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In the present paper, we will propose the novel notions (e.g., Qp-closed set, Qp-open set, Qp-continuous mapping, Qp-open
mapping, and Qp-closed mapping) in topological spaces. ,en, we will discuss the basic properties of the above notions in detail.
,e category of all Qp-closed (resp. Qp-open) sets is strictly between the class of all preclosed (resp. preopen) sets and gp-closed
(resp. gp-open) sets. Also, the category of all Qp-continuity (resp. Qp-open (Qp-closed) mappings) is strictly among the class of all
precontinuity (resp., preopen (preclosed) mappings) and gp-continuity (resp. gp-open (gp-closed) mappings). Furthermore, we
will present the notions of Qp-closure of a set and Qp-interior of a set and explain some of their fundamental basic properties.
Several relations are equivalent between two different topological spaces.,e novel two separation axioms (i.e.,Qp-R0 andQp-R1)
based on the notion of Qp-open set and Qp-closure are investigated. ,e space of Qp-R0 (resp., Qp-R1) is strictly between the
spaces of pre-R0 (resp., pre-R1) and gp-Ro (resp., gp-R1). Finally, some relations and properties of Qp-R0 and Qp-R1 spaces
are explained.

1. Introduction

In the early eighties, the novel notions of preopen and
preclosed sets (i.e., as a novel type of generalized of open sets
in (X, τ) (i.e., topological space) or a space X) and pre-
conlinuous mappings are proposed in [1]. Consequently,
many researchers turned their study to the generalizations of
many different notions in (X, τ) (for instance, semiopen sets
[2], α-open sets [3], and β-open sets [4] or semi-preopen sets
[5]). Furthermore, the notion of generalized closed (resp.,
generalized open) sets (for short, g-closed (resp., g-open)
sets) in space X is presented in [6]. ,e relationship among
g-closed (resp., g-open) sets and generalizing closedness
(resp., openness) sets (i.e., generalized preclosed (resp.,
generalized preopen) set (for short, gp-closed (resp.,
gp-open) set) [7], α-generalized closed (resp., α-generalized
open) set (for short, αg-closed (resp., αg-open) set) [8],
pregeneralized closed (resp., pregeneralized open) set (for
short, pg-closed (resp., pg-open) set) [7], and generalized
α-closed (resp., generalized α-open) set (for short, gα-closed
(resp., gα-open) set) [9]. ,e basic properties of five

generalizing continuous mappings (i.e., precontinuous
mapping [1], g-continuous mapping [10], gp-continuous
mapping [11], αg-continuous mapping [12], pg-continuous
mapping [11], and gα-continuous mapping [12]) between
σ(Y) (i.e., a topology on Y) and τ(X) (i.e., a topology on
X) are presented. Furthermore, the fundamental relations of
generalizing open (closed) mappings (i.e., preopen (pre-
closed) mapping [1, 13], α-open (α-closed) mapping [14],
g-open (g-closed) mapping [15], gp-open (gp-closed)
mapping [11], αg-open (αg-closed) mapping [12], pg-open
(pg-closed) mapping [11], gα-open (gα-closed) mapping
[12]) between σ(Y) and τ(X) are studied. On the contrary,
the characterizations between separation axioms classes (i.e.,
pre-R0, pre-R1, gp-R0 and gp-R1 spaces) (see, [16, 17]) in
(X, τ) are defined.

Regarding the above discussions, as the motivation of the
present paper, we will define novel sets called Qp-closed sets
and Qp-open sets and investigate several of their fundamental
properties. ,e relation between Qp-closed set (resp.,
Qp-open set) and other sets (for example, preclosed set (resp.,
preopen set), α-closed set (resp., α-pen set), g-closed set
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(resp., g-open set), gp-closed set (resp., gp-open set),
αg-closed set (resp., αg-open set), pg-closed set (resp.,
pg-open set), and gα-closed set (resp., gα-open set)) in space
X is introduced.,en, we define the Qp-continuous mapping
and study the relations between Qp-continuous mapping and
other mappings (for example, precontinuous mapping,
g-continuous mapping, gp-continuous mapping, αg-con-
tinuous mapping, pg-continuous mapping, and gα-contin-
uous mapping) between two different topological spaces.
Also, we present the notion of Qp-open (Qp-closed) mapping
and investigate relations between Qp-open (Qp-closed)
mapping and other mappings (for example, preopen (pre-
closed) mapping, α-open (α-closed) mapping, g-open
(g-closed) mapping, gp-open (gp-closed) mapping, αg-open
(αg-closed) mapping, pg-open (pg-closed) mapping, and
gα-open (gα-closed) mapping) between two different topo-
logical spaces. Finally, we propose the novel separation ax-
ioms classes (i.e., Qp-R0 and Qp-R1 spaces) in (X, τ).

Next, the sections of this paper are arranged as follows.
In Section 2, we will present many notions related to to-
pological spaces as indicated from Definitions 1 to 4. In
Section 2, we propose the novel notions of Qp-closed sets
and Qp-open sets and explain the interesting properties of
them. In Section 3, we give the notions of Qp-continuous
mappings, Qp-open mappings, and Qp-closed mappings. In
Section 4, we define Qp-R0 and Qp-R1 spaces. Section 5 is
conclusions.

In the current paper, we will use several expressions (i.e.,
C(A) (the closure of a setA),I(A) (the interior of a setA),
τ(X) (the all of open sets in X), and FX (the all of closed
sets in X)).

Next, we will present several notions which are used in
this section as indicated below.

Definition 1 (Cf. [1, 3]). Assume (X, τ) is a topological
space. ,en,

(1)

(i) A is preclosed set if C(I(A))⊆A
(ii) A is preopen set if A⊆I(C(A))

Cp(X) (resp., Op(X)) is the set of all preclosed
(resp. preopen) sets.

(2)

(i) A is α-closed set if C(I(C(A)))⊆A
(ii) A is α-open set if A⊆I(C(I(A)))

Cα(X) (resp., Oα(X)) is the set of all α-closed (resp.
α-open) sets.

Definition 2 (Cf. [6–9]). Assume (X, τ) is a topological
space. ,en,

(1)

(i) A is g-closed set ifC(A)⊆A wheneverA⊆L and
L ∈ τ(X), where C(A) is a closure of A, i.e.,

C(A) � ∩ F|A⊆F andF ∈ FX . (1)

GC(X) be the set of all g-closed sets.
(ii) A is g-open set ifX\A ∈ GC(X) andGO(X) be

the set of all g-open sets.

(2)

(i) A is gp-closed set if Cp(A)⊆A whenever A⊆L
and L ∈ τ(X), where Cp(A) is a preclosure of
A, i.e.,

Cp(A) � ∩ F|A⊆F andF ∈ Cp(X) . (2)

GCp(X) be the set of all gp-closed sets.
(ii) A is gp-open set if X\A ∈ GCp(X) and

GOp(X) be the set of all gp-open sets.

(3)

(i) A is αg-closed set if Cα(A)⊆A whenever A⊆L
and L ∈ τ(X), whereCα(A) is a α-closure ofA,
i.e.,

Cα(A) � ∩ F|A⊆F andF ∈ Cα(X) . (3)

CαG(X) be the set of all αg-closed sets.
(ii) A is αg-open set if X\A ∈ CαG(X) and

OαG(X) be the set of all αg-open sets.

(4)

(i) A is pg-closed set if Cp(A)⊆A whenever A⊆L
and L ∈ Op(X) and CpG(X) be the set of all
pg-closed sets.

(ii) A is pg-open set if X\A ∈ CpG(X) and
OpG(X) be the set of all gp-open sets.

(5)

(i) A is gα-closed set if Cα(A)⊆A whenever A⊆L
and L ∈ Oα(X), and GCα(X) be the set of all
gα-closed sets.

(ii) A is gα-open set if X\A ∈ GCα(X), and
GOα(X) be the set of all gα-open sets.

Definition 3 (Cf. [1, 10, 13–15]). Let ψ: X⟶Y be
mapping and σ(Y) be a topology on Y and τ(X) is a
topology on X. ,en,

(1) ψ is precontinuous mapping (resp., α-continuous
mapping and g-continuous mapping) if
L ∈ σ(Y), ψ− 1(L) ∈ Op

(X)(resp.,ψ− 1(L) ∈ Oα(X),ψ− 1(L) ∈ GO(X)).
(2)

(i) ψ is preopen mapping (resp., α-open mapping
and g-open mapping) if L ∈ τ(X),

ψ(L) ∈ QpO(Y)(resp.,ψ (L) ∈ Oα(Y),ψ(L)

∈ GO(Y)).
(ii) ψ is preclosed mapping (resp., α-closed mapping

and g-closed mapping) if L ∈ τ(X),

ψ(L) ∈ QpC(Y) (resp.,ψ(L) ∈ Cα(Y),ψ(L)

∈ GC(Y)).
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Definition 4 (Cf. [16, 17]). A topological space (X, τ) is said
to be

(1) Pre-R0 space (resp., gp-R0 space) if
∀x ∈ L ∈ Op(X) s.t. Cp( x{ }) ⊂ L (resp., ∀x ∈
L ∈ GOp(X) s.t., Cgp( x{ }) ⊂ L) and Cgp( x{ }) is a
gp-closure of x{ }, defined as

Cgp( x{ }) � ∩ F| x{ }⊆F andF ∈ GCp(X) . (4)

(2) Pre-R1 space (resp., gp-R1 space) if ∀x, y ∈ X, with
Cp( x{ })≠Cp( y ) (resp., Cgp( x{ })≠Cgp( y )),
there exist disjoint preopen sets (resp., gp-open sets)
L and M s.t. Cp( x{ })⊆L (resp., Cgp( x{ })⊆L) and
Cp( y )⊆M (resp., Cgp( y )⊆M).

2. ERROR!!Qp-Closed Sets and Qp-Open Sets

In the following section, we propose novel sets (i.e.,
Qp-closed sets and Qp-open sets) and discuss several in-
teresting theorems and examples.

Definition 5. We call A is Qp-closed set in (X, τ) if

Cgp(I(A))⊆A, (5)

where Cgp(I(A)) is a gp-closure of I(A), i.e.,

Cgp(I(A)) � ∩ F|I(A)⊆F andF ∈ GCp(X) . (6)

QpC(X) is the set of all Qp-closed sets in X.

Lemma 1. Let F ∈ GCp(X) s.t. Cgp(I(F))⊆A⊆F. 3en,
A ∈ QpC(X).

Proof. As F ∈ GCp(X) implies Cgp(F) � F, thus, Cgp

(I(A))⊆Cgp(I(F))⊆A. ,erefore, A ∈ QpC(X). □

,e converse of Lemma 1 (i.e., Cgp(I(F))⊈⊆F) does
not hold by the following example.

Example 1. Assume that X � 1, 2, 3{ } (i.e., (X, τ) be to-
pological space) and τ � X,ϕ, 1{ } . ,en,

FX � X,ϕ, 2, 3{ } ,

Cp(X) � X,ϕ, 2{ }, 3{ }, 2, 3{ } ,

GCp(X) � X,ϕ, 2{ }, 3{ }, 1, 2{ }, 1, 3{ }, 2, 3{ } ,

(7)

QpC(X) � 2X. (8)

Let A � 3{ } ∈ QpC(X) and F � X ∈ GCp(X). ,en,
Cgp(I(F)) � Cgp(X) � ⊈⊆F.

Theorem 1. 3e following two properties are holding in
(X, τ).

(1) If A ∈ Cp(X), then A ∈ QpC(X)

(2) If A ∈ GCp(X), then A ∈ QpC(X)

Proof.

(1) As Cgp(A)⊆Cp(A) and Cp(A)⊆C(A) imply that
Cgp(A)⊆C(A), since A is preclosed set (i.e.,
C(I(A))⊆A), then Cgp(I(A)) ⊆C(I(A))⊆A.
,us, A ∈ QpC(X).

(2) Let A ∈ GCp(X) (i.e., Cgp(A) � A). ,en,
Cgp(I(A))⊆Cgp(A) � A. ,us, A ∈ QpC

(X). □

,e converse of ,eorem 1 (i.e., A ∈ QpC(X) but
A ∉ Cp(X) and A ∉ GCp(X)) does not hold by the fol-
lowing example.

Example 2. (continued from Example 1). As
1, 3{ } ∈ QpC(X), 1, 3{ } ∉ Cp(X) and 1{ } ∈ QpC(X) but
1{ } ∉ GCp(X).

Theorem 2. Arbitrary intersection of Qp-closed sets is
Qp-closed set.

Proof. Suppose that Fk|k ∈ Λ  be a collection of Qp-closed
sets inX. ,en,Cgp(I(Fk))⊆Fk, for every k. As ∩Fk⊆Fk,
for every k, Cgp(∩Fk)⊆Cgp(Fk) for every k. ,us,
Cgp(∩Fk)⊆∩Cgp(Fk), k ∈ Λ. Hence, Cgp(I(∩Fk))

⊆Cgp(∩I(Fk))⊆∩Cgp(I(Fk))⊆∩Fk. ,erefore, ∩Fk

is Qp-closed set. □

Remark 1. ,e union of two Qp-closed sets need not be
Qp-closed set (i.e., A,B ∈ QpC(X), but A∪B ∉ QpC(X))
as the next example; let X � 1, 2, 3{ } (i.e., (X, τ) be topo-
logical space) and τ � X, ϕ, 1, 2{ } . ,en,

FX � X,ϕ, 3{ } ,

Cp(X) � GCp(X) � QpC(X)

� X,ϕ, 1{ }, 2{ }, 3{ }, 1, 3{ }, 2, 3{ } .

(9)

Let A � 1{ } ∈ QpC(X) and B � 2{ } ∈ QpC(X). ,en,
A∪B � 1, 2{ } ∉ QpC(X).

Corollary 1. 3e following two properties are holding in
(X, τ).

(1) Let A ∈ QpC(X) and B ∈ Cp(X). 3en,
A∩B ∈ QpC(X).

(2) Let A ∈ QpC(X) and B ∈ GCp(X). 3en,
A∩B ∈ QpC(X).

Proof. From ,eorems 1 and 2, the proof is clear. □

Definition 6. CQp
(A) is called Qp-closure of A in (X, τ) if

CQp
(A) � ∩ F|A⊆F andF ∈ QpC(X) . (10)

Theorem 3. 3e following seven properties are holding in
(X, τ).

(1) A ∈ QpC(X)⇔CQp
(A) � A

(2) A⊆CQp
(A)⊆Cp(A) andCQp

(A)⊆Cgp(A)
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(3) CQp
(ϕ) � ϕ and CQp

(X) � X

(4) If A⊆B, then CQp
(A)⊆CQp

(B)

(5) CQp
(CQp

(A)) � CQp
(A)

(6) CQp
(A)∪CQp

(B)⊆CQp
(A∪B)

(7) CQp
(A∩B)⊆CQp

(A)∩CQp
(B)

Proof.
(1) Let A ∈ QpC(X), and from Definition 6, we have

CQp
(A) � A. Conversely, let CQp

(A) � A. ,en,
from ,eorem 2, we have A ∈ QpC(X)which fol-
lows from ,eorem 1 (1) and (2), respectively, and
are obvious.

(2) Let A⊆F such that F ∈ QpC(X); then, from (1)
above, we have CQp

(A)⊆CQp
(F) � F. Again

CQp
(CQp

(A))⊆CQp
(F) � F. ,us,

CQp
(CQp

(A))⊆∩ F|A⊆F andF ∈ QpC(X)  �

CQp
(A) and follows from (4). □

,e equality of ,eorem 3 (6) and (7) (i.e.,
CQp

(A)∪CQp
(B)≠CQp

(A∪B) and
CQp

(A∩B)≠CQp
(A)∩CQp

(B)) does not hold by the
following example.

Example 3. (continued from Remark 1). As
A � 1{ },B � 2{ }, and A∪B � 1, 2{ }, then
CQp

( 1{ }) � 1{ }, CQp
( 2{ }) � 2{ }, andCQp

( 1, 2{ }) � X, and
hence, CQp

(A)∪CQp
(B) � 1, 2{ }≠X � CQp

(A∪B).

Example 4. Assume that X � 1, 2, 3{ } (i.e., (X, τ) be to-
pological space) and τ � X,ϕ, 2{ }, t 3{ }n, q 2, 3{ } . ,en,

FX � Cp(X) � GCp(X) � QpC(X)

� X,ϕ, 1{ }, 1, 2{ }, 1, 3{ } .
(11)

Let A � 1{ }, B � 2{ }, and A∩B � ϕ. ,en,
CQp

( 1{ }) � 1{ }, CQp
( 2{ }) � 1, 2{ }, andCQp

(ϕ) � ϕ, and
hence, CQp

(A)∩CQp
(B) � 1{ }≠ϕ � CQp

(A∩B).

,e relationship among the Qp-closed sets and other sets
(i.e., closed sets, α-closed sets, g-closed sets, gα-closed sets,
αg-closed sets, and pg-closed sets) is presented by the
following theorem.

Theorem 4. 3e following six properties is holding in (X, τ).

(1) If A ∈ FX, then A ∈ QpC(X)

(2) If A ∈ Cα(X), then A ∈ QpC(X)

(3) If A ∈ GC(X), then A ∈ QpC(X)

(4) If A ∈ GCα(X), then A ∈ QpC(X)

(5) If A ∈ CαG(X), then A ∈ QpC(X)

(6) If A ∈ CpG(X), then A ∈ QpC(X)

Proof.

(1) As Cp(A)⊆C(A) and by ,eorem 1 (1), we have
Cgp(I(A))⊆Cp(I(A))⊆C(I(A))⊆A. ,us,
A ∈ QpC(X).

(2) As Cp(A)⊆Cα(A) and by ,eorem 1 (1), we have
Cgp(I(A))⊆C
p(I(A))⊆C(I(A))⊆C(I(C(A)))⊆A. ,us,
A ∈ QpC(X).

(3) As Cgp(A)⊆Cg(A) and by ,eorem 1 (2), we have
CQp

(A)⊆Cgp(A)⊆Cg(A)⊆A. ,us, A ∈ QpC(X).
(4) As Cgp(A)⊆Cg(A) and by ,eorem 1 (2), we have

CQp
(A)⊆Cgp(A)⊆Cg(A)⊆A. ,us,

A ∈ QpC(X). □

,e converse of ,eorem 4 (i.e., A ∈ QpC(X), but
A ∉ FX, A ∉ Cα(X), A ∉ GC(X), A ∉ GCα(X),

A ∉ OαG(X), and A ∉ CpG(X)) does not hold by the
following example.

Example 5. (continued from Example 1). Clearly,

GCα(X) � CpG(X) � CαG(X) � Cα(X) � Cp(X). (12)

and GC(X) � GCp(X). ,us, GC(X) � GCp(X), but
1{ } ∉ FX, 1{ } ∉ Cα(X), 1{ } ∉ GC (X), 1{ } ∉ GCα(X),

1{ } ∉ CαG(X), and 1{ } ∉ CpG(X).

Definition 7. A is called Qp-open set ifX\A ∈ QpC(X) and
QpO(X) is the set of all Qp-open sets in X.

Lemma 2. 3e following properties are holding in (X, τ).

(1) X\Cgp(X\A) � Igp(A)

(2) X\Igp(XA) � Cgp(A)

Proof. It is clear. □

Theorem 5. 3e following properties are holding in (X, τ):

A ∈ QpO(X)⇔A⊆Igp(C(A)). (13)

Proof. Suppose that A ∈ QpO(X). ,en, X\A ∈ QpC(X)

and Cgp(I(X\A))⊆X\A. From Lemma 2, we have
A⊆Igp(C(A)). Conversely, A⊆Igp(C(A)). ,en,
X\Igp(C(A))⊆X\A. ,us, Igp(C(XA))⊆X\A. ,us,
X\A ∈ QpC(X), and hence, A ∈ QpO(X). □

Lemma 3. Let L ∈ GOp(X) such that L⊆A⊆Igp(C(L)).
3en, A ∈ QpO(X).

Proof. As L ∈ GOp(X), X\L ∈ GCp(X), and
X\Igp(C(L))⊆X\A⊆X\L, thus, by Lemma 2, we have
Cgp(I(X\L))⊆X\A⊆X\L. By Lemma 1, we get
X\A ∈ QpC(X), and hence, A ∈ QpO(X). □

,e converse of Lemma 3 (i.e., L⊆⊈Igp(C(L))) does
not hold by the following example.

Example 6. (continued from Example 1). As
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Op(X) � X,ϕ, 1{ }, 1, 2{ }, 1, 3{ } ,

GOp(X) � X,ϕ, 1{ }, 2{ }, 3{ }, 1, 2{ }, 1, 3{ } ,
(14)

QpO(X) � 2X, (15)

let A � 1, 2{ } ∈ QpO(X) and L � ϕ ∈ GOp(X). ,en,
L⊆A⊈ϕ � Igp(C(L)).

Theorem 6. 3e following two properties are holding in
(X, τ).

(1) If A ∈ Op(X), then A ∈ QpO(X)

(2) If A ∈ GOp(X), then A ∈ QpO(X)

Proof. From ,eorem 1 and Lemma 2, the proof is
clear. □

,e converse of ,eorem 6 (i.e., A ∈ QpO(X), but
A ∉ Op(X) and A ∉ GOp(X)) does not hold by the fol-
lowing example.

Example 7. (continued from Examples 1 and 6).
2{ } ∈ QpO(X), but 2{ } ∉ Op(X), and 2, 3{ } ∈ QpO(X), but
2, 3{ } ∉ GOp(X).

Theorem 7. Arbitrary union of Qp-open sets is Qp-open set.

Proof. From ,eorem 2 and Lemma 2, the proof is
clear. □

Remark 2. ,e intersection of two Qp-open sets need not be
Qp-open set (i.e., A,B ∈ QpO(X), but A∩B ∉ QpO(X))
as given in Remark 1. As

Op(X) � GOp(X) � QpO(X)

� X,ϕ, 1{ }, 2{ }, 1, 2{ }, 1, 3{ }, 2, 3{ } ,

(16)
let A � 2, 3{ } ∈ QpO(X) and B � 1, 3{ } ∈ QpO(X). ,en,
A∩B � 3{ } ∉ QpO(X).

Corollary 2. 3e following two properties are holding in
(X, τ).

(1) Let A ∈ QpO(X) and B ∈ Op(X). 3en A∪B ∈
QpO(X).

(2) Let A ∈ QpO(X) and B ∈ GOp(X). 3en A∪B ∈
QpO(X).

Proof. From ,eorem 6 and Lemma 7, the proof is clear.
□ □

Definition 8. IQp
(A) is called Qp-interior of A in (X, τ) if

IQp
(A) � ∪ L|L⊆A andL ∈ QpO(X) . (17)

Lemma 4. 3e following two properties are holding in (X, τ):

(1) X\CQp
(A) � IQp

(X\A)

(2) X\IQp
(A) � CQp

(X\A)

Proof. It is clear. □

Theorem 8. 3e following properties are holding in (X, τ).

(1) A ∈ QpO(X)⇔IQp
(A) � A

(2) Ip(A)⊆IQp
(A)⊆A,Igp(A)⊆IQp

(A)

(3) IQp
(ϕ) � ϕ and IQp

(X) � X

(4) If A⊆B, then IQp
(A)⊆IQp

(B)

(5) IQp
(IQp

(A)) � IQp
(A)

(6) IQp
(A)∪IQp

(B)⊆IQp
(A∪B)

(7) IQp
(A∩B)⊆IQp

(A)∩IQp
(B)

Proof. It is similar to ,eorem 3. □

,e equality of ,eorem 8 (6) and (7) (i.e.,
IQp

(A)∪IQp
(B)≠IQp

(A∪B) and IQp
(A∩B)≠

IQp
(A)∩IQp

(B)) does not hold by the following
examples.

Example 8 (continued from Remarks 1 and 2). As
A � 2{ },B � 3{ }, and A∪B � 2, 3{ }, then IQp

( 2{ }) �

2{ },IQp
( 3{ }) � ϕ, andIQp

( 2, 3{ }) � 2, 3{ }, and hence,
IQp

(A)∪IQp
(B) � 2{ }≠ 2, 3{ } � IQp

(A∪B).

Example 9 (continued from Remarks 1 and 2). As
A � 1, 3{ },B � 2, 3{ }, and A∩B � 3{ }, then IQp

( 1, 3{ }) �

1, 3{ }, IQp
( 2, 3{ }) � 2, 3{ }, andIQp

( 3{ }) � ϕ, and hence,
IQp

(A)∩IQp
(B) � 3{ }≠ ϕ � IQp

(A∩B).

Theorem 9. 3e following properties is holding in (X, τ).
3en,

x ∈ CQp
(A)⇔L∩A≠ ϕ,

∀x ∈ L ∈ QpO(X).
(18)

Proof. ,e proof is clear. □

Lemma 5. 3e following properties are holding in (X, τ).
3en,

(1) A∩Igp(C(Igp(A))) ∈ QpO(X)

(2) A∪Cgp(I(Cgp(A))) ∈ QpC(X)

Proof. Igp(C(Igp(A∩Igp (C(Igp(A)))))) � Igp

(C(Igp(A)∩ tIgpn(C(Igp

(A))))) � Igp(C(Igp(A))).
,en, we have A∩Igp(C(Igp(A))) � A∩Igp

(C(Igp(A∩Igp(C

(Igp(A))))))⊆∩Igp(C(Igp(A∩Igp(C(Igp(A)))))).
Hence, A∩Igp(C(Igp(A))) ∈ QpO(X).
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In (2), by (1), we have X\(A∪Cgp(I(Cgp(A)))) �

(X\A)∩I gp(C(Igp(XA))) ∈ QpO(X). ,erefore,
A∪Cgp(I(Cgp(A))) ∈ QpC(X). □

Theorem 10. 3e following two properties are holding in
(X, τ). 3en,

(1) IQp
(A) � A∩Igp(C(Igp(A)))

(2) CQp
(A) � A∪Cgp(I(Cgp(A)))

Proof.
(1) Suppose B � IQp

(A). Since B ∈ QpO(X) and
B⊆A, then, we have B⊆Igp

(C(Igp(B)))⊆Igp(C(Igp(A))). ,us, B⊆
A∩Igp(C(Igp(A))). By Lemma 5, we get
A∩Igp(C(Igp(A))) ∈ QpO(X). From Defini-
tion 8, we have A∩Igp(C(Igp(A)))⊆B. ,ere-
fore, B � A∩Igp(C(Igp(A))) and hence,
IQp

(A) � A∩Igp(C(Igp(A))).
(2) By Lemma 4, we have CQp

(A) � X\IQp
(X\A) �

X\((X\A)∩Igp(C

(Igp(X\A)))) � A∪Cgp(I(Cgp(A))). □

,e relationship among the Qp-open sets and other sets
(i.e., open sets, α-open sets, g-open sets, gα-open sets,
αg-open sets, and pg-open sets) is presented by the fol-
lowing theorem.

Theorem 11. 3e following properties is holding in (X, τ).

(1) If A ∈ τ(X), then A ∈ QpO(X)

(2) If A ∈ Oα(X), then A ∈ QpO(X)

(3) If A ∈ GO(X), then A ∈ QpO(X)

(4) If A ∈ GOα(X), then A ∈ QpO(X)

(5) If A ∈ OαG(X), then A ∈ QpO(X)

(6) If A ∈ OpG(X), then A ∈ QpO(X)

Proof. It is similar to ,eorem 4. □

,e converse of ,eorem 11 (i.e., A ∈ QpO(X), but
A ∉ τ(X), A ∉ Oα(X), A ∉
GO(X), A ∉ GOα(X), A ∉ OαG(X), and A ∉ OpG(X))
does not hold by the following example.

Example 10. (continued from Examples 1, 5, and 6). Clearly,

GOα(X) � OpG(X) � OαG(X) � Oα(X) � Op(X).

(19)

and GO(X) � GOp(X). ,us, 2, 3{ } ∈ QpO(X), but
2, 3{ } ∈τ,(2, 3) ∈ X)(Oα(X), 2, 3{ } ∉ GO(X),

2, 3{ } ∉ GOα(X), 2, 3{ } ∉ OαG(X)), and 2, 3{ } ∉ OpG(X).

3. ERROR!!Qp-ContinuousMappings, Qp-Open
Mappings, and Qp-Closed Mappings

Definition 9. A mapping ψ: X⟶Y is called Qp-con-
tinuous if

L ∈ σ(Y),

ψ−1
(L) ∈ QpO(X),

(20)

where σ(Y) is a topology on Y and X is defined on a
topology τ

Theorem 12. 3e following two properties are holding in
(X, τ) and (Y, σ).

(1) Every precontinuous mapping is Qp-continuous
mapping

(2) Every gp-continuous mapping is Qp-continuous
mapping

Proof. From ,eorem 6, the proof is clear. □

,e converse of ,eorem 12 (i.e., ψ is Qp-continuous
mapping, but ψ not precontinuous mapping and ψ is
Qp-continuous mapping but ψ not gp-continuous mapping)
does not hold by the following example.

Example 11. Assume that X � 1, 2, 3{ } (i.e., (X, τ) be to-
pological space, τ � X,ϕ, 1{ } ) and Y � u, v, w{ } (i.e.,
(Y, σ) be topological space, σ � Y, ϕ, u, v{ }, w{ } ).

(1) Suppose ψ: X⟶Y be a mapping defined by

ψ(1) � ψ(2) � u, andψ(3) � w. (21)

,en,

FX � X,ϕ, 2, 3{ } ,

Cp(X) � X,ϕ, 2{ }, 3{ }, 2, 3{ } ,

GCp(X) � X,ϕ, 2{ }, 3{ }, 1, 2{ }, 2, 3{ }, 1, 3{ } ,

Op(X) � X,ϕ, 1{ }, 1, 2{ }, 1, 3{ } ,

GOp(X) � X,ϕ, 1{ }, 2{ }, 3{ }, 1, 2{ }, 1, 3{ } ,

QpC(X) � QpO(X) � 2X.

(22)

As w{ } ∈ σ(Y),ψ− 1( w{ }) � 3{ } ∈ QpO(X), but
3{ } ∉ Op(X).
,us, ψ is Qp-continuous mapping but ψ not pre-
continuous mapping.

(2) Suppose ψ: X⟶Y be a mapping defined by

ψ(1) � u andψ(2) � ψ(3) � w. (23)
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As w{ } ∈ σ(Y),ψ− 1( w{ }) � 2, 3{ } ∈ QpO(X), but
2, 3{ } ∉ GOp(X).

,us, ψ is Qp-continuous mapping but ψ not gp-con-
tinuous mapping.

Theorem 13. Assume that ψ: X⟶Y be a mapping.3en,
the following six properties are equivalent:

(1) ψ is Qp-continuous
(2) For every x ∈ X and every open set L ⊂ Y containing

ψ(x), there exists Qp-open set P ⊂ X containing x

such that ψ(P) ⊂ L
(3) ψ− 1(F) ∈ QpC(X), F ⊂Y, be a closed set
(4) ψ(CQp

(A))⊆C(ψ(A))(A⊆X)

(5) CQp
(ψ− 1(B))⊆ψ− 1(C(B))(B⊆Y)

(6) ψ− 1(I(B))⊆IQp
(ψ− 1(B))(B⊆Y)

Proof.
(1)⇒ (2) Since L ⊂ Y containing ψ(x) is the open set,
then ψ− 1(L) ∈ QpO(X). Put P � ψ− 1(L) which
contains x; hence, ψ(P) ⊂ L.
(2) ⇒ (1) Suppose L ⊂ Y be the open set, and let
x ∈ ψ− 1(L); then, ψ(x) ∈ L and hence, there exists
Px ∈ QpO(X) such that x ∈ Px and ψ(Px) ⊂ L. ,us,
x ∈ Px ⊂ ψ− 1(L), so ψ− 1(L) � ∪ x∈ψ−1(L)Px, but
∪ x∈ψ−1(L)Px ∈ QpO(X). ,erefore, ψ− 1(L) ∈
QpO(X), and thus, ψ is Qp-continuous.
(1) ⇒ (3) Suppose F ⊂ Y be closed set. ,us, Y\F is
the open set and ψ− 1(Y\F) ∈ QpO(X), i.e.,
X\ψ− 1(F) ∈ QpO(X). Hence, ψ− 1(F) ∈ QpC(X).
(3) ⇒ (4) Suppose A⊆X and F be a closed set in Y

containing ψ(A). By (3), we have ψ− 1(F) is Qp-closed
set containing A. ,en, CQp

(A)⊆CQp

(ψ− 1(F)) � ψ− 1(F), and thus, ψ(CQp
(A))⊆F. Hence,

ψ(CQp
(A))⊆C(ψ(A)).

(4) ⇒ (5) Suppose B⊆Y and A � ψ− 1(B). By as-
sumption, we have ψ(CQp

(A))⊆C(ψ(A))⊆C(B).
,en, CQp

(A)⊆ψ− 1(C(B)). ,erefore, CQp
(ψ− 1(B))

⊆ψ− 1(C(B)).
(5) ⇒ (6) Suppose B⊆Y. By assumption, we have
CQp

(ψ− 1(Y\B))⊆ψ− 1(C(YB)). ,en, CQp
(X\

ψ− 1(B))⊆ψ− 1(Y\I(B)), and thus, X\IQp

(ψ− 1(B))⊆X\ψ− 1(I(B)). By taking complement, we
obtain ψ− 1(I(B))⊆IQp

(ψ− 1(B)).
(6) ⇒ (1) Suppose L be any open set in Y. ,en,
I(L) � L. By assumption, ψ− 1(I(L)) ⊆IQp

(ψ− 1(L)), and hence, ψ− 1(L)⊆IQp
(ψ− 1(L)). ,us,

ψ− 1(L) � IQp
(ψ− 1(L)), and we have ψ− 1(L)

∈ QpO(X). ,erefore, ψ is Qp-continuous. □

Remark 3. Composition of two Qp-continuous mappings
does not need to be Qp-continuous mapping, as shown by
the following example.

Example 12. Assume that X � 1, 2, 3{ } (i.e., (X, τ) be to-
pological space, τ � X,ϕ, 2{ }, t 1, 2{ } ), Y � u, v, w{ } (i.e.,
(Y, σ) be topological space, σ � Y, ϕ, u{ } ), and
Z � s, r, t{ } (i.e., (Z, θ) be topological space,
θ � Z, ϕ, t{ } ).

(1) Suppose ψ: X⟶Y be a mapping defined by

ψ(1) � v ,ψ(2) � u, andψ(3) � w. (24)

,en,

FX � X,ϕ, 3{ } 1, 3{ } ,

Cp(X) � X,ϕ, 1{ }, 3{ }, 1, 3{ } ,

GCp(X) � QpC(X) � X, ϕ, 1{ }, 3{ }, 1, 3{ }, 2, 3{ } ,

Op(X) � X,ϕ, 2{ }, 1, 2{ }, 2, 3{ } ,

GOp(X) � QpO(X) � X,ϕ, 1{ }, 2{ }, 1, 2{ }, 2, 3{ } .

(25)

,us, ψ is Qp-continuous mapping.
(2) Suppose φ: Y⟶Z be a mapping defined by

φ(u) � φ(v) � s, andφ(w) � t. (26)

,en,

FY � Y,ϕ, v, w{ } ,

Cp(Y) � Y,ϕ, v{ }, w{ }, v, w{ } ,

GCp(Y) � Y,ϕ, v{ }, w{ }, u, v{ }, u, w{ }, v, w{ } ,

Op(Y) � Y,ϕ, u{ }, u, v{ }, u, w{ } ,

GOp(Y) � Y,ϕ, u{ }, v{ }, w{ }, u, v{ }, u, w{ } ,

QpC(Y) � QpO(Y).

(27)

,us, φ is Qp-continuous mapping.
From (1) and (2), t{ } ∈ θ(Z), but (φ°ψ)−1( t{ }) � ψ−1

(φ−1( t{ })) � ψ−1( w{ }) � 3{ } ∉ QpO(X). ,us, φ°ψ is not
Qp-continuous mapping.

Definition 10. A mapping ψ: X⟶Y is called

(1) Qp-open if

L ∈ τ(X), ψ(L) ∈ QpO(Y), (28)

where τ(X) is a topology onX andY is defined on a
topology σ.

(2) Qp-closed if

F ∈ FX, ψ(F) ∈ QpC(Y), (29)

where FX is the closed sets of X.

Theorem 14. 3e following two properties are holding in
(X, τ) and (Y, σ).
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(1) Every preopen (resp. preclosed) mapping is Qp-open
(resp. Qp-closed) mapping

(2) Every gp-open (resp. gp-closed) mapping is Qp-open
(resp. Qp-closed) mapping

Proof. It follows from ,eorem 6. □

Example 13. (continued from Example 11).

(1) Suppose ψ: X⟶Y be a mapping defined by

ψ(1) � ψ(2) � v, andψ(3) � u. (30)

(i) As 2{ } ∈ τ(X),ψ( 2{ }) � v{ } ∈ QpO(Y), but
v{ } ∉ Op(Y). ,us, ψ is Qp-open mapping but ψ
not preopen mapping.

(ii) As 3{ } ∈FX, ψ( 3{ }) � u{ } ∈ QpO(Y), but
u{ } ∉ Cp(Y). ,us, ψ is Qp-closed mapping but
ψ not preclosed mapping.

(2) Suppose φ: X⟶ Y be a mapping defined by

φ(1) � v,φ(2) � w, andφ(w) � u. (31)

(i) As 1, 2{ } ∈ τ(X), φ( 1, 2{ }) � v, w{ } ∈ QpO(Y),
but v, w{ } ∉ GOp(Y). ,us, φ is Qp-open
mapping but φ not gp-open mapping.

(ii) As 3{ } ∈FX, u{ } ∉ GCp(Y). ,us, φ is
Qp-closed mapping but φ not gp-closed
mapping.

Theorem 15. Assume that ψ: X⟶ Y is a mapping. 3en,
the following two properties are equivalent:

(1) ψ is Qp-open.�
(2) For every x ∈ X and U is a neighborhood of x, there

exists Qp-open set B ⊂ Y containing ψ(x) such that
B ⊂ ψ(U)

Proof. ,e proof is clear. □

Theorem 16. Assume that ψ: X⟶Y is Qp-open (resp.
Qp-closed) mapping and B ⊂ Y. If A ⊂ X is a closed (resp.
open) set containing ψ− 1(B), then there exists Qp-open (resp.
Qp-closed) set H ⊂Y containing B such that ψ− 1(H) ⊂ A.

Proof. Obvious. □

Corollary 3. For every setB⊆Y, if ψ: X⟶ Y is Qp-open,
then ψ− 1(CQp

(B))⊆C(ψ− 1(B)).

Proof. Obvious. □

Theorem 17. For any subset A of X, a mapping
ψ: X⟶Y is Qp-open ⇔ψ(I(A))⊆IQp

(ψ(A)).

Proof. Assume that ψ: X⟶Y is Qp-open mapping and
A⊆X. ,en, I(A) ∈ τ(X) and ψ(I(A)) is Qp-open set

contained in ψ(A). Hence, we have ψ(I(A))⊆IQp
(ψ(A)).

Conversely, for every A of X, ψ(I(A))⊆IQp
(ψ(A)) and

L ∈ τ(X). ,en, I(L) � L, ψ(L)⊆IQp
(ψ(L)). ,erefore,

ψ(L) � IQp
(ψ(L)), and we have ψ(L) is Qp-open

mapping. □

Theorem 18. Assume that ψ: X⟶Y is a bijective
mapping. 3en, the following three properties are equivalent:

(1) ψ− 1 is Qp-continuous
(2) ψ is Qp-open
(3) ψ is Qp-closed

Proof.
(1)⇒ (2) LetU ∈ τ(X).,en,X\U ∈ FX. Since ψ− 1 is
Qp-continuous, (ψ− 1)− 1(X\U) �

ψ(X\U) � Y\ψ(U) ∈ QpC(Y). So, ψ(U) ∈
QpO(Y). Hence, ψ is Qp-open mapping.
(2) ⇒ (3) Let F ∈FX. ,en, X\F ∈ τ(X). Since ψ is
Qp-open, ψ(X\F) � Y\ψ(F) ∈ QpO(Y). So,
ψ(U) ∈ QpC(Y). Hence, ψ is Qp-closed mapping.
(3) ⇒ (1) Let F ∈ FX. Since ψ is Qp-closed,
(ψ− 1)− 1(F) � ψ(F) ∈ QpC(Y). Hence, ψ− 1 is
Qp-continuous mapping. □

Remark 4. Composition of two Qp-open (Qp-closed)
mappings do not need to be Qp-open (Qp-closed) as shown
by the following example.

Example 14. Assume that X � 1, 2, 3{ } (i.e., (X, τ) be to-
pological space, τ � X,ϕ, 1, 2{ }, 3{ } ), Y � u, v, w{ } (i.e.,
(Y, σ) be topological space, σ � Y, ϕ, u{ } ), and
Z � r, s, t{ } (i.e., (Z, θ) be topological space,
θ � Z, ϕ, s{ }, t r, s{ } ).

(1) Consider FY,Cp(Y),Op(Y),GCp(Y),GOp(Y),

QpC(Y), and QpO(Y) are computing in Example
12. Suppose ψ: X⟶ Y be a mapping defined by

ψ(1) � u,ψ(2) � v, andψ(3) � w. (32)

,us, ψ is Qp-open (Qp-closed) mapping.
(2) Suppose φ: Y⟶Z be a mapping defined by

φ(u) � s,φ(v) � r, andφ(w) � t. (33)

,en,

FZ � Z, ϕ, t{ }, r, t{ } ,

Cp(Z) � Z, ϕ, t{ }, r{ }, r, t{ } ,

GCp(Z) � QpC(Z) � Z, ϕ, r{ }, t{ }, s, t{ }, r, t{ } ,

Op(Z) � Z, ϕ, s{ }, s, t{ }, r, s{ } ,

GOp(Z) � QpO(Z) � Z,ϕ, r{ }, s{ }, r, s{ }, s, t{ } .

(34)

,us, φ is Qp-open (Qp-closed) mapping.
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From (1) and (2), as 3{ } is open in X,
φ(ψ( 3{ })) � φ( w{ }) � t{ } ∉ QpO(Z). ,erefore, φ°ψ is not
Qp-open mapping. Also, as 1, 2{ } is closed in X,
φ(ψ( 1, 2{ })) � φ( u, v{ }) � r, s{ } ∉ QpC(Z). ,erefore, φ°ψ
is not Qp-closed mapping.

4. ERROR!!Qp-R0 and Qp-R1 Spaces

Definition 11.
(1) KQp

(A) is called Qp-kernel ofA (i.e.,A be subset of a
space X) if

KQp
(A) � ∩ L ∈ QpO(X)|A ⊂ L . (35)

(2) KQp
( x{ }) is called Qp-kernel of x (i.e., x be a point of

a space X) if

KQp
( x{ }) � ∩ L ∈ QpO(X)|x ∈ L . (36)

Lemma 6. 3e following properties are holding in (X, τ).
3en,

(1) y ∈ KQp
( x{ })⇔x ∈ CQp

( y ) (x ∈ X)

(2) KQp
(A) � ∩ x ∈ X|CQp

( x{ })∩A≠ ϕ 

Proof. It is similar to Lemmas 3.1 and 3.2 of [16]. □

Lemma 7. For any elements x and y in (X, τ), then the
following two properties are equivalent:

(1) KQp
( x{ })≠KQp

( y )

(2) CQp
( x{ })≠CQp

( y )

Proof. It is similar to Lemma 3.6 of [16]. □

Definition 12. We call Qp-R0 space in (X, τ) if
∀x ∈ L ∈ QpO(X) such that CQp

( x{ }) ⊂ L.

Theorem 19. 3e following two properties are holding in
(X, τ):

(1) Every pre-R0 space is Qp-R0 space
(2) Every gp-R0 space is Qp-R0 space

Proof. It follows from ,eorem 6. □

Theorem 20. Let x, y ∈ X. 3en, Qp-R0 space in
(X, τ)⇔CQp

( x{ })≠CQp
( y ) implies

CQp
( x{ })∩CQp

( y ) � ϕ.

Proof. From Definition 12, the proof is clear. □

Theorem 21. Let x, y ∈ X. 3en, Qp-R0 space in
(X, τ)⇔KQp

( x{ })≠KQp
( y ) implies KQp

( x{ })∩KQp

( y ) � ϕ.

Proof. From Lemmas 6 (1), Lemma 7, Definition 12, and
,eorem 20, the proof is clear. □

Theorem 22. 3e following five properties are equivalent in
(X, τ):

(1) (X, τ) is an Qp-R0 space
(2) For anyA≠ϕ and L ∈ QpO(X) such thatA∩L≠ϕ,

there exists F ∈ QpC(X) such that A∩F≠ϕ and
F ⊂ L

(3) For any L ∈ QpO(X),L � ∪ F ∈ QpC(X)|F ⊂ L 

(4) For any
F ∈ QpO(X),F � ∩ L ∈ QpO(X)|F ⊂ L 

(5) For any x ∈ X, CQp
( x{ }) ⊂ KQp

( x{ })

Proof. It is similar to ,eorem 3.8 of [16]. □

Corollary 4. 3e following two properties are equivalent in
(X, τ):

(1) (X, τ) is an Qp-R0 space
(2) CQp

( x{ }) � KQp
( x{ })(∀x ∈ X)

Proof. From Definition 12 and ,eorem 22, the proof is
clear. □

Theorem 23. 3e following two properties are equivalent in
(X, τ):

(1) (X, τ) is an Qp-R0 space
(2) x ∈ CQp

( y )⇔y ∈ CQp
( x{ })(∀x, y ∈ X)

Proof. ,e proof is clear. □

Theorem 24. 3e following four properties are equivalent in
(X, τ):

(1) (X, τ) is an Qp-R0 space
(2) If F ∈ QpC(X), then F � KQp

(F)

(3) If F ∈ QpC(X) and x ∈ F, then KQp
( x{ }) ⊂ F

(4) If x ∈ X, then KQp
( x{ }) ⊂ CQp

( x{ })

Proof. From Lemma 6, ,eorem 23, and Definition 12, the
proof is clear. □

Definition 13. We call (X, τ) is Qp-R1 space if

(i) ∀x, y ∈ X with CQp
( x{ })≠CQp

( y )

(ii) ,ere exist disjoint Qp-open sets L and M s.t.
CQp

( x{ })⊆L and CQp
( y )⊆M

Theorem 25. Let (X, τ) be a topological space. 3en,

(1) Every pre-R1 space is Qp-R1 space
(2) Every gp-R1 space is Qp-R1 space
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Proof. It is obvious. □

Theorem 26. If (X, τ) is an Qp-R1 space, then (X, τ) is
Qp-R0.

Proof. It is from Definitions 12 and 13. □

5. Conclusion

We proposed novel notions (i.e., Qp-closed set, Qp-open set,
Qp-continuous mapping, Qp-open mapping, and Qp-closed
mapping) and explained the basic interesting relations and
properties of above notions. ,e relationship among the
Qp-closed sets (resp., Qp-open sets) and other sets are given
in Figure 1 (resp., Figure 2). Finally, a novel two separation
axioms (i.e., Qp-R0 and Qp-R1) based on the notion of
Qp-open set and Qp-closure are discussed. In the future, we
will add new works (i.e., weakly Qp-R0 space) and also
extend several results from [18, 19] to Qp-closed sets.
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Figure 1:,e relationship among theQp-closed sets and other sets.
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Figure 2: ,e relationship among the Qp-open sets and other sets.
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