Œ 

( )}sP X , where ( ):t s S s tp X X t SŒ’ Æ Œ  is a projection.  For jF Õ , ( )S F  stands 

for the set of indices of elements in F .  The g -base ( )s S sXgb ŒŒ ’�  of ( )s S sgtŒ’  is 

defined as 

( ) ( )( ) ( ) ( )( )s s
V V s s S Vg gb j tŒ $F F Ÿ F = Æ " Œ F Æ Œ∩ , i.e., 
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( )
( ) ( ) ( )

,
sss S

V

V Vg g
j

b t
Œ FF F=

=
∩
� � . 

Definition 3.2.  Let ( ),X t , ( ),Y s  be two fuzzifying topological space.  A unary 

fuzzy predicate ( )XO F Yg Œ , is called fuzzifying g -openness, is given as: 

( ) ( )( )O f U U f Ug g gt s" Œ Æ Œ .  Intuitively, the degree to which f  is g -open is 

( ) ( ) ( )( )( )min 1,1B XO f U f Ug g gt sÕÈ ˘ = - +Î ˚ � . 

Lemma 3.1.  Let ( ),X t  and ( ),Y s  be two fuzzifying topological space.  For any 
Xf YŒ , ( ) ( )( )XO f B B f Bg g gb s" Œ Æ Œ , where X

gb  is an g -base of gt . 

Proof.  Clearly, ( ) ( )( )XO f U U f Ug g gb sÈ ˘È ˘ £ " Œ Æ ŒÎ ˚ Î ˚ . Conversely, for any U XÕ , 

we are going to prove ( ) ( )( )( )min 1,1 U f Ug gt s- + ≥  ( )( )XV V f Vg gb sÈ ˘" Œ Æ ŒÎ ˚ .  

If ( ) ( )( )U f Ug gt s£ , it is hold clearly.  Now assume ( ) ( )( )U f Ug gt s> . If¬ Õ ( )P X  

with U¬ =∪ , then ( ) ( ) ( )V f V f f UŒ¬ = ¬ =∪ ∪ .  Therefore ( )Ug gt s-  ( )( )f U =  

( )
( )

( ) ( )
( )

, ,

X

V W
P X U P Y f U

V Wg gb s
Œ¬ Œ√¬Õ ¬= √Õ √=

-
∪ ∪

� � � �
( )

( )
,

X

V
P X U

VgbŒ¬¬Õ ¬=
£ -

∪
� �  

( )
( )( )

, V
P X U

f VgsŒ¬¬Õ √=∪
� �

( )
( ) ( )( )( )

,

X

V
P X U

V f Vg gb s
Œ¬¬Õ ¬=

£ -
∪

� � , ( ( )min 1,1 Ugt-  

( )( ))
( )

( ) ( )( )( )
,

min 1,1 X

V
P X U

f U V f Vg g gs b s
Œ¬¬Õ ¬=

+ ≥ - +
∪

� � ( ( )XV V f VgbÈ≥ " Œ ÆÎ  

)gs ˘Œ ˚ . 

Lemma 3.2.  For any family ( ){ }, :s sX s St Œ  of fuzzifying topological spaces. 

(1) ( )( )ss s S p Og" Œ Æ Œ ; 

(2) ( )( )ss s S p Cg" Œ Æ Œ . 

Proof.  (1) For any t SŒ , we have ( ) ( ) ( )( )(min 1,1
s S s

t s SU P X s
O pg gtŒ ŒŒ ’= - ’�  

( ) ( ) ( )( ))tt
U p Ugt+ .  Then it suffices to show that for any ( )s S sU P XŒŒ ’ , we have 

( ) ( )( ) ( )( )( )t s St s
p U Ug gt tŒ≥ ’ . 

Assume ( )( )( ) ( ) ( ) ( ),s S B U B ss Ss s
U V

l l l l l lg l j gt t m
ŒLŒ = ŒL F F = Œ F’ = >∪ ∩� � � � , where 

( ) ( ){ }( )1 :s sp V s Sl l l-F = Œ F ŒL . 

Hence there exists { } ( ): s S sB P Xl l ŒŒL Õ ’  such that B Ul lŒL =∪  and further-

more, for any l ŒL , there exists l jF  such that Bl lF =∩  and ( ) ( )1
s ss S
p V

l

-
Œ F =∩  



632 O. R. Sayed  

 

Bl , where for any ( )s S lŒ F  we have ( ) ( )ss
Vgt m> . Thus ( ) ( ( )s S

pt U pt
llŒL Œ F= ∪ ∩ . 

( ))1
s sp V-  

(1) If for any l ŒL , ( ) ( )1
s ss S
p V

l
f-

Œ F =∩ , then U f= , ( )pt U f=  and ( ) ( )( )tt
p Ugt  

1= .  Therefore ( ) ( )( ) ( )( )( )t s St s
p U Ug gt tŒ≥ ’ . 

(2) If there exists l ŒLD , such that ( ) ( )1
s ss S
p V B

l lf -
Œ Fπ =

D
∩ , 

(i) If ( )t S lœ F
D

, i.e., ( )t S S lŒ - F
D

, ( )t tp B Xl =
D

.  Therefore ( ) ( )( )tt
p Bg lt =

D
 

( ) ( ) 1tt
Xgt = . 

(ii) If ( )t S lŒ F
D

, then ( )t t tp B V Xl = Õ
D

.  Thus ( )
( )

t t
t S

p U p B
l

l
Œ F

ÊÊ ˆ
= »ÁÁ ˜ÁË ¯Ë

D

D

∪  

( )t S

B
l

l
œ F

ˆÊ ˆ
˜Á ˜˜Ë ¯¯

D

D

∪ ( )
( )

( )
( )

t t t t t
t S t S

p B p B V X X
l l

l l
Œ F œ F

Ê ˆ Ê ˆ
= » = » =Á ˜ Á ˜
Ë ¯ Ë ¯D D

D D

∪ ∪ .Hence ( ) ( )( )tt
p Ugt  

( ) ( ) 1tt
Xgt= =  or ( ) ( )( ) ( ) ( )t tt t

p U Vg gt t l= > .  Therefore ( ) ( )( )tt
p Ugt ≥  

( )( )( )s S s
UgtŒ’ .  Thus ( ) 1tO pg = . 

(2) Form Lemma 3.1 in [25] we have ( )( )ss s S p C" Œ Æ Œ .  Furthermore, s  for 

any two fuzzifying topological spaces ( ),X t  and ( ),Y s  and Xf YŒ , we have 

( ) ( )C f C fg£  (Theorem 3.3 in [13]).  Therefore ( )( )ss s S p Cg" Œ Æ Œ . 

Theorem 3.2.  Let ( ){ }, :s sX s St Œ  be the family of fuzzifying topological spaces, 

then ( ) ( )( ) ( )( )( )( , Int ,s S s t tU U X U U x x U T T S t t S T Xg g gt tŒ$ Õ’ ŸG Ÿ$ Œ Æ$ Ÿ" Œ - ŸG . 

Proof.  It suffices to show that ( ) ( ),
s

s s S
s S

x
t S TT Sx X

U P X

U U N Ug
g t

Œ
Œ

Œ -Ê ˆ Œ
Œ Á ˜

Ë ¯

Ê ˆ
Á ˜G Ÿ £
Á ˜Ë ¯’’

� � � �  

( ),t tXg tG .  Indeed, if ( ) ( ), 0
s

s s S
s S

x
x X

U P X

U U N Ug
g t m

Œ
Œ

Ê ˆ Œ
Œ Á ˜

Ë ¯

Ê ˆ
Á ˜G Ÿ > >
Á ˜Ë ¯’’

� � , then there 

exists ( )s S sU P XŒŒ ’  such that ( ),U Ug t mG >  and ( )
s S sx X xN Ug m
ŒŒ’ >� , where 

( ) ( )( )( )x x V U s S s
N U Vg

gtŒ Õ Œ= ’� .  Furthermore, there exists V  such that x VŒ  UÕ  

and ( )( )( )s S s
Vgt mŒ’ > .  Since gb  is an g -base of ( )s S sgtŒ’ , ( )( )( )s S s

VgtŒ’  

( ) ,B V B V BB
l l l l l l ll g l l jb
ŒL ŒL= ŒL = ŒL F F == =∪ ∪ ∩� � � � � ( ) ( ) ( )ss S s

V
l gt mŒ F >� , 

where ( ) ( ){ }( )1 :s sp V s Sl l l-F = Œ F ŒL . 
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Hence there exists { } ( ): s S sB P Xl l ŒŒL Õ ’  such that B Vl lŒL =∪ .  Furthermore, 

for any l ŒL , there exists l jF  such that Bl lF =∩  and for any ( )s S lŒ F , we 

have ( ) ( )ss
Vgt m> .  Since x VŒ , there exists 

x
Bl  such that 

x
x B V UlŒ Õ Õ .  Hence 

there exists 
xl jF  such that 

x x
Bl lF =∩  and ( ) ( )1

xs s s S ss S
p V B X

l l
-

ŒŒ F = Õ ’∩  and 

for any ( )s S lŒ F , we have ( ) ( ) 1ss
Vgt m> - .  By ( ) ( )1

xs ss S
p V B

l l
-

Œ F =∩ , we have 

( )
x

P B V Xd l d d= Õ , if ( )
x

S ld Œ F ; ( )
x

P B Xd l d= , if ( )
x

S S ld Œ - F .  Since 
x

Bl Õ  

U , for any ( )
x

S S ld Œ - F , we have ( ) ( )
x

P U P B Xd d l d  =  and ( )P U Xd d= .  On 

the other hand, since for any s SŒ and ( )s sU P XŒ , ( )( ) ( )( ) ( ) ( )1
t S s s st s

p U Ug gt t-
Œ’ ≥ , 

we have, for any s SŒ , ( ) ( ) ( ) ( ) ( )(min 1,1
s s

s s t SU P X s t
I p Ug g gt tŒŒ= - +’�  ( )( ))1

s sp U-  

1= .  Furthermore, since by Theorem 3.5 [20], we have ( ),Xg tG ƒ ( ) ( )( )I f f Xg gÆG , 

then ( ) ( ) ( ) ( )( ), , ,sU U U U I p P Ug g g g d dt t tG = G ƒ £ G =  ( ),Xg d dtG .  Therefore, 

( ) ( ) ( ), ,T S t S T t t S S
X X

lg g d d gdt tŒ - Œ - FG ≥ G ≥ G� � �  ( ),U Ut m> . 

The above theorem is a generalization of the following corollary. 

Corollary 3.2.  If there exists a coordinate neighborhood g -compact subset U  of 
some point x XŒ  of the product space, then all except a finite number of coordinate 
spaces are g -compact. 

Lemma 3.3.  For any fuzzifying topological space ( ),X t , A XÕ , 

( ) ( )2 2, ,T X T A Ag gt tÆ . 

Proof.  ( )
( )

( ) ( )( )2 , , , ,
, ,x y

x y X x y U V P X U V

T X N U N Vg g g

f
t

Œ π Œ « =
È ˘ =Î ˚ � �  

( ) ( ), ,x y X x y U A V A fŒ π « « « =
£ � �  

( ) ( )( ),A A
x yN U A N V Ag g« «  

( )
( ) ( )( ), , , ,

,A A

x y
x y A x y U V U V P A

N U N Vg g

fŒ π « = Œ¢ ¢ ¢ ¢
£ ¢ ¢� � (2 ,T Ag=  

)At , where ( ) ( )A

x x C UN U A Cg
gtŒ Õ= �  and ( ) ( )B V AA B Vg gt t= «= � . 

Lemma 3.4.  For any fuzzifying g -topological space ( ),X t , 

( ) ( ) ( )2 4, , ,T X X T Xg g
gt t tƒG Æ . 

For the definition of ( )4 ,T Xg t  see [19, Definition 3.1]. 

Proof.  If ( ) ( )2 , , 0T X Xg
gt tÈ ˘ƒG =Î ˚ , then the result holds.  Now, suppose that 

( ) ( )2 , , 0T X Xg
gt t lÈ ˘ƒG > >Î ˚ .  Then ( ) ( )2 , , 1 0T X Xg

gt t l+ G - > > .  Therefore 

from Theorem 5.4 [20], ( ) ( ) ( )( ) ( ) ( )2 2, ,wsT X A B A B T Xg g
g gt f tƒ G Ÿ G Ÿ « = Æ  

( )( ) ( ) ( ) ( ) ( ) ( )( )U V U V A U B V A Bg gt t f$ $ Œ Ÿ Œ Ÿ Õ Ÿ Õ Ÿ « = .  Then for any 
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,A B XÕ , A B f« = , ( ) ( ) ( )( )2 , ,, U V A U B VT X A Bg
g g ft « = Õ Õƒ G Ÿ G £ � ( )(min ,Ugt  

( ))Vgt  or equivalently ( ) ( ) ( )2 , ,, U V A B B VT X A Bg
g g ft « = Õ Õ£ G Ÿ G Æ �  ( )(min ,Ugt  

( ))Vgt . 

Hence for any ,A B XÕ , A B f« = , ( ) ( ) , ,1 U V A U B VA Bg g f« = Õ ÕÈ ˘- G Ÿ G +Î ˚ �  

( ) ( )( ) ( )min , , 1U V Xg g gt t t l+ G - > . From Theorem 5.1 in [20] we have ( ),Xg tG  

( )A Ag gƒ Œ Æ GF .  Then ( ) ( ) ( ), 1c cX A Bg g gt t tÈ ˘G + Ÿ - =Î ˚  ( ) ( )( ), 1cX Ag gt tG + - Ÿ  

( ) ( )( ) ( ) ( )( ) ( ) ( )( ), 1 , ,c c cX B X A X Bg g g g g gt t t t t tG + - £ G ƒ Ÿ G ƒ £ ( ) ( )A Bg gÈ ˘G Ÿ GÎ ˚ .  

Thus ( ) ( ) ( ) ( ) ( ), 1 c cX A B A Bg g g g gt t tÈ ˘È ˘G - G Ÿ G - £ - ŸÎ ˚ Î ˚ . So, ( ) ( )1 c cA Bg gt tÈ ˘- ŸÎ ˚  

( ) ( )( ), , min ,U V A U B V U Vf g gt t l« = Õ Õ+ >� ,i.e., ( ) ( ( )4 , min 1,1 c
A BT X Ag

f gt t« =
È= - ŸÎ�  

( )cBgt ˘̊ ( ) ( )( )), , min ,U V A U B V U Vf g gt t l« = Õ Õ+ >� . 

The above lemma is a generalization of the following corollary. 

Corollary 3.3.  Every g -compact g -Hausdorff topological space is g -normal. 

Lemma 3.5.  For any fuzzifying g -topological space ( ),X t , ( ) ( )2 , ,T X Xg
gt tƒ G  

( )3 ,T Xg tÆ .  For the definition of ( )3 ,T Xg t  see [19, Definition 3.1]. 

Proof.  Immediate, set { }A x=  in the above lemma. 

The above lemma is a generalization of the following corollary. 

Corollary 3.4.  Every g -compact g -Hausdorff topological space is g -regular. 

Theorem 3.3.  For any fuzzifying topological space ( ),X t  and A XÕ , 

( ) ( )2 ,T X A Ag
g gt ƒG Æ ŒF . 

Proof.  For any { } cx AÃ , we have { }x A f« =  and { }( ) 1xgG = .  By Theorem 5.4 

[20], ( ) ( ) { }( )( ) ( ) ( )( )2 , ,, min ,
x xG H A G x H xT X A x G Hg

g g f g gt t t« = Õ Œ
È ˘ƒ G Ÿ G £Î ˚ � .  

Assume { }: ,x x x xH A H x Hb f= « = Œ , ( )\
c

x X Af x AŒ  ∪  and ( )cx A
f x AŒ « =∪  

( )( )cx A
f x A fŒ « =∪ .  So, ( )c

c

x A
f x AŒ =∪ .  Therefore ( ) ( )2 ,T X Ag

gtÈ ˘ƒG £Î ˚  

( ) ( ) ( )( ), , ,c c
x x x x c xx A

G H A G x H x A H x H x fx A x A
H H f xf g f g b gt t t

Œ
« = Õ Œ « = Œ Œ’Œ Œ£ = £� � � � �  

( )( ) ( ) ( )
\

c
c x x X A xx A

c
f fx A

f x A Ab g b g gt t
ŒŒ

Œ’ Œ’Œ = =∪� � F . 

The above theorem is a generalization of the following corollary. 

Corollary 3.5.  g -compact subspace of an g -Hausdorff topological space is g -
closed. 
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4.  Fuzzifying locally g -compactness 

Definition 4.1.  Let W  be a class of fuzzifying topological spaces.  A unary fuzzy 
predicate ( )L Cg Œ W� , called fuzzifying locally g -compactness, is given as follows: 

( ) ( )( ) ( ) ( )( ), Int ,X L C x B x B B Bg g gt tŒ " $ Œ ƒG .  Since ( )Intx XgÈ ˘Œ =Î ˚ ( )xN Xg  

1= , then ( ) ( ), ,L C X Xg gt t≥ G .  Therefore, ( ) ( ), ,X X L Cg gt tŒG Æ Œ . 

Also, since ( ) ( ), ,X X LCt tŒG Æ Œ  [21] and ( ) ( ), ,X Xgt tŒG Æ ŒG  [20], 

( ) ( ), ,X X LCgt tŒG Æ Œ . 

Theorem 4.1.  For any fuzzifying topological space ( ),X t  and A XÕ , 

( ) ( ), ,X L C A F A A L Cg g gt tŒ ƒ Œ Æ Œ . 

Proof.  We have ( ) ( ) ( )( ), max 0, , 1X

x X B X xL C X N B B Bg
g gt tŒ Õ= + G -� �  and 

( ) ( ) ( ) )(( ), max 0, , 1A

x A G A xL C A A N G G A Gg
g gt tŒ Õ= + G -� � .  Now, suppose that 

( ), 0X L C A Fg gt lÈ ˘Œ ƒ Œ > >Î ˚ .  Then for any x AŒ , there exists B CÕ  such that 

 ( ) ( ) ( ), 2X

xN B B B X Ag
g gt t l+ G + - - > .   (*) 

Set ( )E A B P A= « Œ .  Then ( ) ( ) ( )A X X

x E C B x xN E N C N Bg g g
= «= ≥�  and for any 

( )U P EŒ , we have ( ) ( ) ( ) ( )U C E U C E C D AA E U A C Dg g gg
t t t= « = « = «= = =� � �  

( ) ( )U D A E U D ED Dg gt t= « « = «=� � .  Similarly, ( ) ( ) ( )U D EB E U Dg gg
t t= «= � .  

Thus, ( ) ( )B E A Eg gg g
t t=  and ( )( ) ( )( ), ,E A E E B Eg gt tG = G .  Further-

more, ( ) ( ) ( ) ( )c

c

B E B D
E F B B B E B B E D X Ag g g g gt t t t« = «
È ˘Œ = - = « = ≥ -Î ˚ �  

( )F Ag= .  Since ( ) ( ), ,X A Ag gt tŒG Æ ŒG  (see [20], Theorem 5.1), from (*) we 

have for any x AŒ  that ( ) ( )( )( ) ( ) (max 0, , 1 ,A A
x x

G A

N G G A G N E Eg g
g gt

Õ
+ G - ≥ + G�  

( ) ) 1A Et -  ( ) ( )( ) ( ) ( ), 1 ,A A
x xN E E B E N B B B E Fg g

g g gt tÈ= + G - ≥ + G ƒ ŒÎ  

] 1B - ( ) ( ), 2X

xN B B B E F Bg
g gt È ˘≥ + G + Œ -Î ˚  ( ) ( ) [,X

xN B B B Ag
g t≥ + G + Œ  

2Fg l˘ - >˚ .Therefore ( ) ( ( ) ( ( ) ), max 0, ,A
x A G A xL C A A N G G A Gg

g gt tŒ Õ= + G� �  

)1 l- > .  Hence ( ) ( ), ,X L C A F L C A Ag g gt tÈ ˘Œ ƒ Œ £Î ˚ . 

As a crisp result of the above theorem we have the following corollary. 

Corollary 4.1.  Let A  be an g -closed subset of locally g -compact space ( ),X t .  
Then A  with the relative topology At  is locally g -compact. 

The following theorem is a generalization of the statement “If X  is an g -Hausdorff 
topological space and A  is an g -dense g -locally compact subspace, then A  is g -
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open”, where A  is an g -dense in a topological space X  if and only if the g -closure of 
A  is X . 

Theorem 4.2.  For any fuzzifying g -topological space ( ),X t  and A XÕ , 

( ) ( ) ( )( )2 , , ClT X L C A A A X Ag
g g gt t tƒ ƒ ∫ Æ Œ . 

Proof. Assume ( ) ( ) ( )( )2 , , Cl 0T X L C A A A Xg
g gt t lÈ ˘ƒ ƒ ∫ > >Î ˚ . Then ( ,L C Ag  

) ( ) ( )( )2 , Cl 1A T X A Xg
gt l t l lÈ ˘> - ƒ ∫ + = >¢Î ˚ , i.e, maxx A B AŒ Õ� �  ( ( )0, A

xN Bg  

( )( ) ), 1B A Bg t l+G - > ¢ . Thus for any x AŒ , there exists xB AÕ  such that ( )A
x xN Bg  

( )( ), 1x xB A Bg t l+G - > ¢ , i.e., ( )
xH A B x K H Kgt« = Œ Õ +� �  ( )( ), 1x xB A Bg tG -  

l> ¢ .  Hence there exists xK  such that x xK A B« = , ( ) ( )( ), 1x x xK B A Bg gt t+ G -  

l> ¢ .  Therefore ( )xKgt l> ¢ . 
(1) If for any x AŒ  there exists xK  such that x xx K B AŒ Õ Õ , then x A xK AŒ =∪  

and ( ) ( ) ( )x A x x A xA K Kg g gt t t l lŒ Œ= ≥ ≥ >¢∪ � . 

(2) If there exists x AŒD  such that ( )cx xK B f« π
D D

, ( ) ( )( ),x x xK B A Bg gt t+ G -
D D D

 

1 l> ¢ .  From the hypothesis ( ) ( ) ( )( )2 , , Cl 0T X L C A A A Xg
g gt t lÈ ˘ƒ ƒ ∫ > >Î ˚ , we 

have ( ) ( )( )2 , Cl 0T X A Xg
gtÈ ˘ƒ ∫ πÎ ˚ . So ( ) ( )( ) ( )2, 1 ,x x xK B A B T Xg

g gt t tÈ+ G - + ÎD D D
 

( )( )Cl 1 0A Xg
˘ƒ ∫ - >˚ .  Therefore ( ) ( )( ) ( )2, 1 ,x x xK B A B T Xg

g gt t t+ G - + +
D D D

 

( )( )Cl 1 1A Xg lÈ ˘∫ - - >Î ˚ .  Since ( ) ( ) ( )
x xx U C B U C BA B U A Cg gg

t t= « = «= =
D D D

� �  

( ) ( ) ( )
xC D A U D B xD D B Ug g gt t t= « = «= =

DD
� � , ( )( ) ( ), ,x x x xB A B B Bg gt tG = G

D D D D
.  

From Theorem 3.3. we have ( ) ( ) ( ) ( ) (2 2, , , ,c
x x x xB T X B B T X Bg g

g g gt t t t≥ ƒG ≥ + G
D D D D

 

) 1xBt -
D

.  Hence ( ) ( ) ( )Cl 2c
x xK B A Xg g gt t lÈ ˘+ + ∫ - >Î ˚D D

.  Now, for any cy AŒ  

we have ( ) ( )( ) ( )Cl 1 1X Xc c
x X x yA X N A N Ag g

g ŒÈ ˘∫ = - £ -Î ˚ � .  Since ( ),X t  is a 

fuzzifiying g -topological space, ( ) ( ) ( ) ( ) ( )1c c
x x x x xK B K B Kg g g g gt t t t t+ - £ ƒ £
D D D D D

 

( ) ( ) ( ) ( )c c X c X c
x x x y x x yB K B N K B N Ag g

g gt tŸ £ « £ « £
D D D D D

, where c
x xy K BŒ « Õ
D D

 

( ) ( )c
c c c c

x x x x xH H A H H A H A A« « = « » = « Õ
D D D D D

.  Therefore ( )0 xKgl t< < +
D

 

( ) ( ) ( ) ( ) ( ) ( )Cl 2 1 Cl 1 1Xc c c
x x x yB A X K B A X N Ag

g g g g gt t tÈ ˘ È ˘+ ∫ - = + - + ∫ - £ + -Î ˚ Î ˚D D D
 

( ) 1 0X c
yN Ag - = , a contradiction.  So, case (2) does not hold.  We complete the proof. 

Theorem 4.3.  For any fuzzifying g -topological space ( ),X t , 

( ) ( )( ) ( ) ( )( )( )2
2 , , ClX X

x xT X L C X x U U N V V N V U Vg g g
g g gt tƒ Æ" " Œ Æ$ Œ Ÿ Õ ŸG , 
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where ( )( ) ( ) ( )2
, , ,L C X L C X L C Xg g gt t tƒ . 

Proof.  We need to show that for any x  and U , x UŒ , ( )2 ,T Xg t ƒ ( )( )2
,L C Xg t ƒ  

( ) ( ) ( ) ( )( ),c

X X X c
x V X x xy U

N U N V N V V Vg g g
g tÕ Œ£ Ÿ Ÿ G� � .  Assume that ( )2 ,T Xg t  

( )( ) ( )2
, 0X

xL C X N Ug
g t lƒ ƒ > > .  Then for any x XŒ  there exists C  such that 

 ( ) ( ) ( )( ) ( )2
2 , , 3X X

x xT X N C L C X N Ug g g
gt t l+ + + - >   (*) 

Since ( ),X t  is fuzzifying g -topological space, ( ) ( ) ( )1X X X
x x xN C N U N Cg g g+ - £  

( ) ( ) ( ) ( ) ( )X X X X
x x x x x W C UN U N C N U N C U Wg g g g

gtŒ Õ «ƒ £ Ÿ £ « = � . Therefore there 

exists W  such that x W C UŒ Õ «  and ( ) ( )( )2
2 , ,T X L C Xg

gt t+ +  ( ) 2Wgt l- > .  

By Lemma 3.3 and 3.5 we have ( ) ( )2 2, ,T X T C Cg gt t£  and ( ) ( )2 , ,T C C C Cg
gt t+ G  

( ) ( ) ( )2 31 , , ,T C C C C T C Cg g
gt t t- £ ƒG £ .  Thus ( ) ( ) ( )3 , ,T X C C Wg

g gt t t+ G +  

2 l- > . Since for any x W UŒ Õ ,we have ( ) ( ) ((3 , 1 C
G C xT C C C W Ng g

gt t Õ£ - +�  

( ) ( )))C
y C W yG N C Gg
Œ -Ÿ -� , so there exists G , x G WŒ Õ  such that (( ( )C

xN Gg Ÿ  

( ))) ( )3 ,C
y C W yN C G T C Cg g tŒ - - ≥ +� ( ) ( ) ( )31 , 1C W T C C Wg

g gt t t- ≥ + -  and 

( ) ( )( )( )C C

x y C W yN G N C Gg g
Œ -Ÿ - +�  ( ), 1C Cg t lG - > .  Thus ( )C

x D C GN Gg
« == �  

( ) ( )X X c
x xN D N G Cg g l= » > =¢ ( )1 ,C Cgl t l+ - G ≥ .  Furthermore, for any y Œ  

C W- , ( ) c

C

y D C C G
N C Gg

« = «- = �  ( ) ( )X c c X c
y yN G C N Gg g l» = > ¢  and ( )X

xN Gg =  

( )( )X c X
x xN G C C Ng g» « ≥ ( ) ( )Xc

xG C N Cg l» Ÿ > ¢ .  Since ( ) c c

X c
y x B G

N Gg
Œ Õ= �  

( )cBgt l> ¢ , for any y C WŒ - , there exists c
yB  such that c c

yy B GŒ Õ  and ( )cyBgt  

l> ¢ .  Set c c
y C W yB BŒ -= ∪ .  Then c cC W B G- Õ Õ  and ( ) ( )c c

y C W yB Bg gt tŒ -≥ �  

l≥ ¢ .  Again, set V B C= « , then ( ) ( )c cV C W C C W C C WÕ - « = » « = « =  

W U CÕ «  and c c cV B C= » .  Since ( ),X t  is fuzzifying g -topological space, 

 ( ) ( ) ( ) ( ) ( ) ( )X X X X X X

x x x x x xN V N B C N B N C N G N Cg g g g g g l= « ≥ Ÿ ≥ Ÿ > .   (1) 

By (*) and Theorem 3.3, ( ) ( ) ( ) ( )2 2, , ,cC T X C C T Xg g
g gt t t t≥ ƒG ≥ + ( ),C Cg tG  

1 l- ≥ ¢ .  So ( ) ( ) ( ) ( )c c c c cV B C B Cg g g gt t t t l= » ≥ Ÿ ≥ ¢ , i.e., 

( ) ( ),cV C Cg gt t+ G  1 l- ≥  and  

( ) ( )( ) ( ), ,V V V C V C C Vg g gt t tG = G ≥ - +  

 ( ) ( ) ( ), 1 , 1cC C V C Cg g gt t t lG - ≥ + G - ≥   (2) 
Finally,  
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 ( ) ( ) ( )
c c

X Xc c c
y y

y U y V
N V N V Vg g

gt l
Œ Œ

≥ = ≥� �   (3) 

Thus by (1), (2) and (3), for any x UŒ , there exists V UÕ  such that ( )X

xN Vg l> , 

( )c

X c
yy U

N Vg lŒ ≥�  and ( ),V Vg t lG ≥ .  So ( ) ( )( c

X X c
V X x yy U

N V N Vg g
Õ ŒŸ Ÿ� �  

( )),V Vg t lG ≥ . 

Theorem 4.4.  For any fuzzifying g -topological space ( ),X t , 

( ) ( )( ) ( )2
2 3, , ,T X L C X T Xg g

gt g tƒ Æ  

Proof.  By Theorem 4.3, for any x UŒ , we have ( )( ( )
c

X X c
x y

y Ux V U

N V N Vg g

ŒŒ Õ
Ÿ ≥� �  

( ) ( )( ) ( )2

2 2, , XT X C C N Ug g
gt tÈ ˘ƒ G ƒÍ ˙Î ˚

.  Thus ( ) ( )(1 c

X X
x x V U x y U

N U N Vg g
Œ Õ Œ- + Ÿ� �  

( ) ( ) ( )( )2

2 , ,X c
yN V T X C Cg g

gt tÈ ˘≥ ƒ GÍ ˙Î ˚
, i.e., ( ) ( ) ( )( )2

3 2, , ,T X T X C Cg g
gt t tÈ ˘È ˘ ≥ ƒ GÎ ˚ Í ˙Î ˚

. 

Theorem 4.5.  For any fuzzifying g -topological space ( ),X t , 

( ) ( ) ( )(3 , , ,X

AT X L C X A U U N A Ag g
g gt t tƒ Æ " " Œ ƒG Æ  

( ) ( )( )),X c
AV V U U N V V Vg

g gt t$ Õ Ÿ Œ Ÿ Ÿ G , 

where ( )( )X X

A xU N x x A U Ng gŒ " Œ Ÿ Œ . 

Proof.  We only need to show that for any ( ),A U P XŒ , ( ) ( )3 , ,T X L C Xg
gt tÈ ƒ ƒÎ  

( ) ( ), X
AA A N Ug

g t ˘G ƒ ˚ ( ) ( ) ( )( ),X c
A

V U

N V V V Vg
g gt t

Õ
£ Ÿ Ÿ G� . Indeed, if ( )3 ,T Xg tÈÎ  

( ) ( ) ( ), , 0X
AL C X A A N Ug

g gt t l˘ƒ ƒG ƒ > >˚ , then for any x AŒ , there exists C Œ 

( )P X  such that ( ) ( ) ( )3 , ,X

xT X N C C Cg g
gt tÈ ƒ ƒG ƒÎ  ( ) ( ), X

AA A N Ug
g t l˘G ƒ >˚ .  

Since ( ),X t  is fuzzifying g -topolgoical space, ( ) ( )X
x W C U xW N C Ug

gtŒ Õ « = « ≥�  

( ) ( ) ( ) ( )X X X X
x x x xN C N U N C N Ug g g gŸ ≥ Ÿ ≥ ( ) ( )X X

x xN C N Ug gƒ .  Then there exists 

W  such that x W C UŒ Õ « , and ( ) ( ) ( ) ( )3 , , ,T X W C C A Ag
g g gt t t tÈ ˘ƒ ƒG ƒGÎ ˚  

l> .  Therefore  

 ( ) ( ) ( ) ( )3 , 1 2 , ,T X W C C A Ag
g g gt t l t t l lÈ ˘ + - > + - G - G = ≥¢Î ˚   (*) 

Since for any x WŒ , ( ) ( ) ( ) ( )( )3 , 1
X

c

X c
B W x yy W

T X W N B N Bg g g
gt t Õ Œ

È ˘ £ - + ŸÎ ˚ � � , 

we have ( ) ( )( )c

X X c
B W x yy W

N B N Bg g lÕ ŒŸ > ¢� � .  Thus there exists xB  such that 

xx B W C UŒ Õ Õ «  and for any cy WŒ , we have ( )X c
y xN Bg l> ¢ , ( )X

x xN Bg l> ¢ .  
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Since ( ) ( )c c
x

X c c
y x x G B

N B Gg
gt lŒ Õ= > ¢� , then for any cy WŒ , there exists xyG  such 

that c c
xy xx G BŒ Õ  and ( )c

xyGgt l> ¢ .  Set c

c c
x xyy W
G GŒ= ∪  then c c c

xy xW G BÕ Õ  and 

( ) ( )c

c c
x xyy W
G Gg gt t lŒ≥ ≥ ¢� .  Since x xG B  , ( ) ( )X X

x x x xN G N Bg g l≥ > ¢ , i.e., 

( )
xx H G Hgt lŒ Õ > ¢� .  Thus there exists xH  such that x xx H GŒ Õ  and ( )xHgt l> ¢ .  

Hence for any x AŒ , there exists xH  and xG  such that x xx H G UŒ Õ Õ , ( )xHgt >  

l ¢  and x A x x A xW G H AŒ Œ     ∪ ∪ .  We define ( )( )P A¬Œ�  as follows: 

( )
( ) , there exists  such that ,

0, otherwise.
x

x x x
H A D

H H H A D
D

gt
« =

Ï « =Ô¬ = Ì
ÔÓ

�
 

Let ( ) ( ), 0A Ag t m m e eG = > - > .  Then ( ) ( )1 , ,K A K Ag √£¬ È- ¬ + ¬ ƒÎ�  

( )FF m e˘√ > -˚ , where ( ) ( ) ( ), x A x B x A x DK A B DŒ Œ Œ ŒÈ ˘¬ = ¬ = ¬ =Î ˚ � � � �  

( )
xx A x D H A D xHgt l
¢Œ Œ « = ¢ ≥ ¢� � �  and ( ) ( )( )\ min 1,1 \

B X
A B A Bg gt t

Õ
È ˘¬ Õ = -¬ +Î ˚ �  

( ) ( )min 1,1 1
x

x
B X H A B H A B

H Hg gt t
Õ « = « =

Ê ˆ= - + =Á ˜Ë ¯
� � � . So, ( ) ( ), ,K A K Ag lÈ ˘¬ = ¬ ≥ ¢Î ˚ .  

By (*), ( ) ( ) ( ), 1 , 1K A FF K Agm e m e l l eÈ ˘¬ ƒ √ > - - + ¬ ≥ - - + ≥ -¢Î ˚ . 

Thus ( ) ( ){ }1 : 1x A x E E F dd l eŒ Œ ¬ + - √ - > -� � � , and ( )x A x E E lŒ Œ ¬ > -� �  

( ){ }:F de d+ √� .  Hence there exists 0b >  such that ( )F b√  and ( )x A x D DŒ Œ ¬� �  

l e b> - + .  Therefore for any x AŒ , there exists xD AÕ  such that ( )xD l e√ > -  

b+  and x A xD AŒ  ∪ .  Suitably choose e  such that 0l e- > , then ( ) 0xD b√ > > .  

Since ( ) ( ) 0x xD D¬ ≥√ > , x xD H A¢= « , i.e., xH A b¢ « Œ√ .  By ( )F b√ , so there 

exists finite 
1 2
, , ,

nx x xH H H¢ ¢ ¢"  such that 1 i

n
i xH A= ¢  ∪  and 1 1i i

n n
i x i xH G= =¢ ¢Õ∪ ∪ .  Set V =  

1 i

n
i xG= ¢∪ , and 1 i

c n c
i xV G= ¢= ∩ , A V UÕ Õ , and ( ) ( )1 i

c c
i n xV Gg gt t l l£ £ ¢≥ ≥ >¢� .  Since 

for any x AŒ , xG W C U CÕ Õ « Õ , we have 1 i

n
i xV G W C= ¢= Õ Õ∪ .  Because 

( ) ( )\ cD C C V
C C V Dg gt t« = «- = ≥� ( )cVgt l≥ ¢ . Thus by (*), ( ) (\ ,C C V Cg gt - + G  

) 1Ct l- > , and by Theorem 5.1 [21], ( ) ( ) ( ), , ,V V V C V C Cg g gt t tÈG = G ≥ GÎ  

( )\C C Vgt l˘ƒ - >˚ . 

Finally, we have for any x AŒ , ( ) ( ) ( )1 1i i

X X Xn n
x x i x x i xN V N G N Hg g g

= =¢ ¢= ≥ ≥∪ ∪  

( ) ( )1 1i i

n
i x i n xH Hg gt t l l= £ £¢ ¢≥ ≥ >¢∪ � .  So, ( ) ( )X X

A x A xN V N Vg g lŒ= ≥� .  Therefore 

( ) ( ) ( ),X c
AN V V V Vg

g gt t lŸ Ÿ G ≥ .  Thus ( ) ( ) ( )( ),X c
V U AN V V V Vg

g gt t lÕ Ÿ ŸG ≥� . 



640 O. R. Sayed  

 

Theorem 4.6.  Let ( ),X t  and ( ),Y s  be two fuzzifying topological space and 
Xf YŒ  be surjective.  Then ( ) ( ) ( ) ( ), ,L C X C f O f LC Yg gt sƒ ƒ Æ .  For the 

definition of ( )O f , see [25]. 

Proof.  If ( ) ( ) ( ), 0L C X C f O fg gt lÈ ˘ƒ ƒ > >Î ˚ , then for any x XŒ , there exists 

U XÕ , such that ( ) ( ) ( ) ( ),X

xN U U U C f O fg
g gt lÈ ˘ƒG ƒ ƒ >Î ˚ .  Since ( )X

xN Ug =  

( )x V U VgtŒ Õ� , so there exists V XÕ¢  such that x V UŒ Õ¢  and ( ) ( ),V U Ug gt tÈ ƒG¢Î  

( ) ( )C f O fg l˘ƒ ƒ >˚ .  By Theorem 5.2 in [20], ( ) ( ) [ ( )(, ,U U C f f Ug gtÈ ˘G ƒ £ GÎ ˚  

( ))f Us ˘̊  and ( ) ( ) ( ) ( )( )max 0, 1V O f V O ft tÈ ˘ƒ = + -¢ ¢Î ˚ ( )(max 0, min
V X

Vt
Õ

= +¢ �  

( ) ( )( )( ) )1,1 1V f Vt s- + -¢ ( ) ( ) ( )( )( )max 0, 1 1V V f Vt t s£ + - + -¢ ¢  ( )( )f Vs= £  

( ) ( )( ) ( ) ( )( )Y Y

f x f x
N f V N f U£¢ . Since f  is surjective, ( ) ( )( ), ,LC Y LC f Xs s= =  

( ) ( ) ( ) ( )
( ) ( ),Y

y
y f x f X U f U f X

N U U Us
Œ Õ = Õ¢

È ˘È ˘ƒ G¢ ¢ ¢Î ˚Î ˚� �
( ) ( ) ( ) ( )( ) [ ( )( ,Y

f xy f x f X
N f U f U

Œ Õ
È ˘≥ ƒ GÎ ˚�  

( ))f Us ˘̊
( ) ( )

( ) ( ) ( ) ( ),
y f x f X

V O f U U C fg gt t l
Œ Õ

È ˘≥ ƒ ƒG ƒ ≥¢Î ˚� . 

Theorem 4.7. Let ( ),X t  and ( ),Y s  be two fuzzifying topological space and Xf YŒ  

be surjective.  Then ( ) ( ) ( ) ( ), ,L C X I f O f L C Yg g g gt sƒ ƒ Æ . 

Proof.  By Theorem 5.3 in [20], the proof is similar to the proof of Theorem 4.6.  
Theorem 4.6 and 4.7 are a generalization of the following corollary. 

Corollary 4.2.  Let ( ),X t  and ( ),Y s  be two topological space and ( ): ,f X t Æ  

( ),Y s  be surjective mapping.  If f  is an g -continuous (resp. g -irresolute), open (resp. 
g -open) and X  is locally g -compact, then Y  is locally compact (resp. locally g -
compact) space. 

Theorem 4.8.  Let ( ){ }, :s sX s St Œ  be a family of fuzzifying topological spaces, then 

( )( ) ( )( ) (( (, ,s S s s S ss s
L C X s s S L C X T T S t t S Tg g g gt tŒ Œ’ ’ Æ" Œ Ÿ Ÿ$ Ÿ" Œ -  

( )),t tXg tŸG . 

Proof. It suffices to show that ( ) ( ) ( ), ,s ss ss S t S TT Ss S s S

L C X L C Xg g g gt t
Œ Œ -Œ Œ

Ê ˆ È£ ŸÁ ˜ ÎË ¯’ ’ � � �  

( ),t tXg t ˘G ˚ . From Theorem 4.7 and Lemma 3.1 we have for any t SŒ , ,s
s S

L C Xg
Œ

Ê
ÁË’  

( )
s

s S
gt

Œ

ˆ
˜̄’ ( ) ( ) ( ) ( ), ,s t t t ts

s S s S

L C X C p O p L C Xg g g g gt t
Œ Œ

È ˘Ê ˆ= ƒ ƒ £Á ˜Í ˙Ë ¯Î ˚
’ ’ . So, t S TŒ -� . 

( ) ( )( ), ,t t s S s s S s
L C X L C Xg g gt tŒ Œ≥ ’ ’  By Theorem 3.2 we have ( ,t

t S TT S

XgŒ -
G� �  
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) ( ) ( )), \
s s

s S s S

X
t xs

s SU X X X

U U N Ug
g gt t

Œ Œ

ŒÕ Õ

È ˘
Ê ˆÍ ˙≥ G ƒÁ ˜Í ˙Ë ¯

Í ˙Î ˚’ ’
’� � ( ,

s s

s S s S

U X X X

Ug

Œ Œ

Õ Õ

È≥ GÎ’ ’
� �  

( ) ) ( ))\ X
xs

s S

U N Ug
gt

Œ

˘ƒ ˚’ ( ) ( )), \
s

s
s S

s S

X
xsX X s SU X

U U N U Lg
g g gt

Œ Œ

Õ ŒÕ

È ˘Ê ˆ≥ G ƒ =Á ˜Í ˙Ë ¯Î ˚’ ’
’� �

( ),s s
s S s S

C X gt
Œ Œ

Ê ˆ
Á ˜Ë ¯’ ’  Therefore ( )( ) ( ), ,s S s s S t S T t ts

L C X L C Xg g gt tŒ Œ Œ -È’ ’ £ ŸÎ�  

( ),t S t S T tXg gtŒ -
˘G ˚� � . 

We can obtain the following corollary in crisp setting. 

Corollary 4.3.  Let { }:Xl l ŒL  be a family of nonempty topological spaces.  If 
Xl lŒL’  is locally g -compact, then each Xl  is locally g -compact and all but finitely 

many Xl  are g -compact. 

Conclusion. 

The present paper investigates topological notions when these are planted into the 
framework of Ying’s fuzzifying topological spaces (in semantic method of continuous 
valued-logic).  It continue various investigations into fuzzy topology in a legitimate way 
and extend some fundamental results in general topology to fuzzifying topology.  An 
important virtue of our approach (in which we follow Ying) is that we define topological 
notions as fuzzy predicates (by formulae of Łukasiewicz fuzzy logic) and prove the 
validity of fuzzy implications (or equivalences).  Unlike the (more wide-spread) style of 
defining notions in fuzzy mathematics as crisp predicates of fuzzy sets, fuzzy predicates 
of fuzzy sets provide a more genuine fuzzification; furthermore the theorems in the form 
of valid fuzzy implications are more general than the corresponding theorems on crisp 
predicates of fuzzy sets.  The main contributions of the present paper are to give 
characterizations of fuzzifying g -compactness.  Also, we define the concept of locally 
g -compactness of fuzzifying topological spaces and obtain some basic properties of 
such spaces.  There are some problems for further study: 

(1) One obvious problem is: our results are derived in the Łukasiewicz continuous 
logic.  It is possible to generalize them to more general logic setting, like residuated 
lattice-valued logic considered in [27-28]. 

(2) What is the justification for fuzzifying locally g -compactness in the setting of 

( )2,L  topologies. 

(3)Obviously, fuzzifying topological spaces in [16] form a fuzzy category.  Perhaps, 
this will become a motivation for further study of the fuzzy category. 

(4) What is the justification for fuzzifying locally g -compactness in ( ),M L -
topologies etc. 
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