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ABSTRACT. In this paper, we will define an L-fuzzifying preuniform structure based on way below
relation (or L-fuzzifying preuniform structure) and study their properties. Also, the concept of interior and
closure operators in L-fuzzifying setting were established. Furthermore,the relation between L-fuzzifying
preuniform and L-fuzzifying topology were explained.

1 Introduction and Preliminaries

In the last few years fuzzy topology, as an important research field in fuzzy set theory, has been developed
into a quite mature discipline [5, 6, 7, 14, 16]. In contrast to classical topology, fuzzy topology is endowed
with richer structure, to a certain extent, which is manifested with different ways to generalize certain clas-
sical concepts. So far, according to Ref. [6], the kind of topologies were defined by Chang [1] and Goguen [3]
is called the topologies of fuzzy subsets, and further is naturally called L-topological spaces if a lattice L of
membership values has been chosen. Loosely speaking, a topology of fuzzy subsets (resp. an L-topological
space) is a family s of fuzzy subsets (resp. L-fuzzy subsets) of nonempty set X, and satisfy the basic condi-
tions of classical topologies [13]. On the other hand, Hohle in [8] proposed the terminology L-fuzzy topology
to be an L-valued mapping on the traditional powerset P(X) of X. The authors in [9, 14, 16, 22] defined
an L-fuzzy topology to be an L-valued mapping on LX of X. In 1952, Rosser and Turquette [23] proposed
emphatically the following problem: If there are many-valued theories beyond the level of predicates calculus,
then what are the detail of such theories? As an attempt to give a partial answer to this problem in the case
of point set topology. Also, In [16], Ming introduced the concept of a fuzzifying uniform space and established
some of its fundamental properties. In 2003, [15] the authors introduced the concept of a strong fuzzifying
uniformity. Also, they established the relations between fuzzifying proximities, strong fuzzifying uniformities
and corresponding fuzzifying topologies. The fuzzy quasi-uniformities were introduced by Hutton in [11].
Two other notions of fuzzy uniformities were given by Lowen in [15] and by Hohle in [10]. Some properties
of the fuzzy quasi-uniformity due to Hutton were investigated in [12] by Katsaras for the lattice L = [0, 1].
In this paper was organized as follow: In section 2, the notion of uniform space was established and some
of its properties were studied. In section 3, the uniform topology was studied. Furthermore, the concepts of
interior and closure relative to uniform topology were investigated. In section 4, the uniform continuity was
studied.
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Throughout this work L = (L, <, A, V,”) is a completely distributive complete lattice with an order reversing
involution ’, i.e,(L, <, A, V,") is a complete lattice, for every i € I and for 4; C L,

AVA = V A¥@GE). and’ : L — L is a function such that for every o, 8 € L, (¢/)) = « and if
el ‘PEigIAi el

a < B, then o > ’. The upper(resp.lower) universal element of L will denoted by T (resp..L).



Definition 1.1. [2] Let L be a complete lattice. We say that x is way below y, in symbols z < vy, if
for any directed subset D C L the relation y < sup D always implies the existence of a d € D with x < d.

Proposition 1.2 [2] In a complete lattice L one has the following statements for all u,z,y,z € L:
(i) < y implies = < y;
(i) u <z < y < z implies u K z;
(iii) z < z and y < z together imply z V y < z;
(iv) L < .
(v) z < y and z < y implies = < z.
(vi)If T € T, then \/ a=T.
a<T

Definition 1.3. [4] Let X be a nonempty set, L be a complete lattice and 7 : 2%¥ — L be a function
that satisfies the following conditions:
(01) 7(X) = 7(9) = 1.
(02) 7(AN B) > 7(A) A7(B), for all A, B C 2%;
(03) for each {A; :j € J} C2X, 7(U 4;) > A 7(4)).

jeJ jeJ
Then 7 is called an L-fuzzifying topology on X and the pair (X, 7) is called an L-fuzzifying topological space.

Definition 1.4. [4] Let (X, ) and (Y, 72) be two L-fuzzifying topological spaces.
A function f: (X, 71) — (Y, 72) is called an L-fuzzifying continuous if for all B € 2Y, m(B) < 71 (f~1(B)).

2 L-fuzzifying preuniform structure

In this section, the notion of L-fuzzifying preuniform structure was established and some of its properties
were studied. Furthermore, the concepts of L-fuzzifying preuniform interior and L-fuzzifying preuniform
closure were investigated.

Definition 2.1. A function U : 2¥*X — [ is called an L-fuzzifying preuniform structure on X if it
satisfies the following axioms:

PU1 : For any u € 2X*X if U(u) # L, then A C u.

PU2: If U(u) < r and u C v, then U(v) < r. Where r € L — {L}.

The pair (X,U) is called an L-fuzzifying preuniform space.

An L-fuzzifying preuniform is called of type D for any uy,uy € 2X %X,

PU3 : If (U(u1) ANU(uz)) < 7, then U(us Nug) K .

An L-fuzzifying preuniform is called symmetrical for any u € 2X*X.

PU4 : If U(u) < r, then U(u™t) < r.

Proposition 2.2. Let U; and Uy two L-fuzzifying pre-uniform structure. Then satisfies the following:-

(1) Uy AUy and Uy V Us are L-fuzzifying preuniform structures.

(2) When U; , Uz are symmetrical, then so are Uy AUz and Uy V Us.

(3) When U; , Uy are of type D, then so is Uy A Us, but Uy V Us is not of type D.

Proof.

(1) First, we prove that U; AUy is an L-fuzzifying preuniform structure.

PUL : If (U ANU2)(u) # L, then Uy (u) AUz(u) # L. So, Ui (u) # L and Us(u) # L. Hence A C u for any
u € 2XxX,

PU2: Suppose u C v. If (Uy AUsz)(u) < 7, then Uy (u) AlUs(u) < 7.

So, Uy (u) < 1 or Us(u) < r. Hence Uy (v) < r or Us(v) < r. Thus (Uy AUs)(v) = Uy (v) ANUsz(v) < 7.
Therefore Uy A Us is an L-fuzzifying preuniform structure.

Second, we prove that Uy V Us is an L-fuzzifying pre-uniform structure.

PUL : If (U VU2)(u) # L, then Uy (u) VUs(u) # L. So, Uy (u) # L or Us(u) # L. Hence A C u for any
= 2X><X

PU2: Suppose u C v. If (Uy VUs)(u) < r, then Uy (u) V Usz(u) < r. So, Ui (u) < r and Us(u) < r. Hence



Ui (v) < r and Us(v) < r. Thus Uy VUsz)(v) = Uy (v) V Uz(v) < r. Therefore Uy V Uz is an L-fuzzifying
preuniform structure.

(2) Suppose U; and Uy are symmetrical.

If (Uy AUs)(u) = Uy (u) AUz (u) < 7, then Uy (u) < 7 or Us(u) K 7. So, Uy (u™t) < r or Us(u~t) < r which
implies Uy (u™!) AUa(u™1)) = (Uy ANUz)(u™t) < r. Hence Uy AUs is symmetrical.

If (U VUs)(u) = Us(u) VUs(u) < 7, then Uy (u) < r and Us(u) < r. So, Uy(u™) < 7 and Us(u™?) < 7
which implies (U (u™1) VUsz(u™t)) = Uy VUs)(u™t) < r. Hence Uy V Us is symmetrical.

(3) Suppose U; , Us are of type D.

If (U AU)(u) A (U AU2)(v)) < 7y then (U (u) AU (V) A (Usz(u) AUz(v))) < 7. So, (Us(u) AU (v)) K 7
or (Us(u) ANUz(v)) < 7. Hence (Ur(uNv) AUz(uno)) < r. Then (U; AlUsz)(uNov) < r. Therefore, Uy AUz
is of type D.

Definition 2.3. Let U, Us are two L-fuzzifying preuniform structures on X. We denote Uy OUs : XXX
L defined by (U1 © Us)(u) =\ {Us(v) AUs(w) v Nw C u}

Proposition 2.4. Let Uy, Uy are two L-fuzzifying preuniform structures on X. Then

(i) Uy ® Uy is an L-fuzzifying preuniform structure.

(ii) When U, and Us are symmetrical, then so is Uy © Us.

(iii) When U and Uy are of type D, then so is Uy © Us.

Proof.

(i) Suppose Uy, Us are two L-fuzzifying preuniform structures on X.

PUL : If Uy © Us(u) = V {Ur(v) AUz(w) [vNnw Cu} # L, then there exist v,w € 2¥*X such that
U (v) AUz (w) # L and v Nw C u. So, Uy (v) # L and Us(w) # L. Hence A CvNw C u.

PU2 : is an L-fuzzifying preuniform structure.

(ii) Suppose that U; and Us are symmetrical.

If Uy ©Us)(u) = V{U(v) ANUs(w) lvNw Cu} < r, then (U (v) AUz (w)) < r for all vNw C u. So,
Uy (v) < r or U(w) < r which implies Uy (v™1) < 7 or U(w™!) < r. Thus (U (v™!) AUa(w™)) < r for all
v inwt Cu L.

Then \ {th(v™1) AUs(w™!) o7t Nw™ Cu'} = U ©Us)(u™") < r. Therefore Uy ® Us is symmetrical.

(iii) Suppose that U; and Uy are D and

(Z/{l @Z/[Q)(ul N u2) <t< (2/11 @Z/{g)(ul) A (U1 @Uz)(UQ), te (0, 1). So

Uy ©Us)(u1) A (Uy © Us)(uz) > t which implies (Uy © Us)(u1) >t and Uy © Us)(uz) > t. Then

sup {Us (z1) AUz (y1) |[z1 Ny Cug} > ¢ and sup { Uy (z2) AUsa(y2) |x2 Ny2 Cug} > t.

Suppose o = sup { U1 (x1)A\U2(y1) |£1 Nyr € ur}, then Uy (21)AUz(y1) < aand B = sup {Us(z2) AUa(y2) |12 Ny2 C us},
then Z/[l(l’z) /\Z/{Q(yQ) < B. So, (Ul(xl) /\Z/{Q(yl)) AN (Z/[l(.’EQ) /\UQ(yz)) <aApg.

Hence (U (x1) AU (x2)) A (Usz(y1) ANUz(y2)) < a A B.

Since U (.’L‘l N 562) /\Z/[Q(yl N yg) > (U1($1) /\ul(l‘g)) AN (Z/{Q(y]_) /\Z/{Q(yQ)).

So, Uy (z1 Nxo) AUs(y1 Ny2) > a A B, then

sup {U(x1 Nzg) AUza(yr Nye) (1 Na2) N (y1 Ny2) Cuno} > aAB >t. Thussup {Us(z) AUz(y) [x Ny Cuno} >t.
Hence (U; © Uz)(u1 Nug) > t. It is contradiction, then (Uy @ Us)(u1 Nug) > (U © Usz)(ur) A (Uy © Uz)(uz).

If (U ©Us)(ur Nug) K 7y then (U © Us)(ur) A (U © Usz)(uz) < r. Wherefore, (Uy © Us) is of type D.

Theorem 2.5. Let (X,U) be an L-fuzzifying preuniform space. Define the function Tp(A4,7) : 2% x
(L—{T}) — 2% as follows:-

Tu(A,r) = {D € 2X

< A (U(w))’) < r'} .
we2X XX w[D]CA

satisfies the following:
(1) Zu(X,7r) = X5 Tu(,r) = ¢.



(2) Tu(A,r) € A.
(3) It A C B, then Zjy(A,r) C Iy(B,r).

(4) Zyu(AN B,r) C Ty (A, r) NIy (B, 1), but if U is of type D the equality holds.
(5) If 1 < T2, then Iu(A,?“]) D) IZ/[(A, T‘Q).

The function 7y, is called an L-fuzzifying preuniform interior.

Proof.

(1) Since w[D] C X, then Ty (X,r) = U {D € 2%

( A (u(w))'> < r’} = X. So, Tu(X,r) =

we2X XX [D]CX

X.

Since w[D] C ¢, then w[D] = D = ¢ for all r. So, Ty (¢, 7) = U {D e2X ( A (U(w))’) < r’} =
we2X*X w[D]C¢

Ue=0¢

(2) suppose = € Ty/(A,r), then there exist D € 2% s.t.

x €D, A (U(w))" | < ', where x € D Cw[D] C A, then x € A. So Iy (A, r) C A.
we2X XX w[D]CA

(3) Suppose A C B, then ( A (Ll(w))’) > ( A (U(w))’).
jca we2Xx X w[D|CB

we2X XX w[D

When A (U(w)) | </, then A (U(w)) | < 7. Hence Iy (A, r) C Ty(B, r).
we2X XX w[D]CA we2X xX w[D|CB

(4) Tt is clear from (3) when AN B C A, then Zyy(A N B,r) C Zyy(A,r) and when AN B C B, then
Tu(ANB,r) C Iy (B,r). Hence Iy (AN B,r) C Iy (A, r) NIy (B, ).
Let € Ty/(A,r) N Ty (B, 1), then x € Ty (A,r) and x € Tyy(B,r). Then there exist Dy, Dy € 2% such that

x € Dy, A (U(un)) | < 7" and x € Ds, N (U(ws)) | < 7'. So,z € D1NDy
w1€2XXX,w1[D1]§A w2€2XXX,w2[D2}§B
such that A Uw)) | <7 | A A (U(w2)) | <7’ ]. Thenz € D1NDy
w1€2x><X,w1[D1]gA szQXXX,wz[DQ]gB
such that A U(wr)) | V N (U(we))" | < r'. Thus
wy €2X XX wq[D1]CA wo €2X XX wy[D2]CB

U(wy) ANU(ws))" < ' |. Where U is of type D, then
w1 €2XxX ,wl[Dl]gA,wQGZXXX,w2 [DQ]QB

(U(wy Nws)) < 1’ |. Therefore x € D such that
we2X *XX w[D]CANB

Uw)) <" |,
wiNwa €2X XX (wyNw2)[D1ND2]CANB
then = € Ty (AN B,r). Hence Iy (AN B,r) = Ty (A, r) N Ty (B, r).

( A (U(w))’) <<7"'2}. Since 5 < 7, then
we2X XX 1y[D]CA

(Z/[(’LU)Y) < Ti. SO7 IM(A,’I“l) QIM(A,TQ).

(5) Suppose 11 < 1o, Ty(A,re) = U{D € 2%

(wEQXXX,w[D]gA

Theorem 2.6. Let (X,U) be an L-fuzzifying preuniform space. Define the function Cy(A,r) : 2% x

(L—{T}) — 2% as follows:-
Cu(A,r) :ﬂ{D€2X ( A (U(w))’) < r’}.
we2X XX ACw[D]

satisfies the following:
(1) Cul(e,r) = ¢; Cu(X,r) = X.



(2) Cu(A,r) 2 A.

(3) It A C B, then Cy(A,r) C Cy(B,r).

(4) Cu(AU B,r) 2 Cy(A,r) UCy(B,r), but if U is of type D the equality holds.
( ) If 1 < T2, then CM(A,’I“l) - Cu(A,Tg).

The function Cy is called an L-fuzzifying preuniform closure.

Proof.

(1) Since ¢ C w[D], then Cy(p,r) = {D € 2%

2
3
4
5)

( A [ ](U(w))’> < r’} = ¢. So, Cy(p,r) = ¢.

we2X XX dCw[D

Since X C w[D], then D = X for all r. So, Cy(X,r) =) {D € 2X Uw)) | < 7“’} =

we2X XX X Cw|[D]
NX=x

(2) Suppose z € Cy(A,7), then for all D € 2% such that z € D, ( (U(w))’) < r'. So,

we2X XX ACw[D]
Cz,[(A, 7“) D) A.

(3) Suppose A C B, then ( A (Ll(w))’) > ( A (U(w))’).
[D] we2X XX ACw[D]

wE2X XX BCw

When A (U(w))" | < 7/, then A (U(w))" | < r'. Hence Cyy(A,r) C Cu(B,r).
we2X XX BCw|[D] we2X XX ACw[D]

(4) Tt is clear from (3) when AU B D A, then Cy(A U B,r) 2 Cy(A,r) and when AU B DO B, then
Cu(AUB,r) D Cy(B,r). Hence Cyy(AU B, r) 2 Cu(A,r) UCy( B,r)

) < r’}uﬂ {D2 € 2X

CM(A,T)UCZ/[(B,T) {Dl S 2X

<w1 €2X XX ACw [ Dl]

s ] ) (]
wleQXXX ACw; [D1) wQez?(XX BCws[Ds]
{Dl U D, € 2X (( (u%))/) A < u(@)/)) < r/}

D1UD2€2X

’w1€2x><x ACw; [D1] szQXXX BCws[Ds]

Dy UD, € 2X U(w1) VU(ws)) < 7!

wy E2X XX ACwq [Dq],wa€2X XX BCws[Ds]

D, U D, € 2X U(wy) ANU(ws))" < r') }

w1 €2X XX ACw [D1],w2€2X XX BCws[D2]

D)

(U(wy Nwy)) < r’) }

ﬂ DiUD, € 2X
w1 Nwo €2X XX AUBC (w1Nws2)[D1UD3]
=N D ec2¥ Uw)) | <" s =Cu(AUB,7).
we2X XX AUBCw[D]

Such that (wq Nwsy)[D1 U Dy] C wy[D1] Nws[Ds]. Hence Cy (AU B, 1) = Cy(A,r) UCy(B,r).

( A (U(w))’) <<7”2}. Since r5 < r{, then
we2X XX ACw[D]

(U(w))’) < 7"’1. So, CL{(A,Tl) CCu(A, 7‘2).

(5) Suppose 1 < 19, Cy(A,ry) = O{D € 2XxX

(u)E2X><X,AQw[D]

( A (U(wg))’> < 7“’} .
’LUQEQXXX,BE'UJQ[DQ]



3  The relation between L-fuzzifying preuniform and
L-fuzzifying topology

In this section, the relation between L-fuzzifying preuniform structure and L-fuzzifying topologies are
established.

Theorem 3.1. Let (X,U) is an L-fuzzifying preuniform space of type D and T &« T. Define a map
1y : 2% — L by

Tu(A) = sup{r € (L —{T})[Zu(A,r) = A}

Then 74 is an L-fuzzifying topology on X.
Proof.
(O1) Since Iy (X, r) = X and Zy (¢, 7) = ¢, for all r € (L — {T}). Then 7y(X) = 74(¢) = T.

(02) Suppose there exist A, B € 2% and t € L — {T} such that 7(A4) A 7¢(B) >t > 74(AN B). Then
Tu(A) > t and 74(B) > t. So there exist r1, 79 > t such that (A, r1) = A and Ty (B, r2) = B. Put r = r1Arg
and from Theorem 2.5 (4) and (5), we have Ty (AN B,r) = Ty (A, 7) NIy (B,r) D Ty(A,r) NIy (B,re) =
ANB. So, Ty(An B,r) = AN B. Thus, 7y(AN B) > r and r > t and this is a contradiction. Hence
TM(A n B) > Tu(A) A\ TM(B).

(O3) Suppose there exists a family {A; € 2% [i € '} and ¢t € L—{T} such that 7, (U Ai) <t < A\ m(4i).

el el
Since A 74(A;) > t for each i € I'."There exist r; > t such that Zp;(4;,7;) = A;. Put r = A r;. We have
= i€l
L (U Aisr) 2 (U Zu(Aiyr) 2 (U Zu(Aim) = U A
€T i€l i€l i€l
So, Ty (U Ai,r) = U A;. Thus, 7y ( U A,-) > r and r > ¢t and this is a contradiction.
i€l i€l i€l

Hence 74 ( UA;) > A mu(A;). Thus, 7 is an L-fuzzifying topology on X.
i€l i€l

Theorem 3.2. Let (X,U) is an L-fuzzifying preuniform space of type D and T &« T. Define a map

1y : 2% — L by

Tu(A) =sup{r € (L —{T})|Cu(A°r) = A°}

Then 74 is an L-fuzzifying topology on X.

proof
(0O1) Since Cy(X,r) = X and Cy(p,7) = ¢, for all r € (L —{T}). Then 74(X) = 74(¢) = T.

(02) Suppose there exist A, B € 2% and t € L — {T} such that 7(A) A 7(B) >t > 74(AN B). Then
mu(A) > t and 1(B) > t. So there exist ri,ro > t such that Cy(A°,m) = A° and Cy (B r:) = B°.
Put 7 = 71 A ry and from Theorem 2.5 (4) and (5), we have Cy(A° U B r) = Cy(A°%, 1) U Cy(B%r) C
Cu(A®, ) UCy(B®,ry) = A°U B°. So, Cu((AN B)°,r) = (AN B)°. Thus, iy(AN B) > r >t and this is a
contradiction. Hence 14(A N B) > 74(A) A 14(B).

(O3) Suppose there exists a family {A; € 2% [i € T'} and ¢t € L—{T} such that 7, ( U Ai) <t < A\ m(4i).

i€l i€l
Since A 14(A;) > t for each i € I".There exist r; > t such that Cy((A:)% ) = (A;)¢. Put r = Ar;. We
i€l i€l
have G () (40)%,7) € (N Cul(A0)%, 1) € (N Cu((A0)7, ) = 1) (Ao).
i€l i€l i€l i€l
So, C,i((U A, r) = (U Ay)e. Thus, 7y (U Ai> > r >t and this is a contradiction.
i€l i€l i€l



Hence 7 ( U Ai> > A 1u(4;). Thus, 74 is an L-fuzzifying topology on X.
€T iel

Theorem 3.3. Let (X,U) is an L-fuzzifying preuniform space of type D. Define a map 7, : 2X — L
by

u(A)= AV U

€A wuf[z]CA

Then 7 is an L-fuzzifying topology on X.

Proof.

(O1) It is clear 74(X) = T.

(02) (A Amy(B) = (A V. Uw)ACAV Ulug)) < A % (U(ur) AU(uz))

r€EA wup[z]CA r€B wus[z]CB r€A,2EB wq[z]CAu2[z]CB

03) (U A) = A Vo uw=AL AV U=\ ( A U(”)) = Amu(Ai).
i€l z€ U A;u[z]C U As i€l \ z€A; ulz]C U A; i€l \z€A; u[z]CA; i€l
i€r i€l i€l
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