Hindawi

Journal of Mathematics

Volume 2022, Article ID 9352861, 10 pages
https://doi.org/10.1155/2022/9352861

Review Article

On Q,-Closed Sets in Topological Spaces

Huan Zhou,' O. G. Hammad,’> and Ahmed Mostafa Khalil ©°

! Aviation Engineering School, Air Force Engineering University, Xi'an 710038, China
’Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt
*Department of Mathematics, Faculty of Science, Al-Azhar University, Assiut 71524, Egypt

Correspondence should be addressed to Ahmed Mostafa Khalil; a.khalil@azhar.edu.eg

Received 23 December 2021; Accepted 25 January 2022; Published 18 February 2022

Academic Editor: Naeem Jan

Copyright © 2022 Huan Zhou et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In the present paper, we will propose the novel notions (e.g., Q,-closed set, Q,-open set, Q,-continuous mapping, Q,-open
mapping, and Q,,-closed mapping) in topological spaces. Then, we will discuss the basic properties of the above notions in detail.
The category of all Q,-closed (resp. Q,-open) sets is strictly between the class of all preclosed (resp. preopen) sets and gp-closed
(resp. gp-open) sets. Also, the category of all Q,,-continuity (resp. Q,-open (Q,-closed) mappings) is strictly among the class of all
precontinuity (resp., preopen (preclosed) mappings) and gp-continuity (resp. gp-open (gp-closed) mappings). Furthermore, we
will present the notions of Q,,-closure of a set and Q,,-interior of a set and explain some of their fundamental basic properties.
Several relations are equivalent between two different topological spaces. The novel two separation axioms (i.e., Q,-Ryand Q,-R,)
based on the notion of Q,,-open set and Q,-closure are investigated. The space of Q,-R, (resp., Q,-R;) is strictly between the
spaces of pre-R, (resp., pre-R;) and gp-R, (resp., gp-R,). Finally, some relations and properties of Q,-R, and Q,-R; spaces

are explained.

1. Introduction

In the early eighties, the novel notions of preopen and
preclosed sets (i.e., as a novel type of generalized of open sets
in (,7) (i.e., topological space) or a space ) and pre-
conlinuous mappings are proposed in [1]. Consequently,
many researchers turned their study to the generalizations of
many different notions in (', 7) (for instance, semiopen sets
[2], a-open sets [3], and B-open sets [4] or semi-preopen sets
[5]). Furthermore, the notion of generalized closed (resp.,
generalized open) sets (for short, g-closed (resp., g-open)
sets) in space X is presented in [6]. The relationship among
g-closed (resp., g-open) sets and generalizing closedness
(resp., openness) sets (i.e., generalized preclosed (resp.,
generalized preopen) set (for short, gp-closed (resp.,
gp-open) set) [7], a-generalized closed (resp., a-generalized
open) set (for short, ag-closed (resp., ag-open) set) [8],
pregeneralized closed (resp., pregeneralized open) set (for
short, pg-closed (resp., pg-open) set) [7], and generalized
a-closed (resp., generalized a-open) set (for short, ga-closed
(resp., ga-open) set) [9]. The basic properties of five

generalizing continuous mappings (i.e., precontinuous
mapping [1], g-continuous mapping [10], gp-continuous
mapping [11], ag-continuous mapping [12], pg-continuous
mapping [11], and ga-continuous mapping [12]) between
(%) (i.e., a topology on %) and 7(X') (i.e., a topology on
) are presented. Furthermore, the fundamental relations of
generalizing open (closed) mappings (i.e., preopen (pre-
closed) mapping [1, 13], a-open (a-closed) mapping [14],
g-open (g-closed) mapping [15], gp-open (gp-closed)
mapping [11], ag-open (ag-closed) mapping [12], pg-open
(pg-closed) mapping [11], ga-open (ga-closed) mapping
[12]) between 7 (%) and T(X') are studied. On the contrary,
the characterizations between separation axioms classes (i.e.,
pre-R,, pre-R;, gp-R, and gp-R, spaces) (see, [16, 17]) in
(Z,T) are defined.

Regarding the above discussions, as the motivation of the
present paper, we will define novel sets called Q,-closed sets
and Q,,-open sets and investigate several of their fundamental
properties. The relation between Q,-closed set (resp.,
Q,-open set) and other sets (for example, preclosed set (resp.,
preopen set), a-closed set (resp., a-pen set), g-closed set
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(resp., g-open set), gp-closed set (resp., gp-open set),
ag-closed set (resp., ag-open set), pg-closed set (resp.,
pg-open set), and ga-closed set (resp., ga-open set)) in space
& is introduced. Then, we define the Q,,-continuous mapping
and study the relations between Q,,-continuous mapping and
other mappings (for example, precontinuous mapping,
g-continuous mapping, gp-continuous mapping, ag-con-
tinuous mapping, pg-continuous mapping, and ga-contin-
uous mapping) between two different topological spaces.
Also, we present the notion of Q,-open (Q,-closed) mapping
and investigate relations between Q,-open (Qp—closed)
mapping and other mappings (for example, preopen (pre-
closed) mapping, a-open (a-closed) mapping, g-open
(g-closed) mapping, gp-open (g p-closed) mapping, ag-open
(ag-closed) mapping, pg-open (pg-closed) mapping, and
ga-open (ga-closed) mapping) between two different topo-
logical spaces. Finally, we propose the novel separation ax-
ioms classes (i.e., Q,-R, and Q, R, spaces) in (Z,7).

Next, the sections of this paper are arranged as follows.
In Section 2, we will present many notions related to to-
pological spaces as indicated from Definitions 1 to 4. In
Section 2, we propose the novel notions of Q,-closed sets
and Q,-open sets and explain the interesting properties of
them. In Section 3, we give the notions of Q,-continuous
mappings, Q,-open mappings, and Q,-closed mappings. In
Section 4, we define Q,-R, and Q,-R; spaces. Section 5 is
conclusions.

In the current paper, we will use several expressions (i.e.,
€ (A) (the closure of a set 2A), 7 (A) (the interior of a set 2A),
T(Z) (the all of open sets in '), and F o (the all of closed
sets in X)).

Next, we will present several notions which are used in
this section as indicated below.

Definition 1 (Cf. [1, 3]). Assume (Z,7) is a topological
space. Then,
@

(i) A is preclosed set if € (7 (A))<A
(ii) A is preopen set if AC.7 (F (A))

C,(X) (resp., 0,(X)) is the set of all preclosed
(resp. preopen) sets.

(2)

(i) A is a-closed set if € (7 (€ (A)))cA
(ii) A is a-open set if A7 (€ (7 (A)))

C,(X) (resp., O, (X)) is the set of all a-closed (resp.
a-open) sets.

Definition 2 (Cf. [6-9]). Assume (X,T) is a topological
space. Then,

@

(i) A is g-closed set if € (A)<A whenever AL and
L € T(X), where € () is a closure of 2, i.e.,

@A) = N{FIACFand F € F o). (1)
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GC (X) be the set of all g-closed sets.
(ii) A is g-open setif \A € GC(X') and GO (X') be
the set of all g-open sets.

(2)
(i) A is gp-closed set if &, (A)<A whenever ACL

and 8 € T(X), where €, (A)isa preclosure of
2, ie.,

@, = n{FAFandF e C,(D)}.  (2)

GC, () be the set of all gp-closed sets.
(i) A is gp-open set if L\A e GCP(SX) and
GO, () be the set of all gp-open sets.

©)

(i) A is ag-closed set if €, (A)<A whenever ACR
and & € 7(Z), where €, () is a a-closure of A,

ie.,
E,(A) = N{FIACFand F € C, (1)} (3)

C,G(X) be the set of all ag-closed sets.
(i) A is ag-open set if L\A e C,G(X) and
0,G () be the set of all ag-open sets.

(4)

(i) A is pg-closed set if %p (A)A whenever ACY
and £ € 0, () and C,G(Z) be the set of all
pg-closed sets.

(ii) A is pg-open set if Z\UA € CPG(&’) and
0,G () be the set of all gp-open sets.

(5)

(i) A is ga-closed set if €, (A)<A whenever ACK
and € O, (), and GC, () be the set of all
ga-closed sets.

(ii) A is ga-open set if L\ e GC,(X), and
GO, (X)) be the set of all ga-open sets.

Definition 3 (Cf. [1, 10, 13-15]). Let y: & — ¥ be
mapping and (%) be a topology on % and 7(X) is a
topology on X' Then,

(1) v is precontinuous mapping (resp., a-continuous
mapping and  g-continuous mapping) if
Led(¥), y'(®eO0,

(D) (resp., v 1 () € O, (L), v ' (8) € GO(X)).

)

(i) v is preopen mapping (resp., @-open mapping
and g-open mapping) if ReT(I),
¥(2) €Q,0(Y) (resp,y (2) € O (), y(Y)
€ GO(%)).

(ii) v is preclosed mapping (resp., a-closed mapping
and g-closed mapping) if Re7T(X),
¥(D) €Q,C(Y) (resp,y(D) € C (X, y()
€ GC(7)).
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Definition 4 (Cf. [16, 17]). A topological space (X, 7) is said
to be

(1) Pre-R, space (resp., gp-R, space) if
VxeRe @P(,El”) s.t. %P({x}) c R (resp., Vxe
Qe GCDP(VC[) s.t., ‘gg {x}) ¢ &) and ‘ggp({x}) is a
gp-closure of {x}, defined as

Ggp (1)) = N{Gl{x}cFand F € GC, (D)} (@)

(2) Pre-R, space (resp., gp-R, space) if Vx, y € X, with
G,({xD#E,({y}) (resp., €,,({x)#E,,{y})
there exist disjoint preopen sets (resp., gp-open sets)
L and M s.t. "{gp({x})gﬂ (resp., %gp({x})gﬂ) and

@, ({yHM (resp., €,, ({y}hM).
2. ERROR!!QP-Closed Sets and Q p-Open Sets

In the following section, we propose novel sets (ie.,
Qp-closed sets and Q,-open sets) and discuss several in-
teresting theorems and examples.

Definition 5. We call U is Q,-closed set in (Z,7) if
Cyp (J (A)A, (5)
where %gp (J(A)) is a gp-closure of 7 (A), i.e.,
©,p (J () = N{F|F (AWFand F € GC,(X)}.  (6)

QPC(&”) is the set of all Qp—closed sets in X.

Lemma 1. Let § € GC, (X) s.t. %”gp(f(%))gglgﬁ. Then,
A € Q,C(X).

Proof. As § € GCP(SX) implies %gp(%) =g, thus, %”gp
(J(%[))Q%gp(f(%))gﬂ. Therefore, 2 € Q,C (). O

The converse of Lemma 1 (i.e., %gp (F(F))LH) does
not hold by the following example.

Example 1. Assume that X = {1,2,3} (ie, (Z,7) be to-
pological space) and 7 = {2, ¢, {1}}. Then,
Fo ={Z,¢,{2,3}},
C, () ={X, ¢, {2}, {3}, 12,3}, (7)
GC, (X) ={Z, ¢, {2}, {3}, {1,2},{1,3}, {2, 3}},

Q,C(Z) =2 (8)

Let A = {3} € Q,C(X) and =2 ¢ GCP(&"). Then,
@,y (F () = B, (7) = 45

Theorem 1. The following two properties are holding in
(,7).

(1) If A € C, (X)), then A € Q,C(X)

(2) If A € GC, (L), then A € Q,C(X)

Proof.

(1) As %gp (2[)9%1, (A) and %P (A)<E (A) imply that
‘ggp@[)g‘?ﬁ(%[), since A is preclosed set (ie.,
€ (7 (A))<A), then %gP(J(QI)) CE (F (A))cA.
Thus, A € QPC (D).

(2) Let A€ GC, (X)) (e, %gp (2A) = A). Then,
Cyp (J(%[))g%gp (20) = 2A. Thus, A e Q,C
(D). O

The converse of Theorem 1 (i.e, A € QPC(&") but
A ¢ CP (Z) and A ¢ GCP (X)) does not hold by the fol-
lowing example.

Example 2. (continued from  Example 1). As
{1,3} € Q,C(Z), {1,3} ¢ C, () and {1} € Q,C(X) but
(1} ¢ 6€,(2).

Theorem 2. Arbitrary intersection of Q,-closed sets is
Qp—closed set.

Proof. Suppose that {F|k € A} be a collection of Q,-closed
setsin 2. Then, €, (F (F)) B for every k. As N F T
for every Kk, € (NTEE , (i) for every k. Thus,
%gp (Ngcn %gp (Bi),k € A, Hence, ngp (J(NG)
Q%gp (NI (TN %gp (F(F))NF,. Therefore, NFy
is Qp—closed set. O

Remark 1. The union of two Q,-closed sets need not be
Qp—closed set (i.e., A, B € QPC (L), but AUB ¢ QPC (@)
as the next example; let 2 = {1,2,3} (i.e., (Z,7) be topo-
logical space) and 7 = {Z, ¢, {1, 2}}. Then,
F o ={T, ¢, {3}},
C,(2) = 6C,(2) = Q,C(2) (9)

={Z, ¢, {1}, {2}, {3}, {1, 3}, {2, 3}}.

Let A ={1} € QPC(&") and B = {2} ¢ QPC(SZ"). Then,
AuB ={1,2} ¢ QPC(&”).

Corollary 1. The following two properties are holding in
(Z,7).

(1) Let A€ QPC(%) and B¢ Cp(ﬁl’). Then,
ANB € Q,C ().

(2) Let A€ Q,C(X) and BeGC, (). Then,
ANB € Q,C ().

Proof. From Theorems 1 and 2, the proof is clear. O

Definition 6. %QP(Q[) is called Qp—closure of A in (I,7) if
Go, () = N{FIAFandF € Q,C(N)}.  (10)

Theorem 3. The following seven properties are holding in
(Z,7).

(1) % € Q,C(V)=E, (W) = A
(2) USE o (WCE, (A) and 6, (A)SE,, ()



(3) Gq,(9) = ¢ and G (T) =
(4) If ACB, then € (W<Eq (B)
(5) G, (o, (M) = Eo, (W)

(6) €, (W UF, (B)E, (AUB)
(7) Bo,(ANB)E, (A)NE, (B)

Proof.

(1) Let A € Q,C(X), and from Definition 6, we have
%Q (2A) = A. Conversely, let €, (?[) A. Then,
from Theorem 2, we have A € Q C(fl" Ywhich fol-
lows from Theorem 1 (1) and (2), respectlvely, and
are obvious.

(2) Let ACF such that F € QPC(SL”) then, from (1)
above, we have %Q (QI)C%Q () =F. Again
€q (% (m))C% (%) =g. Thus,
%q (%Q ()< [FlAFand § € Q,C(2)} =
%Q (2A) ‘and follows from (4).

The equality of Theorem 3 (6) and (7) (e,
%Q (M)U%Q (%)#%Q (AUB) and
%Q (ﬂﬂ%)#%O (Q[)O%Q (8B)) does not hold by the
followmg example

Example 3. (continued from  Remark 1). As
A={1},B ={2}, and AuUB ={1,2}, then
o, ({1}) = {1}, o ({2}) = {2}, and €, ({1,2}) =X, and

hence, € () UGq (B) = {1,2}# X = € (AUY).

Example 4. Assume that X = {1,2,3} (ie, (Z,7) be to-
pological space) and 7 = {2, ¢, {2}, t{3}n, q{2, 3}}. Then,

Fy=Cp(2) =6C,(X) =Q,C(X)
=12, ¢, {1},{1,2},{1,3}}.

Let = {1}, ={2}, and ANB=¢. Then,
o, ({1}) = {1} €q ({2}) ={L2}, and €, (¢) = ¢, and
hence, €, (A)NG (B) = {1}#¢ = %Q ANDY).

(11)

The relationship among the Q,-closed sets and other sets
(i.e., closed sets, a-closed sets, g-closed sets, ga-closed sets,
ag-closed sets, and pg-closed sets) is presented by the
following theorem.

Theorem 4. The following six properties is holding in (X, 7).
(1) If A € Fq, then A € Q,C(T)
(2) If A € C (X)), then A € Q,C(X)
(3) If A € GC(X), then A € Q,C(X)
(4) If A € GC, (), then A € Q,C(X)
(5) If A € C,G(X), then A € Q,C(X)
(6) If A € C,G(X), then A € Q,C(T)

Proof.
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(1) As %p (A)<cE (A) and by Theorem 1 (1), we have

€y (J(A)CSE, (F (A)CE (F (A))<A. Thus,
A € Q,C(X).

(2) As €,(A)<E, (A) and by Theorem 1 (1), we have
€ yp (J (A)E
o (J (M) (JF (A)<E (I (€ (AW))cA. Thus,
A €Q,C(X).

(3) As ngp (ﬂ)g%g (A) and by Theorem 1 (2), we have
%Qp(m)g%gp(m)g%g(m)gm. Thus, A € Q,C(X).
(4) As %” (2[)C‘€g (A) and by Theorem 1 (2), we have
‘gQ (QI)C% » (A)SE, (A)<A. Thus,
A€ QPC(&”) O

The converse of Theorem 4 (i.e, A € QPC(SX), but
A Fy, Ak C,(T), Ag 6C(2), A ¢ GC, (2),
A¢0,6(T), and A ¢ CPG(.EX)) does not hold by the
following example.

Example 5. (continued from Example 1). Clearly,
GC () =C,6(X)=C,6(X)=C(X)=C, (). (12)
and GC(X)

{1} ¢ Fo, {1} ¢ C, (), {1} ¢ GC
{1} ¢ C,G(X), and {1} ¢ C,G ().

= GC,(Z). Thus, GC(Z) = GC, (L), but
(2), {1} ¢ GC, (X)),

Definition 7. A is called Q,-open set it 2\ € Q,C(X) and
QPG) () is the set of all Q,-open sets in Z.

Lemma 2. The following properties are holding in (X, 7).

(1) D\B,, (T\W) = .7, (%)
(2) X\T,, (XU) = B, (A)

Proof. 1t is clear. O
Theorem 5. The following properties are holding in (X, 7):
A€ Q,0(X)ACT , (€ (A)). (13)

Proof. Suppose that 2 € Q,0(X). Then, '\ € Q,C(X)
and %gp (F(\W)<\A. From Lemma 2, we have

ngjgp(%”(m)). Conversely, Q[Qfgp(%(ﬁl)). Then,
IN\T 4, (€ (W) \U. Thus, I 4p (G (TW)\U. Thus,
D\UA € QPC(&’), and hence, A € QPG(X). O

Lemma 3. Let € G@P (X)) such that Sg?lgfgp(%(ﬂ)).
Then, A € QPO)(,EZ").

Proof. As  ReGO,(X), I\8eGC,(X), and
fl”\fgp(%(ﬂ))gfl"\ﬂgﬁ”\ﬂ, thus, by Lemma 2, we have
‘ggp (F(\R)c\ACX\L. By Lemma 1, we get
L\ € QPC(BL"), and hence, 2 € QP(U)(&”). O

The converse of Lemma 3 (i.e., Sggt_fgp(‘g(ﬂ))) does
not hold by the following example.

Example 6. (continued from Example 1). As
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®P (1‘) :{*%‘s (/5){1}){1’2}’{1)3}}’ (14)

GGP (g‘) 2{%’ ¢>{1}>{2}>{3}>{1i2}){1’ 3}},
Q,0(X) =27, (15)
let A={1,2}eQ,0(Z) and L=¢eGO,(I). Then,

LAt = 7, (€ (2).

Theorem 6. The following two properties are holding in
(Z,7).

(1) If A € O, (L), then A € Q,0(X)

(2) If A € GO, (X), then A € Q,0(X)

Proof. From Theorem 1 and Lemma 2, the proof is
clear. d

The converse of Theorem 6 (ie., A € QPO)(SZ), but
A ¢ ®p(5[) and A ¢ G@I,(Sl’)) does not hold by the fol-
lowing example.

Example 7. (continued from Examples 1 and 6).
{2} € Q,0(X), but {2} ¢ O, (X), and {2,3} € Q,0(X), but
2,3} £ GO, (2).

Theorem 7. Arbitrary union of Q,-open sets is Q,-open set.

Proof. From Theorem 2 and Lemma 2, the proof is
clear. O

Remark 2. The intersection of two Q,,-open sets need not be
Q,-open set (ie., A, B e QPCD(E[), but ANY ¢ QP(D(SZ”))
as given in Remark 1. As

0,(Z) = 60, (X) =Q,0(X)

={2, ¢ 11, {20, (1,2}, {1, 3}, {2, 3}},
(16)
let A =1{2,3} € Q,0() and B =1{1,3} ¢ Q,0(Z). Then,
ANB = {3} ¢ Q,0().

Corollary 2. The following two properties are holding in
(Z,7).

(1) Let A € Q,0(X) and B € 0, (). Then AUB €
Q,0(2).

(2) Let A € Q,0(Z) and B € GO, (X). Then AUB €
Q,0(2).

Proof. From Theorem 6 and Lemma 7, the proof is clear.
O O

Definition 8. JQP (A) is called Q,-interior of Ain (I,7) if
Fq, (W =U {g12cAand & € Q,0()}. (17)

Lemma 4. The following two properties are holding in (X, 7):
(1) 2\%q, () = Fo (2\)
(2) X\Tq (M) = G (T\)

Proof. 1t is clear. O

Theorem 8. The following properties are holding in (X, 7).
(1) Ae QO (X)eTq, (A) =A
(2) I (AT (A, Ty, (M T g (A)
(3) Fo (#) = ¢ and T (2) = X
(4) If ACB, then JQP(QI)QJQP(fB)
(5) T, (To (W) = T ()
(6) S, (A u Jq, (%)QJQP (AUB)
(7) S, (AN %)QJQp ()NFq, (B)

Proof. 1t is similar to Theorem 3. O

The equality of Theorem 8 (6) and (7) (e,
Jq (QI)UfQ (B)+ I, (2[U23) and S, (2[058)9E
JQ (QI)HJQ (8)) does not hold by the following
examples

Example 8 (continued from Remarks 1 and 2). As

={2},B=1{3}, and AUB =1{2,3}, then JQ {2h =
{2} Jq.({3D) = ¢, ande ({2,3})) =1{2,3}, and hence,
Fo, MU T (B) = 2}#12,3} = 7 (AUY).

Example 9 (continued from Remarks 1 and 2). As
={1,3},8 = {2,3}, and ANB = {3}, then I ({1,3}) =
{1 3}, JQ ({2,3}) = {2,3}, and 7, ({3}) = ¢, and hence,

To,(WNTo (B) =31 #¢ =T, (AnY),

Theorem 9. The following properties is holding in (X,7).
Then,
X € %QP(QI)(:)BHQIQH/),

Vx e Re QPCD(SL").

(18)

Proof. The proof is clear. O
Lemma 5. The following properties are holding in (X, 7).
Then,

(1) UN.7,, (6 (F,, () € Q,0(2)

(2) AUE,, (7 (B, (W) € Q,C(T)

Proof. 54, (€(F,,(ANT,, (€(F,, (W) =
(€I, (N NET,1(E (T,
(M) = I 4, (€ (5, (A))).

Then, we have ANJ , (€(F,,(A) =ANT,,
(6(I,, (ANT,, (€

(F 3y BN CAF ) (B(F 1, (AN.T 1, (6 (F 5, (D).
Hence, QIOJW (%(Jgp (2A0))) € QPG(&").



In (2), by (1), we have L\(AUE ,(F(€,,(A)))) =
(\MNT (G (I, (XA))) € Q,O(X).  Therefore,
AUE,, (F(E,,A) € Q,C(T).

Theorem 10. The following two properties are holding in
(X, 7). Then,

(1) o, () = AN, (B, ()
(2) Go, (M) = AUE,, (J (5, (W)

Proof.

(1) Suppose B = JQ (A). Since B EQPGJ(
BA, then, we have Bc.s ap
(6(F 4 (B)))SST 1 (€ (I, (A))).  Thus, %C
ANS (€ (F,,(A). By Lemma 5, we get
Qlﬂfgp(%(fgp(?[))) EQPUJ(&"). From Defini-
tion 8, we have ﬂﬂfgp(%(fgp(ﬁl)))g%. There-
fore, B = ﬂﬂfgp(%(fgp(ﬂ))) and hence,
T, () = AN.T (B (., ().

(2) By Lemma 4, we have %Q (2A) = &"\JQ (2\A) =
2\(X\WN .7, (7
(T 4 (D\) ZAUE,, (F (D). O

) and

The relationship among the Q,,-open sets and other sets
(i.e., open sets, a-open sets, g-open sets, ga-open sets,
ag-open sets, and pg-open sets) is presented by the fol-
lowing theorem.

Theorem 11. The following properties is holding in (X,7).
(1) If A € T(X), then A € Q,0(X)
(2) If A € O, (L), then A € Q,0(X)
(3) If A € GO(X), then A € Q,0(X)
(4) If A € GO, (X), then A € Q,0(X)
(5) If A € 0,G(X), then A € Q,0(X)
(6) If A € O,G(X), then A € Q,0(X)

Proof. 1t is similar to Theorem 4. O

The converse of Theorem 11 (i.e., A € Q,0(X), but
A¢T(X), A¢ O (), A ¢
GO(X), A ¢ GOL(X), A ¢ O,6(X), and A ¢ 0,6(T))
does not hold by the following example.

Example 10. (continued from Examples 1, 5, and 6). Clearly,
GO, (X) = 0,6(T) =0,6(X) = 0,(X) =0,(2).

(19)

and GO(Z) =GO, (X). Thus, {2,3}€Q,0(X), but

(2,3} €7,(2,3) € 2)(0, (X), {2,3} ¢ GO (),
2,3} ¢ GO, (), (2.3} ¢ 0,G(2)), and {2,3} ¢ 0,G(X).
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3. ERROR!Q -Continuous Mappings, Q ,-Open
Mappings, and Q,-Closed Mappings

Definition 9. A mapping y: &' — % is called Q,-con-
tinuous if

Red(Y),

L (20)
¥ (®) €Q,0(2),

where 0(%) is a topology on % and 2 is defined on a
topology T

Theorem 12. The following two properties are holding in
(X,7) and (¥,0).

(1) Every precontinuous mapping is Q,-continuous

mapping

(2) Every gp-continuous mapping is Q,-continuous
mapping

Proof. From Theorem 6, the proof is clear. |

The converse of Theorem 12 (i.e., v is Q,-continuous
mapping, but y not precontinuous mapping and y is
Q,-continuous mapping but y not gp-continuous mapping)
does not hold by the following example.

Example 11. Assume that X = {1,2,3} (ie, (Z,7) be to-
pological space, 7={Z,¢,{1}}) and ¥ = {u,v,w} (ie,
(%,0) be topological space, & = {¥, ¢, {u, v}, {w}}).

(1) Suppose y: &' — % be a mapping defined by

v(1) =y (2) =u,and v (3) = w. (21)
Then,
Faq ={5[ $.{2,3} }
C,(X) ={Z, ¢, {2}, {3}, {2,3}},
GC,(2) ={Z, ¢ {2}, {3}, {1,2},{2, 3}, {1, 3}},
22
0, (L) ={Z, ¢, {1}, {1, 2}, {1, 3}}, =
G®p (t%) :{,El", ¢) {1}) {2}’ {3}) {1’2}>{1) 3}})

Q,C(2)=Q,0(2) =

As  {w} €3 (Y)y " ({w) = 3} € Q,0(2), but
3} ¢ 0,(2).

Thus., v is Qp—cor.ltinuous mapping but y not pre-
continuous mapping.

(2) Suppose y: & — ¥ be a mapping defined by

y (1) =uandy(2) = y(3) = w. (23)
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As  {w}ed (%), v '({w}) =1{2,3} € Q,0(%), but
{2,3} ¢ GO, (D).

Thus, y is Q,-continuous mapping but y not gp-con-
tinuous mapping.

Theorem 13. Assume that y: & — Y be a mapping. Then,
the following six properties are equivalent:

(1) vis Q,-continuous

(2) Forevery x € X and every open set & C ¥ containing
v (x), there exists Q,-open set p C L containing x
such that y () c 2

3) v 1(F) € Q,C(X), § € ¥, be a closed set
(4) y(€q, (MW)<E (y (W) (AT)

(5) %QP(IVI (B))cy™ ' (F(B)) (B<Y)

6 y! (j(%))ngP(I//_l (B)) (BY)

Proof.
(1) = (2) Since 8 ¢ ¥ containing ¥ (x) is the open set,
then v '(R) € Q,0(X). Put P= v 1(R) which
contains x; hence, y () c L.
(2) = (1) Suppose & ¢ ¥ be the open set, and let
x € Y1 (R); then, y(x) € & and hence, there exists
B, € QPCD(.EL”) such that x € B, and y (*B,) c K. Thus,
xeP,cy (R, so y (Y= U eyt (9P but
U eyt (9B € Q0 (D). Therefore, v (R €
QPG(SX ), and thus, v is Q,-continuous.
(1) = (3) Suppose F ¢ ¥ be closed set. Thus, #\§ is
the open set and Yy H(Y\F) € QPCD(%) ie.,
L\y 1 (F) € Q,0(X). Hence, y~' (F) € Q,C ().
(3) = (4) Suppose A< and F be a closed set in ¥
containing y (2A). By (3), we have y~ 1 (g) is Q,-closed

set containing 2. Then, €q (2[)C‘[€
(v () = v (§), and thus, y (€, (205, Hencd,
¥ (€q, (ANSE (v (A)).

(4) = (5) Suppose BCY and A =y ' (B). By as-
sumption, we have y (€, (A)<E (v (A))<E (B).
Then, €, (2W)cy 1 (€ (B)). ﬁ'herefore, %Qp(t//‘l (B))
cy~ 1 (& (%B)).
(5) = (6) Suppose BCY. By assumption, we have
%Q (" (P\B)CYy (G (V). Then, % (2

'(B)cy ' (¥\F(B)), and thus, &"QJQ
(1// LB \y 1 (I (B)). By taking complement, we
obtain y~ 1(](23))CJQP(1// (B)).

(6) = (1) Suppose 8 be any open set in %. Then,

J(®) =2 By assumption, y~ (J(S)) CJQ
(v~ 1(R)), and hence, (/)T (1// (R)). Thus,
v Q) = Jq (p! (8)) and we have 1(2)

e QPGJ(&” ). ”fherefore, ¥ is Q,-continuous.

Remark 3. Composition of two Q,-continuous mappings
does not need to be Q,-continuous mapping, as shown by
the following example.

Example 12. Assume that X = {1,2,3} (1e, (.fl” T) be to-
pological space, T = {Z, ¢, {2}, t{1,2} } {u,v,w} (ie,

(#,5) be topological space, @ {?gb{ 1}, and
Z ={s,r,t} (e, (Z,0) be topolog1ca1 space,

0=1{Z.¢.113}).
(1) Suppose y: &' — % be a mapping defined by

v(1) =v,¥(2) =u,andy (3) = w. (24)

Then,
2 ={Z ¢ 311, 3}},

C, () ={Z, ¢, {1} {31, {1, 3}},

6C,(2) = Q,C(X) = (X, ¢, (11, 3}, (1,3}, 2,3}},
0,(2) ={Z, ¢, {2},{1,2},{2,3}},

GO, (X) = Q,0(X) ={X, ¢, {1}, {2}, {1,2}, {2, 3}}.

(25)
Thus, v is Q,-continuous mapping.
(2) Suppose ¢: ¥ —> Z be a mapping defined by

o(u)=¢(v)=s, andp(w) =t. (26)

Then,
Fy
C,(%)
6C, (%)

7., (v wl},

Y., (v}, fwh, {v,wi},

Y. b v (w0}, (w9, w}, (v, wh),
0,(Y) ={%. 6. . (v}, (1w},

GO, (Y) ={Y. ¢ fub, v} {wh, 1w, v}, 1w, wh},

Q,C(%) = Q,0(%).

Thus, ¢ is Q,-continuous mapping.
From (1) and (2), {t} € 0(Z), but (¢ 1//) ({t}) =
(7' ({t)) = v ' (fw}) = {3} ¢ Q,0(X). Thus, ¢y is not

Q,-continuous mapping.

(27)

{
{
{
{

Definition 10. A mapping v: & — % is called
(1) Q,-open if
ReT(X), y(8) € Q,0(%), (28)
where 7 (') is a topology on X and ¥ is defined on a

topology ©.
(2) Qp-closed if

§ € Ty v(B) € Q,C (), (29)

where F o is the closed sets of X

Theorem 14. The following two properties are holding in
(X,7) and (¥,0).



(1) Every preopen (resp. preclosed) mapping is Q,-open
(resp. Q,-closed) mapping

(2) Every gp-open (resp. gp-closed) mapping is Q,-open
(resp. Q,-closed) mapping

Proof. 1t follows from Theorem 6. O

Example 13. (continued from Example 11).
(1) Suppose y: &' — % be a mapping defined by
y(1) = y(2) = v,andy(3) = u. (30)

() As {2} € Z(X)y(2) = 1} € Q,0(%), Dbut
{v} ¢ O, (%). Thus, y is Q,-open mapping but y
not preopen mapping.

(i) As {3} € Fo w(I3D) = fu} €Q,0(%), but
{u} ¢ CP (%). Thus, vy is Qp—closed mapping but
y not preclosed mapping.

(2) Suppose ¢: &' — ¥ be a mapping defined by

¢(1)=v,¢(2) =w,and ¢ (w) = u. (31)

(i) As {1,2} € 7(X), ¢({1,2}) = {n,w} € Q,0(%),
but {v,w} ¢ GGP(?). Thus, ¢ is Q,-open
mapping but ¢ not gp-open mapping.

(i) As {3} e Fq, {u} ¢GC,(¥). Thus, ¢ is
Qp-closed mapping but ¢ not gp-closed
mapping.

Theorem 15. Assume that y: &' — ¥ is a mapping. Then,
the following two properties are equivalent:

(1) vis Q,-open.=
(2) For every x € X and U is a neighborhood of x, there

exists Q,-open set B C Y containing y (x) such that
B cyl)

Proof. 'The proof is clear. O
Theorem 16. Assume that y: &' —> ¥ is Q,-open (resp.
Q,-closed) mapping and B ¢ Y. If A ¢ X is a closed (resp.
open) set containing v~ ' (B), then there exists Q,-open (resp.
Q,- ~closed) set $ C Y containing B such that v~ ' (H) c A.
Proof. Obvious. O

Corollary3 For every set ?BC? ify: X — ¥ isQ,-open,
then v~ (%Q (B))<E (v 1 (B)).

Proof. Obvious. O

Theorem 17. For any subset 2 of 2, a mapping
v XL — Yis Q,-open (:)W(J(QI))QJQP(W(?I)).

Proof. Assume that y: &' — % is Q,-open mapping and
AL Then, J (A) € T(X) and y (5 (A)) is Q,-open set

Journal of Mathematics

contained in y (). Hence, we have w(](%[))CJQ (y ().
Conversely, for every 2 of Z, y(J(A)Iq (1//(2[)) and
R e T(X). Then, 7 (R) = w(S)CJQ (v (25)) Therefore,

y(R) = JQ (y(R)), and we have 1,{/(2) is Qp,-open
mapping. O

Theorem 18. Assume that y: X' — ¥ is a bijective

mapping. Then, the following three properties are equivalent:
@y
(2) yis Q,-open
(3) v is Qp-closed

is Qp—continuous

Proof.
(1) = (2) Let U € T(Z). Then, Z\U € F 4. Since y~ L is
Q,-continuous, (v H N(@\u) =
y(\U) =Z\y )  €Q,C(%). So, y(U)e
Q,0(%). Hence, y is Q,-open mapping.
(2) = (3) Let § € F 4. Then, X\F € T(X). Since y is
Qropen,  w(2\§) = ¥\v($) €Q,0().  So,
y(U) e QPC(?) Hence, vy is Qp—closed mapping.
B) = (1) Let e Fgy. Since y is Q, -closed,
(W) () = v(§) € Q,C(). 1

Hence, w‘ is
Q,-continuous mapping. O

Remark 4. Composition of two Q,-open (Qp—closed)
mappings do not need to be Q,-open (Q,-closed) as shown
by the following example.

Example 14. Assume that X = {1,2,3} (ie, (Z,7) be to-
pological space, 7 =1{Z,¢,{1,2}, 3}}) Y = {u,v,w} (e,
(#,5) be topological space, @={¥,¢,{u}}), and
Z ={r,s,t} (e, (Z,0) be topologlcal space,

={Z. ¢, (s} t{r. s}}).

(1) Consider F4,,C,(¥%),0,(¥%),GC,(%),G0,(¥),
Q,C(%), and Q,0(%) are computing in Example
12. Suppose y: & —> % be a mapping defined by

y(1) =u,y(2) = v,andy (3) = w. (32)
Thus, v is Q,-open (Qp—closed) mapping.
(2) Suppose ¢: ¥ —> Z be a mapping defined by
o(u) =s,9(v)=r,andp(w) =t. (33)

Then,
Fz ={Z, ¢tk ir.1}},
C,(Z) ={Z, ¢, {t}, Ir}. {r. 1},
GC, (Z) = Q,C(Z) ={Z. . Arh fth ds.th {r e}, (34)
0, (Z) ={Z, ¢ {sh {s, th {r sk},
GO, (Z) = Q,0(Z) ={Z,¢,{r}, (s} {r. s} {s,t}}.

Thus, ¢ is Qp-open (Qp-closed) mapping.
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From (1) and (2), as {3} is open in X,

¢ (y({3D) = p({w}) = {t} ¢ Q,0(2). Therefore, ¢’y is not
Q,-open mapping. Also, as {1,2} is closed in Z,

(v ({L1,2}) = o({u,v}) = {r,s} ¢ QPC(z). Therefore, ¢"y
is not Q,-closed mapping.

4. ERROR!!Q -R, and Q,-R, Spaces

Definition 11.
1) KQP (2A) is called Qp—kernel of A (i.e., A be subset of a
space Z) if

Ko, () = N{2 € Q02 c 8. (35)

(2) Kq, ({x}) is called Q,,-kernel of x (i.e., x be a point of
a sf)ace ) if

Ko, (1x}) = N {2 € Q,0(Y)Ix € 2}. (36)

Lemma 6. The following properties are holding in (X, 7).
Then,

(1) ye KQP({x})(:)x € %QP({)/}) (xe )
(2) Ko, () = n fx € 21, (xhn 2+ ¢}

Proof. It is similar to Lemmas 3.1 and 3.2 of [16]. O

Lemma 7. For any elements x and y in (X,T), then the
following two properties are equivalent:

(1) Kq, (1) #Kq, ({1}
(2) G, (X)) %o, ({y)

Proof. 1t is similar to Lemma 3.6 of [16]. O

Definition 12. We call Q,-R, space in
Vx e Re QPG)(SZ) such that %QP({x}) c L

(X,7) if

Theorem 19. The following two properties are holding in
(Z,7):

(1) Every pre-R, space is Q,-R, space
(2) Every gp-R, space is Q,-R, space

Proof. 1t follows from Theorem 6. O

Theorem 20. Let x,y € X. Then, Q,-R, space in

(X, 7)o, ({x})+ %Qp ({yh implies
Go, (X N0, (¥ =6

Proof. From Definition 12, the proof is clear. O
Theorem 21. Let x,y € X. Then, Q,-R, space in
(Z, ?)@KQP ({x}) # KQP ({y})  implies KQP ({xhHn KQP

({yh =¢.

Proof. From Lemmas 6 (1), Lemma 7, Definition 12, and
Theorem 20, the proof is clear. O

Theorem 22. The following five properties are equivalent in
(X, 7):
(1) (X,7) is an Q,-R, space

(2) Forany A+ ¢ and & € Q,0(X) such that AN # ¢,
there exists § € QPC(%) such that ANF + ¢ and

Fcl
(3) Forany & € Q,0(X),8 = U{F € Q,C()IF c &}
(4) For any

F€Q,0(2),F=n{8eQ,0()F c g}
(5) For any x € X, %Qp({x}) C KQP({x})

Proof. 1t is similar to Theorem 3.8 of [16]. O

Corollary 4. The following two properties are equivalent in
(Z,7):

1) (X,7) is an QP—RO space
(2) B, (1)) = Ko, (1x) (v € 2)

Proof. From Definition 12 and Theorem 22, the proof is
clear. O

Theorem 23. The following two properties are equivalent in
(Z,7):

(1) (Z,7) is an Q, R, space
(2) x € %”QP({y})@y € %QP({x})(Vx,y c )

Proof. 'The proof is clear. O

Theorem 24. The following four properties are equivalent in
(Z,7):

(1) (X,7) is an Q,-R, space

(2) If § € Q,C(2), then § = Kg (B)

B)IfF e QPC(&’) and x € §, then KQP({x}) cy
(4) If x € X, then KQF({x}) C %QF({x})

Proof. From Lemma 6, Theorem 23, and Definition 12, the
proof is clear. U

Definition 13. We call (,7) is Q,-R; space if

(i) Vx, y € I with %QP ({x}) # %Qp {»h
(ii) There exist disjoint Q,-open sets & and I s.t.
%QP({x})Qﬂ and %Qp( yhHem

Theorem 25. Let (X,T) be a topological space. Then,
(1) Every pre-R, space is Q,-R, space
(2) Every gp-R, space is Q,-R; space
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gp-closed

pg-closed

F1cure 1: The relationship among the Q,-closed sets and other sets.

FIGURE 2: The relationship among the Q,,-open sets and other sets.

Proof. It is obvious. O

Theorem 26. If (2,7) is an Q,-Ry space, then (Z,7) is
Q, R,

Proof. 1t is from Definitions 12 and 13. O

5. Conclusion

We proposed novel notions (i.e., Qp—closed set, Qp-open set,
Q,-continuous mapping, Q,-open mapping, and Q,,-closed
mapping) and explained the basic interesting relations and
properties of above notions. The relationship among the
Qp-closed sets (resp., Q,-open sets) and other sets are given
in Figure 1 (resp., Figure 2). Finally, a novel two separation
axioms (i.e., Q,-R, and QP—IRI) based on the notion of
Q,-open set and Qp—closure are discussed. In the future, we
will add new works (i.e., weakly Q,-R, space) and also
extend several results from [18, 19] to Qp—closed sets.
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