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Vertical Alignment
• A primary concern in vertical alignment is establishing the transition of
roadway elevations between two grades. This transition is achieved by means
of a vertical curve.

• The vertical alignment of a highway consists of straight sections known as
grades, (or tangents) connected by vertical curves.
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Profiles:

Curve a: Crest Vertical Curve (concave downward)

Curve b: Sag Vertical Curve (concave upward)

Tangents: Constant Grade (Slope)
15‐11‐2023 3
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Crest Curve

Sag Curve

G1

G2 G3

Vertical Alignment 
Tangents and Curves

• Like the horizontal alignment, the vertical alignment is made up of tangent
and curves

• In this case the curve is a parabolic curve rather than a circular or spiral
curve
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A = G2 – G1
In this case A = -G2 – (G1) = -G1 - G2 15‐11‐2023
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Crest Vertical Curves 

• Type I: upgrade then downgrade
• Type II: upgrade then upgrade with less value

: downgrade then downgrade with more
value
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Sag Vertical Curves 
• Type III: downgrade then upgrade

• Type IV: upgrade then upgrade with more value
: downgrade then downgrade with less value
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Examples

• Are these a crest or sag curves?
• Design speed = 70 mph
• 1‐ G1 = +2%, G2 = ‐4%, A=‐4‐2=‐6
• Crest curve
• 2‐ G1 = ‐2%, G2 = +4%, A=4+2=6
• Sag curve
• 3‐ G1 = +4%, G2 = +2%, A=2‐4=‐2
• Crest curve
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For a crest curve, A is negative

For a sag curve, A is positive

Examples

• Are these a crest or sag curves?
• Design speed = 70 mph
• 4‐ G1 = ‐4%, G2 = ‐2%, A=‐2+4=2
• Sag curve
• 5‐ G1 = +3%, G2 = +4%, A=4‐3=1
• Sag curve
• 6‐ G1 = ‐2%, G2 = ‐4%, A=‐4+2=‐2
• Crest curve
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Maximum Grade

Harlech, Gwynedd, UK (G = 34%)
www.geograph.org.uk
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Maximum Grade

Dee747 at picasaweb.google.com
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Maximum and Minimum Grade
One important design consideration is the determination of the maximum and minimum

grade that can be allowed on the tangent section

The minimum grade used is typically 0.5%

The maximum grade is generally a function of the

• Design Speed

• Terrain (Level, Rolling, Mountainous)

On high speed facilities such as freeways the maximum grade is generally kept to 5%

where the terrain allows (3% is desirable since anything larger starts to affect the

operations of trucks)

At 30 mph design speed the acceptable maximum is in the range of 7 to 12 %

15‐11‐2023 13Prof. Mahmoud Enieb
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Maximum Grades
• Passenger vehicles can easily negotiate 4 to 5% grade without appreciable 
loss in speed.

• Upgrades:  trucks average 7% decrease in speed.

• Downgrades:  trucks average speed increase 5%

15‐11‐2023 Prof. Mahmoud Enieb
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Grade Considerations

• Maximum grade – depends on terrain type, road functional class, and 
design speed

70mph60mphTerrain
3%3%Level
4%4%Rolling
5%6%Mountainous

Rural Arterials
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Maximum Grade
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Grade Max. length
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Vertical Curves

• Ascending grade:
• Frequency of collisions increases 
significantly when vehicles 
traveling more than 10 mph 
below the average traffic speed 
are present in the traffic stream

15‐11‐2023
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Example

If a highway with traffic normally 
running at 65 mph has an inclined 
section with a 3.5% grade, what is 
the maximum length of grade that 
can be used before the speed of the 
larger vehicles is reduced to 55 mph? 

15‐11‐2023 Prof. Mahmoud Enieb
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Example 1

• a 3.5% grade causes a 
reduction in speed of 
10 mph after 1150 feet 

15‐11‐2023

Prof Mahmoud Enieb

19

20



Highways and Airports Engineering 09‐09‐2024

Prepared by Prof. Dr. Mahmoud Enieb 11

Example 2

General 
Design 
Speed 
Reduction

• a 4.5% grade causes 
a reduction in speed 
of 10 mph after 900 
feet 

15‐11‐2023 21
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Maximum Change of Grade Permitted Without Use of a Vertical Curve, and 
Min. length of vertical curve for good appearance
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Vertical Curves

• To provide transition between two grades
• Consider

• Drainage (rainfall)
• Driver safety (SSD)
• Driver comfort

• Use parabolic curves
• Crest vs Sag curves

15‐11‐2023 23Prof. Mahmoud Enieb

Vertical Curves

PVI

point of vertical curvature

point of vertical intersection

point of vertical
tangency

G2%

G1%

• G1 , G2 = grades of tangents (%)
• A = algebraic difference = G2 – G1
• L = length of vertical curve
• PVC = point of vertical curve
• PVI = point of vertical intersection
• PVT = point of vertical tangent

y

x

15‐11‐2023
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Examples

• What is A?
• 1‐ G1 = +2%, G2 = ‐4%
• A = G2 – G1  = ‐4‐2 = ‐6%
• 2‐ G1 = ‐2%, G2 = +4%
• A = G2 – G1  = 4+2 = +6%
• 3‐ G1 = +4%, G2 = +2%
• A = G2 – G1 = 2‐4= ‐2%

15‐11‐2023 25Prof. Mahmoud Enieb

Examples

• What is A?
• 4‐ G1 = ‐4%, G2 = ‐2%
• A = G2 – G1 = ‐2+4 = +2%
• 5‐ G1 = +3%, G2 = +4%
• A = G2 – G1  = 4‐3 = +1%
• 6‐ G1 = ‐2%, G2 = ‐4%
• A = G2 – G1  = ‐4‐ (‐2) = ‐2%

15‐11‐2023 26Prof. Mahmoud Enieb
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Parabolic Curves
• The general form of the parabolic equation, as applied to vertical curves, is:

• y = ax² + bx + c

• where

• y = roadway elevation at distance x from the beginning of the vertical curve (the

PVC) in stations or ft (m) ,

• x = distance from the beginning of the vertical curve in stations or ft (m) ,

• a, b, c = coefficients defined below

• At x = 0, y = PVC

• Then PVC = c 

• c = elevation of the PVC

15‐11‐2023 27Prof. Mahmoud Enieb

Parabolic Curves
• Note that the first derivative gives the slope. 
• dy/dx = G1, at x = 0 

• dy/dx = 2ax + b

• b = G1

• dy/dx = G2, at x = L

• dy/dx = 2ax + b

• G2 = 2a*L + G1

• a = (G2 �G1) / 2L

• y = (G2 �G1) x
2 / 2L + G1 x + PVC

• y = A x2 / 2L + G1 x + PVC

• dy/dx = (G2 �G1) x  / L + G1 = A x  / L + G115‐11‐2023
28
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Properties of Vertical Curves

PVC

PVC

L

G2

G1

Change in grade: A = G2 - G1

where G is expressed as % (positive /, negative \)

For a crest curve, A is negative

For a sag curve, A is positive

L/2
L/2

PVI

15‐11‐2023 29
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Properties of Vertical Curves

PVC

PVT

L

G2

G1

Rate of change of curvature: K = L / |A|

Which is a gentler curve - small K or large K?

L/2
L/2

PVI

15‐11‐2023
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Properties of Vertical Curves

PVC

PVT

L

G2

G1

L/2
L/2

Rate of change of grade: r = (g2 - g1) / L

where,

g is expressed as a ratio (positive /, negative \)

L is expressed in feet or meters

Note – K and r are both measuring the same characteristic of the curve

but in different ways

PVI

15‐11‐2023
31
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Examples
• What is K, r, if L = 150 m?
• 1‐ G1 = +2%, G2 = ‐4%, crest curve
• K = L/A= 150 / ‐0.04‐0.02= 2500 m
• r = A / L= (‐0.04‐0.02 ) / 150 = ‐ 0.0004 / m
• 2‐ G1 = +4%, G2 = +2%, crest curve
• K = L/A= 150 / 0.02‐0.04= 7500 m
• r = A / L= (0.02‐0.04 ) / 150 = ‐ 0.00013 / m
• 3‐ G1 = ‐6%, G2 = ‐2%, sag curve
• K = L/A= 150 / ‐0.02+0.06= 3750 m
• r = A / L= (‐0.02+0.06 ) / 150 = + 0.00027 / m

15‐11‐2023 Prof. Mahmoud Enieb 32
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Properties of Vertical Curves

PVC

PVT

PVI

L

G2

G1

Equation for determining the elevation at any point on the curve
y = (G2 �G1) x

2 / 2L + G1 x + PVC

y = 1/2 r x2 +  G1x + y0
where,

y0 = elevation at the PVC
G = grade expressed as a ratio
x = horizontal distance from PVC
r = rate of change of grade expressed as ratio

Elevation = y

15‐11‐2023 33Prof. Mahmoud Enieb

x

y

Where r = A / L

High/Low point on curve
Distance PVC to the turning point (high/low point on curve)

y = A x2 / 2L + G1 x + PVC

dy/dx = A x / L + G1 = 0,

X = - (G1 * L/A) = -( G1 * 1/r)

x = -(G1/r)
Where r = A / L

15‐11‐2023 34Prof. Mahmoud Enieb
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Properties of Crest Curves
y

25+00

26+50

PVC
PVT

PVI

G2

G1 x

Example:
G1 = 2 % G2 = - 3 %
Elevation of PVI = 150.00 

m
Station of PVC = 25+00
Station of PVI = 26+50

Length of curve?

L/2 = Sta. PVI � Sta. PVC

L/2 = 2650 m - 2500 m = 150 m
L = 300 m

15‐11‐2023 35Prof. Mahmoud Enieb

Properties of Crest Curves
y

25+00

26+50

PVC
PVT

PVI

G2

G1 x

Example:
G1 = 2 % G2 = - 3 %
Elevation of PVI = 150.00 

m
Station of PVC = 25+00
Station of PVI = 26+50

r - value?

r = (G2 - G1)/L
r = (-0.03 - 0.02)/300 m
r = - 0.000167 / meter

15‐11‐2023 36Prof. Mahmoud Enieb
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Properties of Crest Curves
y

25+00

26+50

PVC
PVT

PVI

G2

G1 x

Example:
G1 = 2 % G2 = - 3 %
Elevation of PVI = 150.00 

m
Station of PVC = 25+00
Station of PVI = 26+50

Station of high point?
x = -(G1/r) 
x = -([0.02] / [-0.000167/m])
x = 120 m

Station = [25+00] + 120 m
Station  = 26+20

15‐11‐2023 37Prof. Mahmoud Enieb

Properties of Crest Curves
y

25+00

26+50

PVC
PVT

PVI

G2

G1 x

Example:
G1 = 2 % G2 = - 3 %
Elevation of PVI = 150.00 

m
Station of PVC = 25+00
Station of PVI = 26+50

Elevation at high point?
y = y0 + G1x + 1/2 rx2

y0 = Elev. PVC
Elev. PVC = Elev. PVI - G1L/2
Elev. PVC = 150 m - [0.02][150 m]
Elev. PVC = 147 m

15‐11‐2023 38Prof. Mahmoud Enieb
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Properties of Crest Curves
y

25+00

26+50

PVC
PVT

PVI

G2

G1 x

Example:
G1 = 2 % G2 = - 3 %
Elevation of PVI = 150.00 

m
Station of PVC = 25+00
Station of PVI = 26+50

Elevation at high point?
y = y0 + G1x + 1/2 rx2

y = 147 m + [0.02][120 m] +

1/2 [-0.000167/m][120 m]2

y= 147 + 2.4 � 1.2

y = 148.2 m

15‐11‐2023 39Prof. Mahmoud Enieb

Properties of Crest Curves
y

25+00

26+50

PVC
PVT

PVI

G2

G1 x

Example:
G1 = 2 % G2 = - 3 %
Elevation of PVI = 150.00 

m
Station of PVC = 25+00
Station of PVI = 26+50

Elevation at station 25+75?
y = 147 m + [0.02][75 m] +

1/2 [-0.000167/m][75 m]2

y= 147 + 1.5 � 0.47

y = 148.03 m

Elevation at station 27+25?
y = 147 m + [0.02][225 m] +

1/2 [-0.000167/m][225 m]2

y= 147 + 4.5 � 4.22

y = 147.28 m15‐11‐2023
40
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PVC

PVT

PVI

G2

G1

Example:
G1 = -1% G2 = +3%
Elevation of PVI = 125.00 

m
Station of PVT = 25+00
Station of PVI = 24+00

Length of curve?

L/2 = Sta. PVT � Sta. PVI

L/2 = 2500 m - 2400 m = 100 m
L = 200 m

Properties of Sag Curves

15‐11‐2023 41Prof. Mahmoud Enieb

x

y

PVC

PVT

PVI

G2

G1

r - value?

r = (G2 - G1)/L
r = (0.03 - [-0.01])/200 m
r = 0.0002 / meter

Example:
G1 = -1%  G2 = +3%
Elevation of PVI = 125.00 m

Station of PVT = 25+00
Station of PVI = 24+00

24+00

25+00

Properties of Sag Curves

15‐11‐2023 42Prof. Mahmoud Enieb

x

y
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PVC

PVT

PVI

G2

G1

Example:
G1 = -1% G2 = +3%

Elevation of PVI = 125.00 m
Station of PVT = 25+00
Station of PVI = 24+00

Station of low point?
x = -(G1/r) 
x = -([-0.01] / [0.0002/m])
x = 50 m
Station PVC = 24+00 - 1+00 = 23+00
Station = [23+00] + 50 m
Station 23+50

24+00

25+00

Properties of Sag Curves

15‐11‐2023 43
Prof. Mahmoud Enieb

x

y

PVC

PVT

PVI

G2

G1

Example:
G1 = -1% G2 = +3%

Elevation of PVI = 125.00 m
Station of PVT = 25+00
Station of PVI = 24+00

Elevation at low point?
Elevation PVC
y = y0 + G1x + 1/2 rx2

y0 = Elev. PVC
Elev. PVC = Elev. PVI - G1L/2
Elev. PVC = 125 m - [-0.01][100 m]
Elev. PVC = 126 m

23+00

24+00

25+00

Properties of Sag Curves

15‐11‐2023 44Prof. Mahmoud Enieb
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PVC

PVT

PVI

G2

G1

Example:
G1 = -1% G2 = +3%

Elevation of PVI = 125.00 m
Station of PVT = 25+00
Station of PVI = 24+00

Elevation at low point?
y = y0 + G1x + 1/2 rx2

y = 126 m + [-0.01][50 m] +

1/2 [0.0002/m][50 m]2

y= 126 � 0.5 + 0.25

y = 125.75 m

23+00

24+00

25+00

Properties of Sag Curves

15‐11‐2023 45Prof. Mahmoud Enieb

x

y

Properties of Sag Curves

PVC

PVT

PVI

G2

G1

Elevation at station 23+50?
y = 126 m + [-0.01][50 m] +

1/2 [0.0002/m][50 m]2

y = 126 -0.5+0.25= 125.75 m

Elevation at station 24+50?
y = 126 m + [-0.01][150 m] +

1/2 [0.0002/m][150 m]2

y = 126 -1.5+2.25= 126.75 m

Example:
G1 = -1% G2 = +3%

Elevation of PVI = 125.00 m
Station of PVT = 25+00
Station of PVI = 24+00

23+00

24+00

25+00

15‐11‐2023
46Prof. Mahmoud Enieb
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Example

A -2.5% grade is connected to a +1.0% grade by means of a
180 m vertical curve. The P.I. station is 100+00 and the P.I.
elevation is 100.0 m above sea level. What are the station and
elevation of the lowest point on the vertical curve?

PC

PT

PI

G2

G1
x

y

15‐11‐2023 47Prof. Mahmoud Enieb

Solution

Rate of change of grade:
r = (g2 – g1)/L = (+1% – (-2.5%)) / 1.8 sta = 1.944% / sta
Station of the low point:
At low point, slope = 0
Slope =g1 + r x = 0
x = - (g1 / r) = - (-2.5/1.944Sta) = 1.29 sta = 1 + 29 sta

PC

PT

PI

G2

G1
x

y

15‐11‐2023 48
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Solution

Station of PC = (100 +00) -(0 +90) =99 +10
Station of low point =(99 +10) +(1 +29) =100 +39
Elevation of PC:
y0 =100.0 m +(-0.9 sta)(-2.5% ) =102.25 m
Elevation of low point:
y = y0 +g1 x + [(r x2)/2]
y = 102.25 +(-2.5%) (1.29 sta) + [(1.944%sta*(1.29sta2)/2]
y = 102.25 -3.225 + 1.617
y = 100.64

15‐11‐2023 49Prof. Mahmoud Enieb
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Example: A crest vertical curve joins a +3% and –4% grade.  Design 
speed is 75 mph.  Length = 2184.0 ft.  Station at VPI is 345+ 60.00, 
elevation at VPI = 250 feet.  Find elevations and station for VPC (BVC) 
and VPT (EVC).

L/2 = 2184/2 = 1092.0 ft

Station at VPC = [345 + 60.00] - [10 + 92.00] = 334 + 68.00

Vertical Diff VPI to VPC: 0.03 x (2184/2) =  32.76 feet

Elevation VPC = 250 – 32.76 = 217.24 feet

Station at VPT = [345 + 60.00] + [10 + 92.00] = 356 + 52.00

Vertical Diff VPI to VPT = 0.04 x (2184/2) = 43.68 feet

Elevation VPT = 250 – 43.68 = 206.32 feet

15‐11‐2023 Prof. Mahmoud Enieb
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51

Example:  A crest vertical curve joins a +3% and �4% grade.  Design 
speed is 75 mph.  Length = 2184.0 ft.  Station at VPI is 345+ 60.00, 
elevation at VPI = 250 feet.   

Calculate points along the vertical curve.

Station at VPC (PVC) is = 345+60 � (2+184/2) = 334 + 68.00 ft

Elevation at VPC is = 250.0 � 0.03*(2184/2) = 217.24 feet. 

x = distance from VPC

Y =  (  Ax2 ) / 200 L

Elevationtangent = elevation at VPC + distance * grade (x * G1)

Elevationcurve = Elevationtangent + Y

15‐11‐2023 Prof. Mahmoud Enieb

52

Find elevation on the curve at a point 400 feet from VPC
(217.24).

A = -4 � (+3) = - 7

Y =  (  Ax2 ) / 200 L = (-7*(400)2)/200*2184 = -2.56 ft

Elevation at tangent = 217.24 + (400 x 0.03) = 229.24 ft

Elevation on curve = 229.24 � 2.56 feet = 226.68 ft

15‐11‐2023 Prof. Mahmoud Enieb
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Example: Equal‐Tangent Vertical Curve
Given the information show below, compute and tabulate the curve
for stakeout at full 100 ft stations.

15‐11‐2023
53
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Solution:

L = STAEVC – STABVC

L = 4970 – 4370 = 600’

or 6 full stations

r = (g2 – g1) / L

r = (‐2.4 – 3) / 6

r = ‐0.90, 
r/2 = ‐0.45 % per station

STABVC = STA Vertex – L / 2 = 4670 – 600/2 = STABVC= STA 43 + 70

STAEVC = STA Vertex + L / 2 = 4670 + 600/2 = STAEVC= STA 49 + 70

ElevBVC = Elev vertex – g1 (L/2) = 853.48 – 3.00 (3) = 844.48’

ElevEVC = Elevvertex – g2 (L/2) = 853.48 – 2.40 (3) = 846.28 ’  

15‐11‐2023
54Prof. Mahmoud Enieb
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Solution: (continued)

r/2 = ‐0.45 % per station

Elevx = ElevBVC + g1x + (r/2)x2 

Elev 44 + 00 = 844.48 + 3.00(0.30) –0.45(0.30)2 = 845.34’

Elev 45 + 00 = 844.48 + 3.00(1.30) –0.45(1.30)2 = 847.62’

Elev 46 + 00 = 844.48 + 3.00(2.30) –0.45(2.30)2 = 849.00’

etc.

Elev 49 + 00 = 844.48 + 3.00(5.30) –0.45(5.30)2 = 847.74’

Elev 49 + 70 = 844.48 + 3.00(6.00) –0.45(6.00)2 = 846.28’  (CHECKS, 
Okay)

15‐11‐2023 55Prof. Mahmoud Enieb

Solution: (continued)

Curve 

Elevationr/2*x2g1xx (stations)Station

844.480.000.000.043 + 70 BVC

845.34-0.040.900.344 + 00

847.62-0.763.901.345 + 00

849.00-2.386.902.346 + 00

849.48-4.909.903.347 + 00

849.06-8.3212.904.348 + 00

847.74-12.6415.905.349 + 00

846.28-16.2018.006.049 + 70 EVC

15‐11‐2023 56Prof. Mahmoud Enieb
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Traditional unsymmetric vertical curve.

15‐11‐2023 57Prof. Mahmoud Enieb

Parameters of traditional unsymmetric vertical curve
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e= భమଶሺభାమሻ* ଵ
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Parameters of traditional unsymmetric vertical curve

15‐11‐2023 59Prof. Mahmoud Enieb

If 𝐿ଵൌ𝐿ଶ ൌ ଶe ൌ ଼
e= భమଶሺభାమሻ* ଵ

Unequal‐Tangent Parabolic Curve

A grade g1of -2% intersects g2 of +1.6% at a vertex whose station and elevation are
87+00 and 743.24, respectively. A 400 ft vertical curve is to be extended back from
the vertex, and a 600 ft vertical curve forward to closely fit ground conditions.
Compute and tabulate the curve for stakeout at full stations.

15‐11‐2023 60
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The CVC is defined as a point of compound vertical curvature.  We can determine the station 
and elevation of points A and B by The CVC is defined as a point of compound vertical 
curvature.  We can determine the station and elevation of points A and B by reducing this 
unequal tangent problem to two equal tangent problems.  Point A is located 200’ from the BVC 
and Point B is located 300’ from the EVC.  Knowing this we can compute the elevation of 
points A and B.  Once A and B are known we can compute the grade from A to B thus allowing 
us to solve this problem as two equal tangent curves.

Pt. A STA 85 + 00, Elev. = 743.24 + 2 (2) = 747.24’
Pt. B STA 90 + 00, Elev. = 743.24 + 1.6 (3) = 748.04’

Solution:

15‐11‐2023 61
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1
0.16 2.0 0.54

4
r


  

Solution (continued):

The grade between points A and B can be calculated as:
qA-B = (748.04 -747.24) / 5 = + 0.16 %
and the rate of curvature for the two equal tangent curves can 
be computed as: 
r1 = (0.16+2.0)/4 = + 0.54 and r2 = (1.6 -0.16) / 6 = +0.24
Therefore: r1/2 = +0.27 and r2/2= +0.12

15‐11‐2023 62
Prof. Mahmoud Enieb

61

62



Highways and Airports Engineering 09‐09‐2024

Prepared by Prof. Dr. Mahmoud Enieb 32

The station and elevations of the BVC, CVC and EVC are computed as:

BVC STA 83 + 00, Elev. 743.24 + 2 (4) = 751.24’
EVC STA 93 + 00, Elev. 743.24 + 1.6 (6) = 752.84’
CVC STA 87 + 00, Elev. 747.24 + 0.16 (2) = 747.56’

Please note that the CVC is the EVC for the first equal tangent curve and the BVC for 
the second equal tangent curve.

Solution (continued):

15‐11‐2023 63
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In case using (e) to determine the CVC elevation: 𝒆 ൌ 𝒍𝟏 ∗ 𝒍𝟐𝟐ሺ𝒍𝟏  𝒍𝟐ሻ ∗ 𝑨𝟏𝟎𝟎
𝒆 ൌ 𝟒𝟎𝟎 ∗ 𝟔𝟎𝟎𝟐ሺ𝟒𝟎𝟎  𝟔𝟎𝟎ሻ ∗ 𝟏. 𝟔  𝟐𝟏𝟎𝟎 ൌ 𝟒. 𝟑𝟐 𝒇𝒕

Elev. (CVC) = 743.24 + 4.32 = 747.56 ft (the same value determined by the previous method)

Solution (continued):

15‐11‐2023 64Prof. Mahmoud Enieb
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STATION x g1x (r/2)x2 Curve Elevation
BVC 83 + 00 0 0 0 751.24'

84 + 00 1 -2.00
85 + 00 2
86 + 00 3

CVC 87 + 00 4 747.56'
88 + 00 1 0.16
89 + 00 2
90 + 00 3
91 + 00 4
92 + 00 5

EVC 93 + 00 6

g1x = -2 (1) = -2.00
g2x = .16(1) = 0.16

Computation of  values for g1x and g2x
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STATION x g1x (r/2)x2 Curve Elevation
BVC 83 + 00 0 0 0 751.24'

84 + 00 1 -2.00 0.27
85 + 00 2 -4.00
86 + 00 3 -6.00

CVC 87 + 00 4 -8.00 747.56'
88 + 00 1 0.16 0.12
89 + 00 2 0.32
90 + 00 3 0.48
91 + 00 4 0.64
92 + 00 5 0.80

EVC 93 + 00 6 0.96

(r1/2)x2 = (0.27)(1)2 = 0.27
(r2/2)x2 = (0.12)(1)2 = 0.12

Computation of  values for (r1/2)x2 and (r2/2)x2

15‐11‐2023 66Prof. Mahmoud Enieb
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STATION x g1x (r/2)x2 Curve Elevation
BVC 83 + 00 0 0 0 751.24'

84 + 00 1 -2.00 0.27
85 + 00 2 -4.00 1.08
86 + 00 3 -6.00 2.43

CVC 87 + 00 4 -8.00 4.32 747.56'
88 + 00 1 0.16 0.12
89 + 00 2 0.32 0.48
90 + 00 3 0.48 1.08
91 + 00 4 0.64 1.92
92 + 00 5 0.80 3.00

EVC 93 + 00 6 0.96 4.32

Y1 = 751.24 - 2.00 + 0.27 = 749.51'
Y2 = 747.56 + 0.16 + 0.12 = 747.84'

Elevation Computations for both Vertical Curves
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STATION x g1x (r/2)x2 Curve Elevation
BVC 83 + 00 0 0 0 751.24'

84 + 00 1 -2.00 0.27 749.51'
85 + 00 2 -4.00 1.08 748.32'
86 + 00 3 -6.00 2.43 747.67'

CVC 87 + 00 4 -8.00 4.32 747.56'
88 + 00 1 0.16 0.12 747.84'
89 + 00 2 0.32 0.48 748.36'
90 + 00 3 0.48 1.08 749.12'
91 + 00 4 0.64 1.92 750.12
92 + 00 5 0.80 3.00 751.36'

EVC 93 + 00 6 0.96 4.32 752.84'

Computed Elevations for Stakeout at Full Stations

(OK)

15‐11‐2023 68Prof. Mahmoud Enieb
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Crest Vertical Curves

G1 G2

PVI

PVTPVC

h2h1

L

SSD

Line of Sight
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Crest Vertical Curves

G1 G2

PVI

PVTPVC

h2h1

L

SSD

 
 221
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hh
SSDL
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21200
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For SSD ≤ L For SSD > L

Line of Sight
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Crest Vertical Curves

• Assumptions for design
• h1 = driver’s eye height = 3.5 ft.
• h2 = taillight height = 2.0 ft.

• Simplified Equations

 
2158

2
SSDA

L   
A

SSDL
21582 

For SSD ≤ L For SSD > L
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Sight Distance on Vertical Curve

Stopping sight distance diagram for crest vertical curve

h1

h2

15‐11‐2023 72
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SSD ≤ L

SSD > L
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• where S  sight distance (from Green book)
• L  vertical curve length
• A  absolute value of the algebraic difference in grades, in 
percent, |g2‐ g1|

• h1 height of eye
• h2 height of object
• Height of eye is assumed to be h1 = 3.5 ft. =1.07 m.
• For stopping sight distance, the height of object is normally 
taken to be  h2 = 2.0 ft. = 0.60 m. 

• For passing sight distance, the height of object used by 
AASHTO is h2 = 4.25 ft. = 1.300 m. 

15‐11‐2023
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AASHTO design tables

• Vertical curve length can also be found in design tables
• Assumptions for design

• h1 = driver’s eye height = 3.5 ft.
• h2 = taillight height = 2.0 ft.

L = K *A
Where

K = length of curve per percent algebraic difference in 
intersecting grade

Charts from Green Book

15‐11‐2023 Prof. Mahmoud Enieb
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75

From Green book

15‐11‐2023 Prof. Mahmoud Enieb

76

From Green book
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Design Controls for Crest Vertical Curves for SSD
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Maximum Change of Grade Permitted Without Use of a Vertical 
Curve, and 

Min. length of vertical curve for good appearance

15‐11‐2023 79Prof. Mahmoud Enieb

Maximum Change of Grade Permitted Without 
Use of a Vertical Curve (Ahmed Hassan, 2023)
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1301201101009080706050403020Design speed 
(Km/h)

0.20.250.30.350.40.450.50.60.7511.52
Maximum change 

in
Grade in percent
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Chart vs computed
From Exhibit: 3.76 of stopping sight distance:
V =  60 mph             K  = 151 ft / % change

For g1 = 3    g2 = ‐ 1  
A = (g2 – g1) = (‐1 – 3) =  ‐4 

L = ( K * | A |)   =  151 * 4  =   604
From chart of stopping sight distance:
| A | =  4
L  600 ft

15‐11‐2023 Prof. Mahmoud Enieb
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Example 1 
For g1 = 4    g2 = ‐ 2 , V = 70 mph, K = 247
A = (g2 – g1) = (‐2 – 4) = ‐ 6 

L = ( K * | A |)   =  247 * 6  =   1482 ft

From chart of stopping sight distance:
| A | =  6  
L  1480 ft

15‐11‐2023 Prof. Mahmoud Enieb
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Example 2
Determine the minimum length of a crest vertical curve
between a +0.5% grade and a -1.0% grade for a road with a
100 km/h design speed. The vertical curve must provide 190
m stopping sight distance and meet the California appearance
criteria (h1 =1.07, h2 = 0.15)m. Round up to the next greatest
20 m interval.
Solution:
Stopping sight distance criterion: assume S  L

134.0 m  190 m, so S L

15‐11‐2023 Prof. Mahmoud Enieb 83

Example 2

L = 380.0 - 269.5 =110.5 m, Okay S L

Appearance criterion:
Design speed =100 km/hr but grade break = 1.5% < 2.0%,
curve length should be more than 60 m.

Conclusion:
Sight distance criterion governs. Use 120 m vertical curve

15‐11‐2023 84Prof. Mahmoud Enieb
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Sag Vertical Curves
Headlight Sight Distance

G1 G2

PVI

PVTPVC

h2=0h1

L

Light Beam Distance (SSD)

 
 tan200 1

2

Sh

SSDA
L


     

A

SSDh
SSDL

tan2002 1 

For SSD ≤ L For SSD > L

headlight beam (diverging from LOS by β degrees)

Daytime sight distance 
unrestricted

85
Prof. Mahmoud Enieb
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Headlight Sight Distance
English units
• Assumptions for design

• h1 = headlight height = 2.0 ft. 
• β = 1 degree

• Simplified Equations

 
 SSD

SSDA
L

5.3400

2


    







 


A

SSD
SSDL

5.34002

For SSD ≤ L For SSD > L
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Headlight Sight Distance
(Metric units)

• Assumptions for design
• h1 = headlight height = 0.6 m.
• β = 1 degree

• Simplified Equations

For SSD ≤ L For SSD > L

15‐11‐2023 87Prof. Mahmoud Enieb

Headlight and stopping sight distance K values
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Headlight and stopping sight distance K values

8915‐11‐2023 Prof. Mahmoud Enieb

90

Sag Vertical Curves

• Sight distance is governed by night‐ time conditions
• Distance on curve illuminated by headlights need to be considered

• Driver comfort

• Drainage

• General appearance

15‐11‐2023 Prof. Mahmoud Enieb
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Sag Vertical Curve, Passenger Comfort

   

15‐11‐2023 Prof. Mahmoud Enieb

   Centripetal acceleration does not exceed 1 ft./s2 (0.3 m/s2)

92

Sag Vertical Curve, Drainage
• 1. The same drainage criterion used for crest vertical curves on
curbed roadways applies to sag

• 2. vertical curves: K = 167 for English units and
• K = 51 metric units :
• 3. A minimum longitudinal grade of at least 0.5% is reached at a
point about 15 m from either side of the low point.

• 4. There is at least a 100‐mm elevation differential between the
low point in the sag and the two points 15 m to either side of the
low point. (Slope = 0.1*100/15 = 0.67%).

15‐11‐2023 Prof. Mahmoud Enieb
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Sag Vertical Curve, Appearance
• The general controlling factor for appearance of a sag curve is K ≥ 100 for 

English units and 
• K ≥ 30 for metric units for small to intermediate values of A, which
corresponds to speeds of 50 mph (80 km/h) and greater.

• Thus, for design speeds less than 50 mph (80km/h) the designer will want to
strongly consider using K values greater than presented in previse tables
whenever site conditions allow

• In general, the larger the K value, the better the appearance of a curve.

15‐11‐2023
Prof. Mahmoud Enieb
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Sag Vertical Curve, Appearance

• Min L = 2 V (m)  when ( V > 60 km/h) and grade break >2% 
or

• As in crest, use min L = 3V ft (V mph)

Grade break  2% and V > 60 km/h take  L = 60 m 

• L = 60 m for V  60 km/h, Grade break < 2%

15‐11‐2023 Prof. Mahmoud Enieb
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Sag Vertical Curve:  Example

A sag vertical curve is to be designed to join a �3% to a +3% grade.  Design 
speed is 40 mph.  What is L?

Skipping steps:  SSD = 313.67 feet                 S > L

Determine whether S<L or S>L

L = 2(313.67 ft) � (400 + 3.5 x 313.67) =   377.70 ft

[3 � (-3)]

313.67 < 377.70, so condition does not apply

15‐11‐2023 Prof. Mahmoud Enieb
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Sag Vertical Curve:  Example

SSD = 313.67 feet                

L =       6 x (313.67)2 =   394.12 ft

400 + 3.5 x 313.67 

313.67 < 394.12, so condition applies

15‐11‐2023 Prof. Mahmoud Enieb
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Design Controls for Sag Vertical Curves 

from AASHTO’s A Policy on Geometric Design of Highways and Streets 2004

15‐11‐2023
Prof. Mahmoud Enieb 97

L = K*A=
=64*6
= 384 ft

98

Sag Vertical Curve:  Example

A sag vertical curve is to be designed to join a �3% 
to a +3% grade.  Design speed is 40 mph.  What is L?

Skipping steps:  SSD = 313.67 feet

Testing for comfort:

L =   AV2  =  (6 x [40 mph]2)  = 206.5 feet

46.5              46.5

Testing for appearance:

L = 3* 40 =  120 feet

Use 400 ft vertical curve

15‐11‐2023 Prof. Mahmoud Enieb
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Example 1
Determine the minimum length of a sag vertical curve between a -0.7% grade
and a +0.5% grade for a road with a 110 km/h design speed. The vertical curve
must provide 220 m stopping sight distance and meet the California
appearance criteria and the AASHTO comfort standard. Round up to the next
greatest 20 m interval.
Solution:
Stopping sight distance criterion: assume S  L

65.3 m  220 m, so S L

9915‐11‐2023 Prof. Mahmoud Enieb

Solution 1
65.3 m  220 m, so S L

L = 440 - 741.7 = -301.7 m
Since L  0, no vertical curve is needed to provide stopping
sight distance.
Comfort criterion:

Appearance criterion:
Design speed =110 km/h 60 km/h but grade break =1.2%
2%. Use 60 m.
Conclusion:
Appearance criterion governs. Use 60 m vertical curve. 100
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Solution 1
General appearance criterion:
Minimum curve length of 30A [100A], K = 30 m [K = 100 ft].
Min. L = 30*1.2 = 36 m

Exhibit 3-78, are equal to 0.6 times the design speed in km/h [three times the
design speed in mph]. L = 0.6*110 = 66 m
Conclusion:
Appearance criterion governs. Use 60 m vertical curve.

Drainage affects
A minimum grade of 0.30 percent should be provided within 15 m [50 ft] of
the level point). This criterion corresponds to K of 51 m [167 ft] per percent
change in grade

101

Design Controls for Sag Vertical Curves, Open Road 
Conditions, economic reasons
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L = K*A=
=51*1.2
= 66 m  
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Design Controls for Sag Vertical Curves, Open Road 
Conditions, Drainage
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L = K*A=
=167*1.2
= 200 ft  
 60 m

Design Controls for Sag Vertical Curves, Open Road 
Conditions, Drainage
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L = K*A=
=51*1.2
 60 m
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Sag Vertical Curve Undercrossing

Sight distance through undercrossing usually does not present
a problem in the design of vertical curves.
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Sag Vertical Curve Undercrossing

The equations for sag vertical curve length at an undercrossing
are:

S  L

S  L
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Stopping Sight Distance

With the height of the eye of the driver (h1) set at 8 feet (2.4
meters) for a truck driver and the height of the object (h2) set
at 2.0 ft. (0.6 m.) for stopping sight distance, these equations
simplify to:

S  L

S  L
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5

5

1.5

1.5

Passing Sight Distance

With the height of the eye of the driver (h1) set at 8 feet (2.4
meters) for a truck driver and the height of the object (h2) set
at 3.5 feet (1.07 m) for passing sight distance, these equations
simplify to:

S  L

S  L
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Example
•A bridge is being designed to pass over a rural two‐lane
highway with a design speed of 60 mph. The section of
the two‐lane highway where the bridge crosses over is a
1740 feet vertical sag curve with A = 3.15. The bridge
clearance is 16.8 feet. Does adequate passing sight
distance exist on the two‐lane highway or does the
bridge clearance need to be adjusted?
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Example
• Start by assuming S<L and solve the appropriate equation
for PSD

• =  (800* 1740(16.8 – 5.75)/ 3.15

• S = 2210 ft.  L

• Passing sight distance for a design speed of 60 mph is 2273
feet, so adequate sight distance exists with a bridge
clearance of 16.8 feet.
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Problem 1

A car is traveling at 30 mph in the country at night on a wet
road through a 150 ft. long sag vertical curve. The entering
grade is -2.4 percent, and the exiting grade is 4.0 percent. A
tree has fallen across the road at approximately the PVT.
Assuming the driver cannot see the tree until it is lit by her
headlights, is it reasonable to expect the driver to be able to
stop before hitting the tree?
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Problem 2

Similar to Problem 1 but for a crest curve.

A car is traveling at 30 mph in the country at night on a wet
road through a 150 ft. long crest vertical curve. The
entering grade is 3.0 percent and the exiting grade is -3.4
percent. A tree has fallen across the road at approximately
the PVT. Is it reasonable to expect the driver to be able to
stop before hitting the tree?
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Solution Problem 1

Assume S  L

From Table f =0.36 at V = 30 mph
SSD for this speed can be calculated:𝑺𝑺𝑫 ൌ 𝟏. 𝟒𝟕𝑽𝒕   𝑽𝟐𝟑𝟎ሺ𝒇 േ 𝑮ሻ 𝑺𝑺𝑫 ൌ 𝟏. 𝟒𝟕 ∗ 𝟑𝟎 ∗ 𝟐. 𝟓   𝟑𝟎𝟐𝟑𝟎ሺ𝟎.𝟑𝟔േ𝟎ሻ = 193.58 ft
Or for SSD = 146.17ft, V = 24.6 mph
Hence the driver can’t to stop before hitting the tree
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  ftS
S

S
L 17.146,150

5.3400
4.6 2






Solution Problem 2
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 221

2

200 hh

SSDA
L




150 ൌ 2 𝑆𝑆𝐷 െ 200 3.5  0.5 ଶ6.4 , 𝑆𝑆𝐷 ൌ 178.84 𝑓𝑡 𝑂𝑘𝑎𝑦

For SSD ≤ L For SSD > L

For SSD h1 = 3.5 ft, h2 = 0.5 ft.
assume S L

 
  LftSSD

SSD
L 


 5.176,150

5.05.3200
4.6

2

2

   
A

SSDL

2
5.05.32002 
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Problem 2

SSD for this speed can be calculated:𝑺𝑺𝑫 ൌ 𝟏. 𝟒𝟕𝑽𝒕   𝑽𝟐𝟑𝟎ሺ𝒇 േ 𝑮ሻ 𝑺𝑺𝑫 ൌ 𝟏. 𝟒𝟕 ∗ 𝟑𝟎 ∗ 𝟐. 𝟓   𝟑𝟎𝟐𝟑𝟎ሺ𝟎.𝟑𝟔േ𝟎ሻ = 193.58 ft

Hence the driver can’t to stop before hitting the tree
Speed = 28.38 mph
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