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Abstract: The subject of the paper is the description of the category as objects L-fuzzifying
soft preproximity spaces with structure preserving morphisms. We investigate the functo-
rial relations between [L-fuzzifying soft preproximity spaces and L-fuzzifying soft topological
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1. Introduction

The real world is too complex for our immediate and direct understanding. We
create "models” of reality that are simplifications of aspects of the real word.
In 1999 D. Molodtsov [14] introduced the concept of a soft set and started
to develop basic of the theory as a new approach for modeling uncertainties.
Research works on soft set theory and its applications in various fields are pro-
gressing rapidly ([5], [11-12], [18-19]). In [17], Shabir and Naz introduced soft
topological spaces. In paper [22], the authors introduced some new concepts in
soft topological spaces such as soft point, interior point, interior, continuity, and
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compactness. Based on paper [22], in paper [21], the authors introduced the
definitions of L-fuzzifying soft topological spaces and L-fuzzifying soft interior
spaces . They showed that LF-STOP the category L-fuzzifying soft topologi-
cal spaces and their continuous mapping, and LF-SIS the category L-fuzzifying
soft interior spaces and their continuous mappings are isomorphic. The notion
of proximity was studied in a fuzzy setting ([7], [16]), in an L-fuzzy setting ([9],
[15]) and in a fuzzifying setting ([8]). In [3], the author introduced and studied
the notions of L-fuzzifying preproximity, L-fuzzifying preproximilly continuous
mappings, L-fuzzifying toplogies and L-fuzzifying continuous mappings. In this
paper, the notions of soft preproximity and soft preproximilly continuous map-
pings in L-fuzzifying soft setting are studied. Some relations between theses
spaces and L-fuzzifying soft topological spaces are introduced.

2. Preliminaries
In this paper, let (L,<,A,V,") denotes a fuzzy lattice [6], i. e., a completely

distributive complete lattice with order-reversing involution ’ | i.e., (L, <, A,V,")
is a complete lattice, for every A € A and for every Ay C L, A\ VA\ =

AEA
V A ¢(\)and’: L — L is a mapping such that for every a,b € L, (a') =
ve T Ax AEA
AEA

a and a < b=V <a'. The smallest element and the largest element in L will
be denoted by L and T, respectively. It is well Known that in any poset if
a <band a # b, we write a < b.

Let L be a non empty reflexive relational structure and let a, b be elements of
L. We say that a is way below b if and only if for every non empty directed
subset D of L such that b <\/ D there exists an element d of L such that d € D
and a < d [6]. We introduce a < b as synonym of a is way below b. A complete
lattice L is completely distributive if and only if b = \/{a € L : a < b} for each
be L. Forbe L,define | b={a € L:a < b}. Some properties |} of can be
found in [10, 20]. A complete lattice L is continuous if and only if for every
a€ Lya=\{b:bel a}[6,10]. It is observed that any completely distributive
lattice is continuous [6,10]. A lattice L is said to be an order-dense chain [9] if
and only if for each a,b € L and a < b, there exists ¢ € L such that a < ¢ < b.

Lemma 1. [6,10]. Let a,b,a1,a9,b1,bs € L. Then
(1) if a1 < asg,b1 < by and ag K by, then a; < by;
(2) 0K a;
(3) if a; < b and ag < b, then a; V ag < b;
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(4) if a < b, then a < b;
(5)if T&L T, then\/{aeL:a<T}=T.

Definition 2. [14]. (1) A soft set on an universe X is a pair (M, E) (here
E is a nonempty parameter set), and M : £ — 2% (the set of all subset of X)
is a mapping. The set of all soft sets on X is denoted by S(X).
(2) For two given subsets (F, A), (G, B) € S(X), we say that (F,A) is a soft
subset of (G, B), denoted by (F,A)C (G, B),
(a) A C B,
(b) for all e € A, F(e) C G(e).
If (F, A)C (G, B) and (F, A)2(G, B), we say (F,A) and (G, B) be soft equal.
We denote it by (F, A) = (G, B).

Definition 3. [11]. The union of two soft sets (F, A)and (G, B) on X is
the soft set (H,C'), where C = AU B and

F(e) ec A\B
H(e) = G(e) e€ B\A (Vee).
Fe)UG(e) e€c ANB
We write (F, A)U(G, B) = (H,C).
Definition 4. [17]. The intersection of two soft sets (F, A)and (G, B) on
X is the soft set (H, ) (Ve € C).

C), where C = AN B and H(e) = F(e) N G(e
We write (F, A)N(G, B) = (H,C).

Definition 5. [17]. (1) For each A € 2%, (A, E) € S(X) is defined by
A(e) = A for each e € Ejwe identify {fa\c/} with z for each x € X. For each
(M,E) € S(X), (M¢ E) € S(X) is defined by M¢(e) = X\M(e)(Ve € E);
sometimes we use (M, E)¢ (resp. A) to replace (M¢, E) (resp. (A, E)).

(2) For a given subset {(Hx, Ex)}rxea € S(X), we call members (M, E) =
O,\GA(HMEA) and (N, F) = ﬁ)\gA(H)nE)\) of S(X) union and intersection of
the family {(Hy, Ex)}aca, respectively, which are defined by M (e) = (Jycp Ha(e)
(Ve € B)) and N(e) = () cp Hale)(Ve € Ey).

(3) For a given subset (H,FE) € S(X), and z € X, we say that x € (H,E)
whenever ©z € H(e) for each e € E. If v ¢ H(e) for some e € E, we say
x ¢ (H,E). (4) For two given subsets (F, A), (G, B) € S(X), then

() ((F, A0(G, B = (F, A)A (G, B)*.

(i) ((F, AYA(G, B))® = (F, A)T (G, B

Definition 6. [19]. Defined soft function (f,g) : S(X) — S(Y) by

(fvg)(MvE) = (7(M)7f(E))
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for each (M, E) € S(X),(g (M), f(E)) € S(Y) and
(f,9) (N, F) = (G oNof, f7(F))

for each (N, F) € S(Y), (‘g oNof, f~1(F)) € S(Y), where for every o € f(E)
and for every e € f~1(F) we have

g(M) () = f(L)J: 9(M(€)), (7 o N o f)(e) = T (N(f(e))

f(E) is the image of E in the category SET, f~!(F) is the preimage of F' in
the category SET. ?(M ) is defined by the Zadeh extension principle, ?(M )
is the backward operator induced by the mapping g : X — Y.

Definition 7. [21]. An L-fuzzifying soft topology on a set X is a mapping
7:8(X) — L such that
(LFST1) 7(¢) = 7(X) = T;
(LFST2) V(F, 4), (G, B) € S(X), 7((F} AN(G,B)) > 7(F,A) AT(G, B));
(LFST3) Y{(Fx, Ax)}rea € S(X), 7( UA(F,\,A,\)) > /\AT(F,\,A,\)-
Ae NS
7(F,A) can be interpreted as the degree to which (F, A) is an open soft set,

the triple (X, 7, F) is called an L-fuzzifying soft topological space. A mapping
g : X — Y from an L-fuzzifying soft topological space (X, 7, E) to another
L-fuzzifying soft topological space (Y, o, E) is said to be continuous if for every
(F, A) € S(X),

~((idp, 9)"\(F, A)) = o(F, A)

Definition 8. [21,22]. (1) The soft set (M, F) € S(X) is called a soft
point in X, denoted by ey, if for the element e € E M(e) # ¢ and M(e,) = ¢
for all e, € E\{e}.

(2) The soft point ey is said to be in the soft set (N, E), for each e € E, denoted
by en€(N, E),we have M (e ) C N(e).
(3) Let eys€X and (N, E)CX. If ) &(N, E), then ey (N, E)C.

SP(X) denoted the set of all soft points in X. Obviously, if ey €SP(X),

then (idg, g)(enr)ESP(Y).

3. L-fuzzifying soft preproximity

Definition 9. Let X be a universe of discourse, § : S(X) x S(X) =L
satisfies the following conditions:
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(61) 8(X,9) = 0(d, X) = L; N
(52) if 8((F, A), (G, B)) < T, then (F, A)C(G*, B); _
(63) 8((F, A)O(G, B), (H,C)) = §((F, A), (H,C))V §((G, B), (H,C))

and 0((F, A), (G 7B)O(H7 C)) = 6((F, A), (G, B))Vv 6((F, A), (H,C)).
Then ¢ is called an L-fuzzifying soft preproximity on X and (X,d) is an L-
fuzzifying soft preproximity space.

Lemma 10. If (F, A)C(G, B), then

(R, A),(,C))
3((H,C),(F, 4)

< (G, B),(H,C))
<4((H,C), (G, B)).
Proof. Since (F, A)C(G, B), (F, A)U(G, B) = (G, B). Then from (03) we

have _
3((F,A), (H,C) Vé((G, B), (H,C))
— 5((F, A)O(G, B), (H,C)) = 5((G, B), (H, C)).

Therefore 6((F, A), (H,C)) < 6((G, B), (H,C)). Similarly, §((H,C), (F, A)) <
5((H,C), (G, B)).

Theorem 11. Let (X, 5~) be an L-fuzzifying soft preproximity space. The
mapping I3 : S(X)x L\{T} — S(X) defined by

I((F,A),a) = U (H,C)

(H,C)eS(X),0((H,C),(F,A)¢) < a

for every (F, A) € S(X),a € L\{T} has the following properties:

(1) I;(X.0) = X
(2) I;((F, A), a) S (F, A);

(3) If (F,A)C(G, B), then I3((F, A),a)CI;((G, B), a);
(4)IFY <, then Tx((F, A) b)C I((F, ) a);

(5) I3((F, AN(G, B) a) = I;((F, A),a)0I5((G, B), a).

Proof. (1) Since | < a' for every a € L\{T} and 5(X,X)=0(X,¢) =1,
I(X,a) = X.
(2) Since 0((H, O), (F, A)°) < 6((H,C), (F, A)°),d’ < T and 6((H,C), (F, A)°) <
a’, then from Lemma 1(1), 6((H,C), (F,A)) < T. So from (2),
(H C)C[(F, A)°]c = (F, A) Therefore I3((F, A),a)C(F, A).
(3) Suppose that (F, A)C (G, B). Then (G, B)CE(F,NA)C and from Lemma 10 we
have 6((H, C), (G, B)®) < 6((H, C), (F, A)°). So, if §((H, C), (F, A)¢) < d, then
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from Lemma 1.1(1) we have 0((H, C), (G, B)®) < a'. Therefore I((F, A),a)ifg((G,B),a).
(4) Suppose §((H, C), (F, A)¢) < V. Then from Lemma 1 (1) we have S((H,C), (F,A)°) <
a’. Therefore I5((F, A), )Q 5((F,A),a). N

(5) From (3) we have I3((F, A)N(G, B),a)CI;((F,A),a)NI;((G, B),a).

Let ey € I((F, A),a )ﬂfé(( B),a). Thus there exist (H, Cl) (K,C3) € S(X)

such that

S((H,Cy), (F,A)) < d, §((K,Cy),(G,B)) < d

and ey € (H,C1)N(K,Cy). From Lemmas 10 and 1(1),(3) and (5~3) we have

S

((H, COR(K, C), (F, A)°T(G, BY)
:é((Hv Cl)ﬁ(Kv CQ) (F A) )V(S((H, Cl)ﬁ(Kv 02)7(G7B)C)
< 3((H,C1), (F, A)°) v 3((K,Cy), (G, B)) < d.

Thus
(H, COA(K, Co)ET3((F, AF(C. B), a).

Therefore ey € I3((F, A)N(G, B),a). Hence

I5((F, A), a)NI5((G, B),a)CI:((F, A)N(G, B), a).

Theorem 12. Let (X, 5~) be an L-fuzzifying soft preproximity space and
T« T. Then the mapping Tgl : S(X) — L defined by

T((F,A) = \/ a

a€L\{T}I5((F,A),a)=(F,A)

is an L-fuzzifying soft topology on X.
Proof. (1) Applying Theorem 11 (1) and Lemma 1 (5) we have

7'31(5(): \/ a=T.

a€\{T}HI:(X,a)=X

We have from Theorem 11 (2) that &é[g(qg, a)§$ and applying Lemma 1 (5)
we obtain Tgl(¢) =T.
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(2) Applying Theorem 11 we obtain I3((F, A),a) = (F, A) and I5((G, B),b) =
(G, B) implies I5((F, A),a Ab) = (F, A) and I5((G, B),a Ab) = (G, B). Thus

I((F,A)N(G,B),a \b)
= I;((F,A),a Nb) AN I5((G, B),a Ab) = (F,A)N(G, B).

Therefore

rL(F, A)) ATH(G, B))

a€L\{T},I5((F,A),a)=(F,A) be L\{T},I5((G,B),b)=(G,B)
= V (a N\ D)
(anb)eL\{T },I5((F,A),a)=(F,A),I5((G,B),b)=(G,B)
< V (a N\ D)
(a/\b)GL\{T},IS((F,A)FW(G,B),a/\b):(F,A)ﬁ(G,B)
<
cEL\{T},Ig((F,A)ﬁ(G,B),c):(F,A)ﬁ(G,B)
— 71(F, A)7(G, B)).
(3) Suppose that I5((Fx, Ax),ax) = (Fx, Ax), VA € A. Then From Theorem
11 (4) we have
(F)\a A)\)QIS((F)M A)\)7 /\ a)\)v VA e A
AEA
Applying Theorem 11 (2) and (3) we have

(F, A\)CI;((Fy, Ay), A an)

- A€A
CI(U (Fx, Ax), A an)C U (Fx, Ay).
AEA AEA AEA
Therefore I3( O (Fx,Ax), N\ ay) = O (Fx, Ay).
AEA AEA AEA
Thus
A TH(Fr 40) = A Y .
AEA AEA dyeL\{T}I5((Fx,AN),dx)=(Fx,Ax)
Therefore from completely distributive law we have
A 73 (FaA)) = A \% dx
AEA AEA dyeL\{THIG((Fx,Ax),dx)=(Fx,Ax)
-V AV < v
f€ L dx ASA deL\{T}I5( U (Fy,A0).d)= U (Fx,Ax)
AEA AEA AEA

=7 (U (Fa, A)).
ACA
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Theorem 13. Let (X, ) be an L-fuzzifying soft preproximity space. Then
the mapping TgQ : S(X) —L defined by

2EA)= N (e (B40)

en E(FA)

is an L-fuzzifying soft topology on X.
Proof. (1) From (51) we have

X = A (3({6M},$)>':£:T

eMe)?

2@)= A_(Sen). X)) =1'=T.

ernED

(2) From (43) we have
= A (e (r A B
em€(F,A)N(G,B)

)
= A (Bdemh (R AYTG, BY))

A ~ ~
= A (lear), (.4 v Blfeu), (6, BY)
- ((3(teart, (7 43) A (3(tearh (G B))) )
> A (fenhB9) A A (e, @ B)))

6]\/[€(F,A) GJME(G,B)

73 (,\;A(FA’A’\)> . € U/\(F A) (5 ({eM}’,\@A(F/\’A/\)C>)/

AEA

A A )(5({eM},ﬁ<FA,AA>c))'

AEA epre(Fy, AN AEA
~ /
> A A (Feard (B 40)1)
AEA epr€(Fy,AN)

= A 72((Fx, A)).
A€
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Definition 14. An [L-fuzzifying soft preproximity is said to be principal
provided that:

(53) § <AL;JA(FA, A0, (G, B)) < V(B 4. (GB).

Theorem 15. Let (X, g) be a principal L-fuzzifying soft preproximity
space. Then the mapping 7'52 : S(X) —L defined by

2((F, ) = (5(F,4), (F, 4))) .

Proof.

2(FA) = A (5e) (FA)

eAIE(F,A)

—< V 5({6M},(F,A)C)>

em€(F,A)

/

:(a U {eM},<F,A>C>> = (31, 4), (F,4))) .

6]\/[€(F,A)

Theorem 16. Let 7: S(X) — L be an L-fuzzifying soft topology on X.
Define the mapping 0, : S(X) x S(X) —L as follows:

- B)) =
{ T((HCD)s a((F,4),(G,B)) + ¢
= ¢

(H,C)ed( (FA) (G,B))

where ® : S(X (X) — 25X s defined as follows:

O((F,A4),(G,B)) ={(H,C) € S(X) :(F, A)é(Hv C)é(GvB)C}'

If TLT, then the mapping g is an L-fuzzifying soft preproximity on X.

_Proof. (5 -1) Since QD(X ¢) = {X},0.(X,$) = T/ = L. Also, since
(), X) = {¢},0:(6, X) = T' = L.

(07 ) Suppose . ((F, A), (G, B)) < T. Then

0-((F,A),(G,B)) # T
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So, 0,((F, A), (G, B)) <
(H,C) € S(X) such that

(6:3) Suppose (H, 0)C
T > 0,((F,A),(H,C
Since ®((F, A), (G, B

/‘\

). If
)P

9

0-((F.A), (H,C)) =

T

T. Therefore ®((F, A),(G,B

(LDecb (FA (HC
or(
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) # qg, i.e., there exists

(F,A)C(H,C)C(G, B).

G, B).1f ®((F, A), (G, B)) = ¢, then 6,((F, A), (G, B)) =
&((F, A),(G, B)) # ¢, then ®((F, A), (H,C)) # o.
((F,A),(H,C)), then we have

/
( T((L,D))>
(LD)E®((P.A).(H.C)

T((L, D))) < ( V T((M,E))>

(M,E)e®((F,A),(G,B))

Therefore
0-((F,A), (G1, By)) < 6-((F, A), (G1, B1)U(G2, Bz))
o ((F, A), (G2, Ba)) < 6:((F, A), (G1, B1)U(G2, Ba))
Hence
0-((F. A), (G1,B1)) V 0-((F, A), (Ga, By))
< 6,((F, A), (G1, B1)U(Ga, Bo)).
If (L,D) € ®((F,A),(G1,By)) and (M, E) € ®((F,A), (G2, B2)), one can de-

duce that

(L,D)N(M, E) €

((Fv A)v (GlaBl)O(GQa BQ))
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Thus we have

5.((F, A), (G1,B1)) V 6((F, A), (G2, Ba))

/
= < V T((L,D))> v ( V T((M,E))>
(LvD)eé((FvA)v(GlyBl)) (MvE)eé((FvA)v(G27B2))

T<<L,D>>> A V (M, E))) )’

(L,D)e®((F,A),(G1,B1)) (M,E)e®((F,A),(G2,B2))

(T((L, D)) AT((M, E))) )’

(r((L, D)A(M, E))) )’
(L,D)e®((F,A),(G1,B1)),(M,E)e®((F,A),(G2,Bz2))

V (T((L. DYN(M, E))) )’

(L D)n(MvE)6<D((F7A)7(G17B1)G(G2732)))

V T((Fo,Ao))>

f\((FO7A0)€¢((F7A)7(G1;31)G(G2732))
= 6;((F, A4), (G1, B1)U(G2, Bz)).

Y

=
=
(L,D)e®((F,A),(G1,B1)),(M,E)e®((F,A),(G2,B2))
2 (
(

Y

For the second assertion of (6,3) Suppose (H,C)C(G, B). If ®((G, B), (F, A)) =
¢, then

gT((Gv B),(F,A) =T > 5/T((I_Iv C), (F,A)).

Let (L,D) € ®((G,B),(F,A)). Then (H,C)C(L,D)C(F,A). So (L,D) €
®((H,C),(F,A)). Thus

©((G, B), (F, A)S®((H,C), (F, A)),

6-((H,C), (F, A)) = T((L,D))>

((LD)G@((H,C),(F,A))
/
T((L, D)))
(L, D)€<1>( ),(F,A))

( (M, E)))
(M,E) e<I> (GB (F,A))
=90

(G A)).

Y

Therefore
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Hence 6, ((G1, By), (F, A))V 6,((Ga, Ba), (F, A)) < 0,((G1, B1)U(G2, By), (F, A)).
Now

Gl,Bl FA )\/6 ((G27BQ)7(, 7A))
( ((LaD))> Vv < V 7((M, E))
L,D)e®(( Gl,Bl) (F,A)) (M,E)e®((G2,B2),(F,A))
7((L, D))

A < T((M7E))> )
(L,D)E®((G1,B1),(F,A)) (M,E)€®((Ga,Bs),(F,A)) /
(r((L, D)) A7((M, E))))

(r((L, D)O(M, E))) )’

/

Y

(L,D)e®((G1,B1),(F,A)),(M,E)e®((G2,B2),(F,A))

V (T((L, D)O(M, E))) )’

(L,D)U(M,E)e®((F,A),(H1,B1)0(Hz2,B2)))

% T((Fo,Ao))>

N((FO,AO)ecb((gl,Bl)G(GmBQ)v(FvA))

(L,D)e®((G1,B1),(F,A)),(M,E)e®((G2,B2),(F,A))

Y

Y

Definition 17. Let (X,6;) and
imity spaces. A mapping f : (X, 61)
preproximilly continuous if 51( L((
for any (F, A), (G, B) € 25(Y),

Lemma 18. Let f: (X, 51) — (Y, 6~2) be L-fuzzifying soft preproximilly
continuous mapping. If IgQ((G,B),a) = (G, B), then Igl(ffl((G,B)),a) =
f7H(G,B)).

Proof. From Lemma 1 (1) we have
I (f~ ((G B)),a)Sf (G, B)) = (15, ((G, B),a))

= ft (H,C)
52((H,C).( )><<a'

( Y, 55) be two L-fuzzifying soft preprox-
Y, § ) is said to be L-fuzzifying soft
) f

( °.
F, A) ((GaB))) < 52((F7 A)? (G,B))’

(@

M

SL(fH(H,O)).f 1((G B)9)) < a

(L,D)
61<LD 1(( B))) < o

=I5 G,B)),a).

fHH, C)))

I
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Theorem 19. If the mapping f : (X, 5~1) — (Y, 6~2) is an L-fuzzifying
soft preproximilly continuous, then the mapping f : (X, 731) — (Y, 7'81 ) is an
1 2
L-fuzzifying soft continuous.

Proof. Let (G, B) € 25(Y) | Then

L (F71(@.BY) = v a
acL\{T}15 (f~1((G.B)),a)=f~((G.B))
> v a=7L((G.B)).

T aeL\(TLI (GBL.a)=G.B) %
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