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Abstract

In this paper, we study the existence and uniqueness of coupled coincidence and common fixed points
for single-valued and fuzzy mappings under contraction condition of rational type in b—metric spaces and
obtain the corresponding results for hybrid pair of single-valued and multi-valued mappings. We consider
b—metric space with a partial order and prove the existence of coupled coincidence and common fixed
points for two single-valued mappings.
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1. Introduction and Preliminaries

It is well known that the Banach’s contraction principle for single-valued contractions in metric spaces was
extended in various ways. One of these extensions was given for the so called b—metric spaces by Czerwik
[15]. For more results on b-metric spaces and discussion on the topological structure introduced on it, we
refer to [3, 6,7, 19].

We shall recall some well notions and definitions of the b—metric spaces.

Definition 1.1. [31] Let X be a set and s > 1 be a given real number. A functionald : X X X — R is said to
be a b—metric if the following axioms are satisfied, for all x, y,z € X:

(1) dx,y)=0ex=y,
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(2) d(x,y) = d(y, x),
(3) d(x,z) < s[d(x, y) +d(y,2)|

A pair (X, d) is called a b—metric space.
Lemma 1.2. [31] Let (X, d) be a b—metric space. Then the sequence {x,},en C X is called:

(1) Convergent if and only if there exists x € X such that d(x,,x) — 0 as n — co. In this case we write
im0 x; = X.
(2) Cauchy if and only if d(x,, x,,) — 0as n,m — oo.

Definition 1.3. Let X be a nonempty set. Then (X, <, d) is called an ordered b—metric space if and only if:

(1) (X,d)is a b— metric space,
(2) (X, <) is a partially ordered set.

Notice that we can endow the product space X x X with the partial order <p given by
(y) 2wy xu yxo.

Definition 1.4. Let (X, <) be a partially ordered set. An elements x, y € X are called comparable if x < y or
y=x

Definition 1.5. Let (X, <) be a partially ordered set. A mapping f on X is said to be monotone non-decreasing
with respect to the order < if, for all x, y € X, x < y implies fx < fy.
In [16], Dass and Gupta proved the following fixed point theorem for contractions of rational type.

Theorem 1.6. Let (X,d) be a complete metric space and T : X — X be a mapping such that there exist
a,p > 0 with a + < 1 satisfying

d(y, Ty)l1 + d(x, To)]

d(Tx, Ty) < a 1+, y)

+ Bd(x,y), for all x,yeX.

Then T has a unique fixed point.

Then, Cabrera et al.[8] gave a version of Theorem 1.6 in the context of partially ordered metric spaces.
Recently, Oprea and Petrusel [31] obtained coupled fixed point theorems for monotone rational contractions
in ordered b—metric spaces, see also [9, 11].

The concept of coupled fixed point problem was considered, for the first time, by Opoitsev in [29, 30]
but a very fruitful approach in this field was proposed by Guo, Lakshmikantham [17] and Bhaskar, Lak-
shmikantham [5]. Then Lakshmikantham and Ciri¢ [24] extended these results by defining the mixed
g-monotone property and proved coupled coincidence and coupled common fixed point theorems for
nonlinear contractive mappings F : X X X — X and g : X — X in a partially ordered metric space.

Definition 1.7. [24] Let (X, <) be a partially ordered set, F : X x X — X and g : X — X. We say F has the
mixed g-monotone property if F(x, y) is monotone g-non-decreasing in its first argument and monotone
g-non-increasing in its second argument, that is, for any x, y € X,

x1,x2 € X, g(x1) < g(x2) implies F(x1,y) < F(x2,y)
and
vy, 2 € X, g(y1) < g(y2) implies F(x,y1) = F(x, y2).

If g is the identity mapping, we obtain the Bhaskar and Lakshmikantham’s notion of a mixed monotone
property of the mapping F.
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Definition 1.8. [24]An element (x, y) € XX X is called a coupled coincidence point of mappings F : XXX — X
and g: X — Xif

F(x, y) = 9(x), F(y, x) = g(y)-
Also, if g is the identity mapping, then (x, y) is called a coupled fixed point of the mapping F.

Later on, many results related to this kind of problem appeared (see, for example [21, 26, 28, 35]).

The study of fixed points for multi-valued contraction mappings using the Hausdorff metric was initiated
by Nadler [34] and Markin [27]. Later many authors developed the existence of fixed points for various
multi-valued contractive mappings under different conditions. For details, we refer the reader to [1, 12, 13,
20, 22, 23, 25, 32, 33] and the references therein. The theory of multi-valued mappings has applications in
control theory, convex optimization, differential inclusion and economics.

Let (X, d) be a b—metric space. We denote by CB(X) the family of all nonempty closed and bounded subsets
of X. For A, B € CB(X) and x € X, we denote

D(x, A) = inf d(x, a).
acA

Let H be the Hausdorff metric in CB(X) induced by the metric d on X, that is

H(A, B) = max{sup D(a, B), sup D(b, A)}.
acA beB

It is clear that for any A, B € CB(X) and a € A, we have
D(a, B) < H(A, B).

Definition 1.9. An element x € X is said to be a fixed point of a set valued mapping T : X — CB(X) if and
only if x € Tx.

In 1969, Nadler [34] extended the famous Banach contraction principle from single-valued to multi-valued
mapping and prove the following theorem.

Theorem 1.10. [34] Let (X, d) be a complete metric space and T be a mapping from X into CB(X). Assume
that there exists ¢ € [0, 1] such that
H(Tx, Ty) <cd(x,v),

for all x, y € X. Then T has a fixed point.

The concept of coupled fixed point for multi-valued mapping F : X X X — CB(X) was introduced by Beg
and Butt [4] who followed the technique of Bhaskar and Lakshmikantham to define the mixed monotone
property for F and give sufficient conditions for the existence of its coupled fixed point (not necessarily
unique) in an ordered space (X, <, d).

Definition 1.11. [1] Let X be a nonempty set, F : X x X — 2% (collection of all nonempty subsets of X) and
g: X — X. Anelement (x, y) € X X X is called:

(1) coupled fixed point of F if x € F(x, y) and y € F(y, x),
(2) coupled coincidence point of a hybrid pair F, g if g(x) € F(x, y) and g(y) € F(y, x),
(3) coupled common fixed point of a hybrid pair F, g if x = g(x) € F(x, y) and v = g(y) € F(y, x).

We denote the set of coupled coincidence point of mappings F and g by V(F, g). Note thatif (x, y) € V(F, g),
then (y, x) is also in V(F, g).

Definition 1.12. [1] Let F : X X X — 2% be a multi-valued mapping and g be a single-valued mapping on
X. The hybrid pair (F, g) is called w—compatible if g(F(x, y)) € F(gx, gy) whenever (x, y) € V(F, g).
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It is well known that the fuzzy set concept plays an important role in many scientific and engineering
applications. The fuzziness appears when we need to perform calculations with imprecision variables. The
concept of fuzzy sets was introduced initially by Zadeh [36] in 1965. Then, Heilpern [18] introduced the
concept of fuzzy contraction mappings and developed Banach contraction principle for fuzzy mappings in
complete metric linear space. Subsequently several other authors have studied existence of fixed points of
fuzzy mappings satisfying some different contractive type conditions (see for example [2, 10, 14] and refer-
ences within). Very recently, Zhu et all. [37] introduced the concepts of coupled coincidence and coupled
common fixed points of single-valued and fuzzy mappings and established some coupled coincidence and
coupled common fixed point theorems for this hybrid pair.

Let (X, d) be a b—metric space with constant s > 1 and I = [0,1]. A fuzzy set in X is a function which

associates with each element in X a real number in the interval I. That is, A is a fuzzy set in X if for any
x e X,

A:X—1,
x> Ax el

the function value Ax, is called the grade of membership of x in A. For x € X and r € (0, 1], the fuzzy point
xr of X is the fuzzy set of X given by

wa={ g 7
The r—level set of A, denoted by [A],, is defined by
[Al; = {x: Ax>7r}, ifr € (0,1],
[Alp = {x: Ax >0},
where B denotes the closure of the non-fuzzy set B.

A fuzzy set A is said to be an approximate quantity if and only if [A], is a nonempty convex and compact
in X for each r € I and sup,_y Ax = 1. We denote by W(X) the family of all approximate quantities in X.

Suppose that A,B € W(X), then A is said to be more accurate than B, denoted by A C B, if and only if
Ax < Bx for each x € X.

Let IX be the collection of all fuzzy subsets in X and W(X) be a sub-collection of all approximate quantities.
For A, B € W(X), r € I, define

prA,B) = xe[Air,lyfe[Blr 4 )

D(A, B) = H([Al, [B,)

= max{ sup pr(x, B), sup p;(A, y)}.
x€[A], ye[B],

Let X be an arbitrary set, Y be a metric linear space. A mapping T is called fuzzy mapping if T is a mapping
from X into ¥, that is

T:X 1Y,
x> Tx el (Txis a fuzzy set on a metric linear spaceY),
Tx:Y —1,
y+— Tx(y) € I,(Tx(y) is the grade of membership of y inTx, for all y €Y).

Therefore, a fuzzy mapping T is a fuzzy seton X X Y,
T:X-1,
(x,y) = Tx(y) € L.
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Lemma 1.13. Let (X, d) be a b—metric space with constants > 1, x,y € X and A, B € W(X):

(1) If py(x, A) = 0 then x € [A], and x, C A.

(2) If x, C A, then p,(x, B) < D,(A, B).

(3) pr(x, A) < s[d(x, v) + pily, A)].
Proof. For (1). Let p,(x, A) = inf,ea), d(x,a) = d(x,[A];) = 0 = x € [A],. By the definition of the r—level set of
A and the fuzzy point x, we have x,(x) = r < A(x) and x,(z) = 0 < r < A(x) for z # x. Then x,(1) < A(u) for
allue X = x, C A.
For (2). Let x, C A then A(x) > x,(x) =7, 1. e., x € [A],. Hence

pr(x, B) < sup pr(x, B)
xe[A]
< max{ sup p:(x, B), sup p:(A,b)} = D/(A, B).
x€[Al, be[B],

For (3).
pr(x, A) = aél[}lf], d(x, a)
< inf [sd(x,y) + sd(y,a)]
acl[A],
< ué&f], sd(x, y) + ag}lf]r sd(y,a)
<sd(x,y) + sps(y, A).
O

Definition 1.14. [37] Let F : X X X — IX be a fuzzy mapping and g : X — X a single-valued mapping. An
element (x, y) € X x X is said to be

(1) fuzzy coupled fixed point of F if there exists r € (0, 1] such that x € [F(x, y)]» and v € [F(y, x)],
(2) fuzzy coupled coincidence point of F and g if there exists r € (0,1] such that gx € [F(x, y)], and
gy € [E(y, %)),
(3) fuzzy coupled common fixed point of F and g if there exists r € (0, 1] such that x = gx € [F(x, y)], and
y =gy € [F(y, )]
We denoteby v, (F, g) = {(x, y) € XXX | gx € [F(x, y)]- and gy € [F(y, x)];} the set of fuzzy coupled coincidence
points of F and g. Note that if (x, y) € V.(F, g), then (y, x) is also in V,(F, g).

Definition 1.15. [37] Let F : X X X — X be a fuzzy mapping and g : X — X be a single-valued mapping.
The hybrid pair {F, g} is said to be r —w—compatible if there exists r € (0, 1] such that g[F(x, v)], € [F(gx, gy)];,
whenever (x,y) € V,(F, g).

The following lemma is important in proving our main results

Lemma 1.16. [34] Let A, B € CB(X) and n > 0 then for each a € A there exists b € B such that
d(A,B) <H(A,B) + 1.

Since every compact subset of a b—metric space is bounded and closed, then we can apply Lemma 1.16 for
A, B € W(X).

Starting with the papers of Zhu et all [37] and Orea and Petrusel [31], in the frame work of complete b—metric
spaces, in section two we present some existence and uniqueness theorems for coupled coincidence and
coupled common fixed point for hybrid pair of single-valued and fuzzy mappings under some rational
type contractions. As a consequence of section two we obtain the corresponding results for hybrid pair of
single-valued and multi-valued mappings. Section three is devoted to establish some coupled coincidence
and common fixed point results in partially ordered b—metric spaces for mappings having mixed monotone
property and satisfying certain rational contractive condition.
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2. Coupled coincidence and common fixed point theorems for single-valued and fuzzy mappings

Theorem 2.1. Let (X,d) be a b—metric space with constant s > 1, F : X X X — W(X) be a fuzzy mapping
and g : X — X be a single-valued mapping on X. Suppose that there exist non-negative real numbers
a,B,v,6€[0,1)and r € (0, 1] with (a +y + 6s) + (B + ) + 0s)s < 1 such that for all x, y,u,v € X

ad(gu, [F(u,v)])|1 + d(gx, [F(x, y)])]
H([F(x, )y, [F,0)]) < T+ digm g

+ pd(gx, gu) + y|d(gx, [F(x, y)]) + d(gu, [F(u, 0)],)]
+ 8] d(gx, [F(u,v))y) + d(gu, [F(x, y)])|

2.1)

Suppose also that [F(x, )], € g(X) for all x, y € X and g(X) is complete subspace of X.
Then F and g have at least one fuzzy coupled coincidence point in X.

Proor. Let xg, yo € X be arbitrary. Then [F(xo, y0)]; and [F(yo, X0)], are nonempty and well defined. Since
[F(x, v)]; € 9(X), there exist x1, y1 € X such that gx; € [F(xo, y0)]; and gy1 € [F(yo, X0)],. By Lemma 1.16, we
obtain that for this point gx; € [F(xo, yo)]- and  + y + 0s > 0 there exists gx; € [F(x1, y1)]; such that

d(gx1, gxa) < H([F(xo, yo)lr, [F(x, yl)]r) +(B+y +09).

Therefore, by Eq. (2.1), we have

d(gx1, 9x2) < H([F(xo, yo)lr, [FCx1, y)]y) + (B + 7 + 65)
_ (g, (e, y)[1 -+ dgxo [Fexo, o)l
- 1+ d(gxo, gx1)
+ Bd(gxo, gx1) + y[d(gxo, [F(xo, yo)lr) + d(gxy, [F(x1, y1)]»)]
+ 6[d(gxo, [FGer, y1)1r) + d(gxy, [F(xo, yo)ln)| + (B +y + 65)
. ad(gxy, gxz)[l +d(gxo, gxl)]
- 1+ d(gxo, gx1)
+ 6[d(gxo,gx2) + d(gxl,gxl)] + (B +y +0s)
< ad(gx1, gx2) + pd(gxo, gx1) + y[d(gxo, gxy) + d(gx1,gx2]r)]
+ 6[sd(gxo,gx1) + sd(gxl,gxz)] + (B +y +0s)
< (a+y +05)d(gxr, gxa) + (B +y + 05)d(gxo, gx1) + (B + y + 09),

+ Bd(gxo, gx1) + y[d(gx0, gx1) + d(gxr, 92)]

which implies that
p+y+0s p+7y+0s
d .
1—(a+y+0s) (gx0, gx1) + 1-(a+y+0s)

d(gx1, gxz) <
Letk = 1_[3(21—%. Since (@ +y + 6s) + (B + ) + 0s)s < 1, then we obtain that k < % Thus,

d(gx1, gx2) < kd(gxo, gx1) + k. (2.2)
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Similarly, we can find gy, € [F(y1, x1)]; such that

d(gyr, 9y2) < H(IF(yo, x0)lr, [F(y1, x1)];) + (B +y + 65)
_ ooy, I, x1)])| 1+ d(gyo, [F(yo, x0)1)]
- 1+ d(gyo, 9y1)
+ Bd(gyo, gy1) + y|d(gyo, [F(yo, x0)],) + d(gyn, [F(y1, x1)11)]
+ 0| d(gyo, [F(y1, x1)1) + d(gys, [F(yo, x0)1)| + (B + y + 05)
< ad(gy1, gy2) + By, gy1) + Y[ dgvo, gy1) + d(gyr, gal))]
+ 6[sd(gyo,gy1) + sd(gyl,gyz)] +(B+y +06s)
< (a+y+0s)d(gy1, gy2) + (B +y +06s)d(gyo, gy1) + (B +y + 0s),

which gives
B+y+0s B+y+0s
Hgy1,9y2) < Ty T a9 MOV V) T T T ey

or
d(gy1, gy2) < kd(gyo, gy1) + k.

(B+y+0s)?
1-(a+y+0s)

Again for the point gx, € [F(x1,y1)]r and > 0, we can find gx3 € [F(x2, y2)]; such that

(B+y + 09)?
1-(a+y+06s)
B ad(gxa, [F(xa, yz)]r)[l +d(gx1, [F(xlxyl)]r)]
- 1+ d(gx1, gx2)

+ pd(g1, gx2) + y|d(ger, [FGer, y)1h) + d(ga, [Fx2, y2)1)]
(B+y + 09)?
1—-(a+y+06s)

< ad(gxz, gx3) + pd(gx1, gx2) + y[d(gx1, gx2) + d(gxa, gx3)]

(B +y + 0s)?
1-(a+y+06s)

d(gx2, gx5) < H([F(x, y)]r, [F(xa, y2)]r) +

+ 0[d(gxr, [F(xa, y2)1y) + d(gea, [FGer, yn)1)] +

+ 6d(gx1, gx3) +

(ﬁ+7/+65)2
—(a+y+0s)

< (a+y+0s)d(gxz, gx3) + (B +y + 0s)d(gx1, gx2) + 1

This implies that
B+y+0s
1-(a+y+06s

B+y+0s )2

gz, g33) < —(@+y+0s)

)d(gxl,gxz) + (1

So
d(gxa, gx3) < kd(gx1, gx2) + K.

Also for the point gy € [F(y1, 9x1)]s, there is another point gyz € [F(y2, gx2)], with

d(gy2, gys) < kd(gy, gy2) + k.

Continuing this process, one obtains two sequences {gx,} and {gy,} in X such that

9xns1 € [FXn, yu)lr » 9Yn+1 € [E(Yn, 9%0)]r

(2.3)

(2.4)

(2.5)

(2.6)
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and

A(gxn, 9xns1) < kd(gxn-1, gxn) + K",

. 2.7)
A(gYn, gYn+1) < kd(gyn-1, gyn) +k".

Next, we will show that {gx,} and {gy,} are Cauchy sequences. By using Eq. ( 2.7) we have

d(gxn, gxn+1) < kd(gxn-1, gxn) + k"
< k(kd (g2, g2,-1) + K*71) + K"
< K2d(gxy—2, gxn_1) + 2k" (2.8)

< kK'd(gxo, gx1) + nk", k < 1.
Then, for each p € N, we obtain by repeated application of triangle inequality that

A(gxn, GXnsp) < sA(GXn, GXns1) + SPAGXne1, GXna2) + - -+ + P AGXn1p-1, TXnsp)
< [sk" + 82K + -+ PP d (g, gxg )+
[nsk™ + (n + 1)s?kK"™ 1 + - + (n + p — 1)sP k™71
1 (sk)
1—sk

— 0 as n — oo.

14
< sk" d(gxo, gx1) + K" P+ (n+ DK + -+ (n+p - DK

It follows that {gx,} is Cauchy sequence. Similarly, we can show that {gy,} is also Cauchy sequence. Since
g(X) is complete, there exist x, y € X such that

gx, — gx and gy, — gy. (2.9)

By Lemma 1.13

d(g, [F(x, y))y) < sd(gx, gxusn) + sd(gnsn, [F(x, )1
d(g, [F(x, y))y) — sd(gx, gxns1) < sd(gnsn, [F(x, )]
< sH([F(x, )]y, [F(e, ya)lr)

_ (g, TG, y])[1 + (g, [FGx 1)
- S( 1+ d(gx, gx,)

+ pd(gx, gxa) + y[d(gx, [F(, y)1y) + d(gx, [F(ra, yn)l)|
+ 0], [FGen, )l + g, [F )] )

- ad(gxn/ gxn+l)[1 + d(gx, [F(X, ]/)]r)]
- S( 1+ d(gx, gxn)

+ pd(gx, gxn)
+y[d(gx, [FG, )10) + A%, g%na)] + 0[d(gx, gxna) + d(gn, [F(x, y)]»]).
Since, from Eq. ( 2.8), d(gxy, [F(xu, yn)ly) < d(gxn, gxn+1) — 0 as n — oo and from Eq. (2.9) and Lemma 1.2,

d(gx, gx,) — 0 as n tends to infinity. Also, we have, d(gx,, [F(x, y)];) < sd(gx,, gx) + sd(gx, [F(x, y)];). Then
we can take limit as n — oo to get

d(gx, [F(x, y)]) < s(vd(gx, [F(x, y)],) + s6d(gx, [F(x, v)])).
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That is

[1 =50y +50)]d(gx, [F(x, y)]) <0.
This implies that d(gx, [F(x, v)];) = 0. That is p,(g9x, F(x, y)) = 0, then by Lemma 1.13 we get gx € [F(x, y)]. A
similar argument can be derived to show that gy € [F(y, x)];. This completes the proof and (x, y) is a fuzzy
coupled coincidence point of the mappings F and g.

The existence and uniqueness of fuzzy coupled common fixed point for F and g is discussed in the following
theorem.

Theorem 2.2. In addition to hypotheses of Theorem 2.1, F and g have fuzzy coupled common fixed point
if one of the following conditions holds:

(a) Fand g are r — w—compatible, lim, . g"x = u, lim,_,« g"y = v for some (x, y) € V,(F, g), u,v € X and
g is continuous at u and .

(b) g is continuous at x,y for some (x,y) € V,(F g) and there exist u,v € X with lim,_. g"u = x,
lim, e g"v = v.

(c) There exists (x,y) € X x X such that gx = g%x, gy = g*y and (gx, gy) € V,(F, g).

(d) For any two fuzzy coupled coincidence points for F and g (say, (x, y) and (u,v)) the set g( v, (F, g)) is
singleton under the following condition

d(gx, gu) < H([F(x, Y], [F(u,v)],)
and
d(gy, go) < H([F(y, X)), [F(0, w)];).

Furthermore, in addition to what mentioned in (d) assume one of the following holds

(@) g( v+ (E9) S V/(Fg),

(ii) F and g are r — w—compatible.

Proor. Theorem 2.1 ensure the existence of at least one fuzzy coupled coincidence point for F and g, i.e.,
Vr(E g9) # 0.

Suppose that (2) holds. Then for some (x, y) € V.(F, g), there exist u, v € X withlim, e ¢"x = u, lim, e "y =
v and g is continuous at # and v. Hence

1 n+l,. _ 1; nay
u=lim g™ x = lim g(g'x) = gu (2.10)
and
0= limg*ly = lim g(g"y) = go. (2.11)

As F and g are r — w—compatible, we have

glF(x, y)lr € [F(gx, gy)]r (2.12)

and
glF(y, )l € [F(gy, 901 (2.13)

Note that if (x, y) € V,(F, g), then (y, x) is also in V,(F, g). From (2.12), (2.13), gx € [F(x, y)]» and gy € [F(y, x)];,
we can get that

g9(gx) € [F(gx, gy)]; (2.14)
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and
9(gy) € [F(gy, 9)1. (2.15)
Thus,
(9x, 9y) € V+(E, 9).
Again by the r — w—compatibility of F and g, we obtain that
glF(gx, gy)l < [F(g(gx), 9(gy)] (2.16)
and
g[F(gy, 90)]; € [F(9(gy), g(gx))]r (217)
Egs. (2.14) and ( 2.16) imply to
9(g%x) € [F(@*x, )]s
Also, (2.15) and ( 2.17) yield to
9(g*y) € [F(g*y, 7))
So,
(%%, 9°y) € Vr(E g).
Continuing this process, we can get that
g'x € [F@" % g ')l 9"y € [F(@" "y, 9" 0], (2.18)
and
(g"x,9"y) € V,(F, g) for all n>1. (2.19)

Then by (2.1), (2.18) and Lemma 1.13

d(gu,[F(u,v)];) — sd(gu, g"x) < sd(g”x, [F(u, v)],)
< sH([F(u,0)],, [F(g" "%, "' y)];)

ad(g"x, [F(g"'x, 9" )11 +d(gu, [F(u, o)1)
< s(
1+ d(gu, gx)

+ pd(gu, g"x) +y|d(gu, [F(u, v)],) +d(g"x, [F(g" "%, 4" y)),)]
+ o[ d(gu, [F(g"x, "' y)1,) + d(g"x, [F(u, v)]»])

ad(g"x, g”x)[l +d(gu, [F(u, U)]r)]
= S( 1+d(gu, g"x)

+ Bd(gu, g"x)

+ y|dlgu, [F@, 0)1,) + d(g"x, g"3)| + 5d(gu, "x) + 0s[d(g"x, gu) + d(gu, [F(u, v)]»])

<s(B+ 0+ 0s)d(gu, g"x) + (y + 6s)d(gu, [F(u, v)];).

Letting n — oo above to get
[1—(y + 0s)]d(gu, [F(u,v)];) <O0.

Therefore, u = gu € [F(u,v)],. Similarly, v = gv € [F(u,v)],. Hence (u,v) is a fuzzy coupled common fixed

point of F and g.

Suppose that (b) holds. Then g is continuous at (x,y), lim,—e g"u = x and lim,. g"v = y for some

(x,y) € Y.(F,g) and u, v € X. It follows from the continuity of g at x, y that

x = lim ¢""'u = lim g(¢"u) = gx € [F(x, y)],

n—oo g”u—m
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and
y = lim ¢""'o = lim g(¢"v) = gy € [F(y, %)],.
grv—y

n—oo
Hence (x, y) is a fuzzy coupled common fixed point of F and g.

Suppose that () holds. Then there exists (x, y) € X x X such that gx = ¢%x, gy = gy and (g%, gy) € V,(F, 9).
Then we have

gx = g(gx) € [F(gx, gy)]-
and
gy = g9(gy) € [F(gy, g%)];.

Hence (gx, gy) is a fuzzy coupled common fixed point of F and g.

Finally, suppose that (d) holds. That is, if we have two fuzzy coupled coincidence points for F and g (say,
(x,y) and (u,v)) then
d(gx, gu) < H([F(x, )], [F(u, 0)];) (2.20)

and
d(gy, go) < H([F(y, )]y, [F(v, w)]y).

Now we aim to proof that the set g( v, (F, g)) is singleton, i.e., if we have (x,y), (4,v),... € V,(F g) then
gx=gu=...and gy =gv=.... By (2.1),(2.20) and Lemma 1.13
d(gx, gu) < H([F(x, )1, [F(, 0)1,)
_ ad(gu, [Fa, 01)[1 + dlgx, [FCo )]
- 1+ d(gx, gu)
+y[d(gx, [Fx, 1) + d(gu, [Fw, o)) | + 6[d(gx, [F(u, v)1,) + d(gu, [F(x, )],)]

< (B +28)d(gx, gu)
[1— (B +206)ld(gx, gu) < 0.

+ Bd(gx, gu)

Thus, gx = gu. By a similar way we can conclude that gy = gv. Therefore, g( v (F g)) = {(gx, gy)}. We have
to discuss two cases

e Case 1. Firstly, if g( v, (F g)) C V«(F, g) then x = gx =€ [F(x, y)]; and y = gy =€ [F(y, x)];.
e Case 2. Secondly, if F and g are r — w—compatible. Therefore, from ( 2.12), ( 2.13) we get

g(gx) € [F(gx, gy)]»
and
9(gy) € [F(gy, gx)]-
Thus,
(9x, gy) € V+(F, 9).

Hence, we have (x, v) and (gx, gy) are in V.(F, g). From above we conclude that

gx = g(gx) € [F(gx, gy)]r

and

gy = g9(gy) € [F(gy, gx)];-
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Hence (gx, gy) is a fuzzy coupled common fixed point of F and g.
At the end of the proof we shall claim that the existed fuzzy coupled common fixed point for hybrid pair F
and g is unique under the conditions mentioned in (d). Let (x, y) and (¥, i) are two fuzzy coupled common
fixed point for F and g, then we have x = gx € F(x,y), y = gy € F(y,x), ¥ = g% € F(X, ) and § = gy € F(y,%).
Therefore, by (2.1) we obtain
d(x, %) = d(gx, g%) < H([F(x, )I,, [F(%, 9)])
d(g%, [F(x, 9)))[1 + d(gx, [F(x, )1,)] e

< af T A 90 )+ pd(gx, g7)

+y[d(gx, [FCx, 1) + d(g%, [FE )] + o[ d(gx, [F(&, 9)1) + d(g#, [F(x, y)],)]
d(g, %) 1 + d(gx, gx) |

1 +d(gx, g%)

< a( ) + pd(gx, gx) + y[d(gx, gx) + d(gx, gaé)]

+ 8] d(gx, g%) + d(g%, gx)
< pd(gx, gx) + 26d(gx, gx)
< (B +20)d(gx, g%),
which implies that
[1-(B+20)]d(x,%) <0.

Thus, x = %, by a similar way we can prove that y = §. That is, F and g have a unique fuzzy common fixed
point.

3. Coupled coincidence and common fixed point theorems for single-valued and multi-valued mappings

Under special choice for the mapping F(x, y), for any x, y € X, we obtain the corresponding multi-valued
and single-valued results as follows:
We know that

F:Xx X — W(X),
(x,y) — F(x, y)

and

F(x,y):X = 1=[0,1],
ur—rel

Now we consider that F(x, y), for all (x, y) € X X X is the constant mapping defined by

1, ueT(xy),

0, otherwise, (3.1)

F(x, y)(u) = {

where T : X X X — CB(X) is multi-valued mapping from X X X into CB(X).
Then for r € (0,1], we have

[F(x/y)]r ={ueX:Flx,y)(u) 27}
={ueX:Flx,y)(u)=1>r}
=fueX:uel(x,y) >r}
=T(x,y).
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Therefore, we can get the specific form of inequality (2.1) as

Agu, 1F(w, o)1+ dgx, [FG )
H(IFG, 9l [F,))) < o = M1+[d(g+x,gi§ w b,

+ Bd(gx, gu) + y[d(gx, [F(x, y)l) + d(gu, [F(u,v)],)]
+ | d(gx, [F(u, 0)]) + d(gu, [F(x, )],

d(gu, T(u,0))[1 + d(gx, T(x, )|
1+ d(gx, gu) )

+ pd(gx, gu) + y[d(gx, T(x, y)) + d(gu, T(u,0))]
+ 8| d(gx, T(u,v)) + d(gu, T(x, y)].

H(T(x, y), T(u, v)) < a(

Consider F(x, y) as in (3.1) we obtain the following corollary.

Corollary 3.1. Let (X,d) be a b—metric space with constants > 1, T : X X X — CB(X) be a multi-valued
mapping and g : X — X be a single-valued mapping on X. Suppose that there exist non-negative real
numbers a, ,y,0 € [0,1) with (¢ + y + 0s) + (B + ) + 0s)s < 1 and for all x, y, u,v € X we have

d(gu, T(u,0))[1 + d(gx, T(x, )|
1 + d(gx, gu) ) + ﬁd(gx’ gu)

+y|d(gx, T(x, v) + d(gu, T(u,0))| + 8] d(gx, T(w, 0)) + d(gu, T(x, ) -

H(T(x, ), T(w,0)) < af (3.2)

Suppose also that T(x, y) € g(X) for all x, y € X and g(X) is complete subspace of X.
Then T and g have at least one coupled coincidence point in X. Moreover, if T and g are w—compatible and

d(gx, gu) < H(T(x,y), T(u,v)) and d(gy, go) < H(T(y, x), T(v, u)),

for any two coupled coincidence points (x, y) and (u,v) for F and g. Then F and g have unique coupled
common fixed point.

4. Coupled coincidence and common fixed point theorems for single-valued mappings defined on a
space with partial order

Theorem 4.1. Let (X, <) be a partially ordered set and d : X X X — R* be a b—metric with constant s > 1.
Suppose that F : X x X — X and g : X — X be two single-valued mappings on X, F has the g—mixed
monotone property, F(x, y) € g(X) for all x, y € X and g(X) is complete subspace of X. Suppose that there
exist non-negative real numbers «, 8, , 6 € [0,1) with (@ + y + 0s) + (B + ) + 6s)s < 1 such that

ad(gx, F(x, y))d(gu, F(u, v))
1+ d(gx, gu) + plgx, gu) 4.1)
+ [, Fx, ) + d(gu, Fiu, o) + o[ d(gx, Fiu, o) + d(gu, F(x, ),

d(F(x, y), F(u, U)) <

for all x, y, u,v € X with gx < gu and gy > go.
Also suppose that X has the following properties:

(i) if a sequence {x,} C X is a non-decreasing sequence with x,, — x € X, then x = sup, {x,,},
(ii) if a sequence {y,} C X is a non-increasing sequence with y, — y € X, then y = infy,{y,}.
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Furthermore, if there exists two elements xp, yo € X with gxo < F(xo, y0) and gyo > F(yo, X0), then there
exists x,y € X such that gx = F(x,y) and gy = F(y, x), that is, F and g have a coupled coincidence point
(x,y) € XX X.

Proor. Using F(X X X) € g(X) and beginning with these points x, o € X, we can find x1, y; € X such that
gx1 = F(xo, yo) and gy1 = F(yo, x0). Also for x1,y; € X there exist x2, 2 € X such that gx, = F(x1,y1) and
gy2 = F(y1, x1). By the g—mixed monotone property of F, gxo < F(xo, o) and gyo > F(yo, x0), we have

gxo < gx1 and gyo > gy1 =
gx1 = F(xo, yo) < F(x1,y1) = gx2 and gy1 = F(yo, x0) = F(y1,x1) = gy2.

Continuing in this way, we construct two sequences {gx,},>0 and {gy,},>0 in X such that
gxn+1 = F(xﬂ/ yi’l)/
gYn+1 = F(yn, xn).

By mathematical induction we obtain
gxn 2 gxp1 and gy, = gyu1 Yn > 0.

If gx,, = gxp41 and gy, = gyu41 for some n > 1 then gx, = F(x,, y,) and gy, = F(gyn, gxu), i-e., (Xn, yy) is a
coupled coincidence point of F and g and this completes the proof. So from now on, we assume that either
gxXy # gXp41 OF gYn # gGYns for all n. Since gx,—1 < gx, and gy,—1 = gyu, then from (4.1), we have

d(g, 9%us1) = A(F(u-1, Y1), F(n, )
(X1, F(n-1, Yn-1))d(gxn, F(xn, yn)))
B 1+ d(gxn-1, 9xn)
+ ﬁd(gxn—lz gxn) + V[d(gxn—l/ F(xy-1, ]/n—l)) + d(gxn/ F(xy, yn))]
+ 0] d(gn-1, FCn, y)) + (g%, Fu1, Y1)
_ ad(gxu-1,9%n)A(GXn, gXn+1) )
1+ d(gxn-1, 9xn)
+ Bd(gxn1, gxn) + Y[A(Gxn-1, 3%n) + d(g, g 11)]

+ 0] (g1, gne1) + (g, g%) |
< ad(gan, gxnsn) + Bd(gXn-1, %) + Y [d(gxn-1, 9%n) + A%, 90s1)]
+ 6[sd(gxn_1, gxy) + sd(gxy, gxn+1)]
< (a+y+05)d(gxn, gxps1) + (B +y + 05)d(gxy—1, gxy).
So we have

B+y+0s
1-(a+y+0s)

A(gxn, gxn41) < A(gxn-1, gxn)

(4.2)

< K'd(gxo, gx1).
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Similarly,

d(gYns1, 9Yn) = A(FWn, ), F(Yn1, %n-1))
< ad(yyn,F(yn,xn))d(gyn_l,F(yn_l,xn_l)))
B 1+ d(gYn, 9Yn-1)
+ Bd(gYn-1, 9Yn) + Y| AGYn, FYn, x0)) + Ay, FYn1,%01))]
+ 0] d(@Yn, FYn-1,%1-1)) + d(@Yn-1, F(yn, %))
<(a+y+068)d(gyn, gYn+1) + (B +y + 05)A(gYn-1, 9Yn)

B+y+os

T 1-(a+y+06s)

d(gyi’l—ll g]/n)

< K'd(gvo, gy1).

Letn € N and p > 1. Now we will prove that {gx,} and {gy,} are Cauchy sequences in X.

d(g2n, GXnsp) < 5A(GXn, GXni1) + S2A(G2Xn41, GXne2) + -+ - + P A(GXn1p-1, Xnsp)
< [sk" + %K™ 4 -+ SPRPd (g, gxn)
< sk"[1 + sk + - - + (sk)P~1d(gxo, gx1)
— P
< sk”%d(gxo,gxﬂ — 0 as n — oo.

It follows that {gx,} is Cauchy sequence. Similarly, we can show that {gy,} is also Cauchy sequence. Since
g(X) is complete, there exist x, y € X such that
gxn — gx and gy, — gy. (4.3)

Now we show that (x, ) is a coupled coincidence point for F and g. For this purpose we shall use (4.1)
with x = x,, ¥y = ¥4, u = x and v = y, then take limit on both sides as n tends to infinity and use Eq. (4.3),
Lemma 1.2 and properties on X.

d(gx, F(x, y)) < sd(gx, gxn+1) + sd(gxn+1, F(x, y))

d(gx, F(x, y)) — sd(gx, gxp+1) < sd(F(xn, yn), F(x, y))
< S( ad(gxn, F(xn, yn))d(gx, F(x, y))
- 1+ d(gxy,, gx)

+ pd(gx, gxn)

+ y[d(gxn, FGen, yn)) + d(gx, Fx, )| + 8 d(gx, F(x, ) + (g2, F(xs, yn»])

< S(ad(gxn, gxn+1)d(gx, F(x, y))

1+ d(gxy, gx) ) + pa(gx, gn)

+ [0, gr0en) + dlgx, P y)] + 8], Fx, 1) + (g, )
[1 =50y +50)]d(gx, F(x, ) < 0.

This implies that gx = F(x, y). A similar argument can be derived to show that F(y, x) = gy. This completes
the proof and (x, y) is a coupled coincidence point of the mappings F and g.

Remark 4.2. 1f F is continuous and commutes with g, we can get the same result without using proper-
ties (7)) and (i1) on X. F(gx,gy) = F(limy—eo g%n, iMy—co gyn) = limy—eo F(9Xn, gyn) = limy—eo gF(Xn, Yn) =
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im0 g(gxn4+1) = gx and

F(gy, gx) = F(limy, 0 gyn, limy 0 gx4) = limy 0 F(GYn, 9%4) = limy 0 gF (Y, X1)

= limy—e0 g(9Yn+1) = 9Y.

Now we proof the uniqueness of the coupled point of coincidence under additional condition and the
existence of the coupled common fixed point by using the notion of weak compatibility.

Theorem 4.3. By adding to the hypotheses of Theorem 4.1 the condition: for every two coupled coincidence
points of F and g, (x, y) and (x*, y*), there exists (u,v) € X2 such that (gu, gv) is comparable, at the same time,
to (gx, gy) and (9x*, gy*). Then F and g have a unique point of coincidence. Furthermore, if F and g are
w—compatible then they have a unique coupled common fixed point.

Proor. Suppose that (x, y) and (x, y*) are two coupled coincidence points of F and g, that is, gx = F(x, y),
gy = F(y,x), gx* = F(x*,y") and gy* = F(y*,x*). We shall prove that gx = gx* and gy = gy*. Consider the
following two cases:

(Case 1) If (g9x, gy) and (g9x7, gy*) are comparable, say (gx, gy) <p (9x*, gy*), then we have

" _ . e L ad(gx, F(x, y)d(gx", F(x*, y*))
d(gx, gx°) = d(F(x, y), F(', y")) < T it 7

+ y]dgx, Fx, ) + dlgx, F, y) | + 0] d(gx, F, ) + d(gx, F(x, )]
< (ﬁ + Zé)d(gx, gx’),

+ Bd(gx, gx°)

which gives d(gx, gx*) = 0. Thus, gx = gx*. Also, we have

d(gy,gy") = d(F(y, ), F(y', ) = 0.

Hence, gy = gy".

(Case 2) If (gx, gy) and (gx~, gy*) are not comparable. By assumption there exists (1, v) € X x X such that (gu, gv)
is comparable to (gx, gy) and to (gx~, gy”).
Putug =u,v90=9,x0 =%, Y0 =Y, xa = x* and ya = x*. Using that F(X X X) C g(X), for up,vg € X,
there exist uj, v1 € X with gu; = F(ug, vg) and gv; = F(vp, up). For n > 1, continuing this process we
can construct the sequences {gu,} and {gv,} such that

Juns1 = F(gun, gvp) and goui1 = F(gog, gun).

On the same way, for (x, y) and (x*, y*) € X X X, define the sequences {gx,}, {gy.}, {9x;,} and {gy;,} as

9Xne1 = F(9%u, 9Yn), 9Yne1 = F(9Yn, 9x1)
and
9%, 1 = F@9%5, 9Y3), Y51 = F(gyn, 9%3)-

Since F has g—mixed monotone property and gx; = F(xo, yo) = gxo (that is, gx; < gxo and gx1 > gxo),
then we have
gxXne1 < gx, and gx, > gxue Yn > 0.

Hence
JXp+1 = gxy O gx, = gx = F(x, y).

By a similar way, we get

gyn = F(y,x), gx;, = F(x",y") and gy, = F(y*,x").
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Since (guo, gvo) is comparable with (gx, gy), say guo < gxo and gvg > gyo, then we have
guy X gx, = gx and gu, > gy, = gy Yn > 0. (4.4)

Using that (guo, gvo) is also comparable to (gx*, gy*), we obtain that (gu,, gv,) is comparable to (gx*, gy*).
By (4.1) and (4.4), we get

ad(guy, F(un, v,))d(gx, F(x, y))
1+ d(guy, gx)
+ Bd(guin, 9%) + y[d(giun, F(un, 0a)) + d(gx, F(x, y)) |
+ 6[d(gun, F(x,y)) + d(gx, F(uy, vn))]
< Bd(gitn, gx) + yA(guin, gitns1) + 6| d(gun, 9) + d(gx, gitn11)]

[1 —(ys+ 5)]d(gun+1,gx) < (B +ys + 0)d(guy, gx)

B+ys+0
d(gins1, gx) < T-(s+0)

d(gunr, gx) = d(F(un, v2), F(x, ) <

d(gun, gx)

S(ﬁ+ys+5

m) d(gu,gx) — 0 as n — oo.

Also, we have

ad(gy, F(y, x))d(gon, F(0n, tn))
1+d(gy, gon)

+ Ba(gy, gou) + y|d(gy, F(y, x)) + d(gon, FOu, un)|

+ 8[d(gy, F(wn, un)) + d(gon, F(y, %))

< Bd(gy, gon) + yd(gon, gon+1) + 5[d(gy, JOns1) + d(gon, gy)]

B+ys+0
< 1—(s+0) (s + 6)‘1(9%9011)

d(gy, gone1) = d(F(y, %), F(@n, 1)) <

<(ﬁ+)/s+6

hS m) d(gy,gv)—>0 as n — oo.

Thus,
lim d(guy, gx) = lim d(goy, gy) = 0.
By a similar way we can prove that
lim d(gun, gx") = lim d(go,, gy”) = 0.
By the uniqueness of the limit, we obtain gx = gx* and gy = gy".

Therefore, F and g have a unique point of coincidence (gx, gy), that is g(Vv(F, 9)) = {(gx, gy)}. Furthermore, if
F and g are w—compatible then we have

7°x = g(F(x,y)) = F(9x, gy) and g%y = g(F(y,x)) = F(gy, gx).

That s (gx, gy) is another coupled coincidence point for F and g, i.e., (9%x, g°y) € g(V(F, g)). By the uniqueness
of the point of coincidence, we obtain

gx = g°x = F(gx,gy) and gy = g°y = F(gy, gx). (4.5)
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Hence, (w1, w2) = (g%, gy) is a coupled common fixed point for F and g.
Now we will claim the uniqueness of this coupled common fixed point. Suppose that (z1, ;) is another
coupled common fixed point of F and g. Thus,

z1 = gz1 = F(z1,22) and zp = gzo = F(z2,21). (4.6)

Therefore, (z1,27) is point of coincidence of F and g. Since (w1, wy) is the unique point of coincidence, then
we have z; = wy and z; = w;. Hence (w1, w») is a unique coupled common fixed point of F and g.
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