Hindawi

Journal of Function Spaces

Volume 2020, Article ID 4650761, 10 pages
https://doi.org/10.1155/2020/4650761

Research Article

Hindawi

Z-Simulation Functions over b-Metric-Like Spaces and Fractional

Hybrid Differential Equations

Shimaa I. Moustafa®' and Ayman Shehata

1,2

"Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt
“Department of Mathematics, College of Science and Arts at Unaizah, Qassim University, Qassim, Saudi Arabia

Correspondence should be addressed to Shimaa I. Moustafa; shimaal362011@yahoo.com

Received 12 May 2020; Accepted 1 December 2020; Published 12 December 2020

Academic Editor: Gen Qi Xu

Copyright © 2020 Shimaa I. Moustafa and Ayman Shehata. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In this paper, we establish some fixed point results for a,,-admissible mappings embedded in &-simulation functions in the
context of b-metric-like spaces. As an application, we discuss the existence of a unique solution for fractional hybrid differential
equation with multipoint boundary conditions via Caputo fractional derivative of order 1 < a < 2. Some examples and corollaries

are also considered to illustrate the obtained results.

1. Introduction

Fixed point theory has received much attention due to its
applications in pure mathematics and applied sciences.
Generalization of this theory depends on generalizing the
metric type space or the contractive type mapping. The
concept of metric spaces has been extended in various
directions by reducing or modifying the metric axioms.
Since, losing or weakening some of the metric axioms
causes loss of some topological properties, hence bringing
obstacles in proving some fixed point theorems. These
obstacles force researchers to develop new techniques in
the development of fixed point theory in order to resolve
more real concrete applications.

In 1989, Bakhtin [1] (and also Czerwik [2]) introduced
the concept of b — metric spaces and presented a generaliza-
tion of Banach contraction principle. Amini-Harandi [3]
introduced the notion of metric-like spaces which play an
important role in topology and logical programming. In
2013, Alghamdi et al. [4] generalized the notions of b—
metric and metric-like spaces by introducing a new space
called b — metric-like space and proved some related fixed
point results. Recently, many results of fixed point of map-
pings under certain contractive conditions in such spaces
have been obtained (see [5-8]).

Zoto et al. [9] introduced the concept of A = admissible

mappings and provided some fixed point theorems for these
mappings under some new conditions of contractivity in the
setting of b — metric-like spaces. Recently, Cho [10] proposed
the notion of 0.7 — contractions and confine his fixed point
results for such contractions to generalized metric spaces.
Aydi et al. [11] proved that those results are also valid in par-
tial metric spaces.

Fractional calculus is a field of mathematics that deals
with the derivatives and integrals of arbitrary order. Indeed,
it is found to be more realistic in describing and modeling
several natural phenomena than the classical one. In recent
years, many researchers have focused on joining fixed point
theory with fractional calculus, see for example [12-15].

The study of differential equations with fractional order
has attracted many authors because of its intensive develop-
ment of fractional calculus itself and its applications in vari-
ous fields of science and engineering, see [16-19].

On the other hand, hybrid differential equations have
attracted much attention after the pioneering works
appeared in [20, 21] which discussed main aspects about
first-order hybrid differential equations with perturbations
of 1st and 2nd types, respectively.

Fractional hybrid differential equations (in short,
FHDEs) have been studied using Riemann-Liouville and
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Caputo fractional derivatives of order & >0 in many litera-
tures, see [22-27].

In [23], Derbazi et al. applied Dhage hybrid fixed point
theorem [28] to provide sufficient conditions that guarantee
the existence only of solutions for a class of FHDEs with
three-point boundary conditions due to Caputo fractional
derivative of order 1 < & <2 in Banach algebra spaces.

Inspired by the above works, we investigate the existence
of a unique fixed point for «,,-admissible mapping via &
-simulation function & : [1,00) X [1,00) > R and control
function 0 : (0,00) — (1,00) in more general setting (b-met-
ric-like space) than partial metric, b — metric and metric-like
spaces. Also, as an application, we provide appropriate con-
ditions that guarantee the existence of a unique solution to
the following FHDE.

‘g {W} = h(tx(t), T'x(t)),  te]=[0,T],
<(0) ~£(5,x(1) X -fLx®)]
“{ 906 (D) L_JCZ[ FE0) } b

,x(t)) cop X - (LX) _
L,Mmﬂ@{ g(t, x(1)) :|th &
(1)

where ‘@% and ‘@P denote the Caputo fractional derivatives
of orders o and f3, respectively, 0 <« <2,4>0,0<f3<1,0
<n;<T,(,i=123,---,m+1, me N are real constants such
that

(i +0,#0, Zci’ﬁ_ﬁ o TP #0, 2)
i=3

geC(JxR,R\{0}) and f,heC(JxR,R).

2. Basic Concepts

In order to fix the framework needed to state our main
results, we recall the following notions.

Definition 1 [1]. Let X be a nonempty set and s > 1 be a given
real number. A function d : X x X — [0,00) is a b — metric if
for all x, y, z € X, the following conditions are satisfied.

(b)dx,y)=0ex=y

(b, d(x,y) = d(y,x)

(by) d(x,y) <sld(x,2) +d(z,p)]

The pair (X, d) is called a b — metric space, and s is the
coefficient of it.

Note that, every metric space is a b — metric space with
coefficient s = 1.

Definition 2 [3]. A metric-like space on a nonempty set X is a
function o : X x X — [0,00) such that for all x, y,z € X:

() o(x,y)=0=>x=y

(0,) 0(x,y) =0 (y, x)

(05) 0(x,y) <0(x,2) +0(2,y)

Then, the pair (X, o) is called a metric-like space.
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It should be noted that o satisfies all of the conditions of a
metric except that o(x, x) may be positive for x € X.

Definition 3 [4]. A function 0, : X X X — [0,00) on a non-
empty set X is called b— metric-like if for any x,y,z€X,
the following conditions hold true.

(01) 04(3.9) = 0= x =y

(04,0) 04(%, ) = 03 (3> )

(043) 03(%, y) < 5[0y (%, 2) +03(2, )]

The pair (X, 0,) is called a b — metric-like space.

Remark 4. The class of b — metric-like spaces is considerably
larger than both b — metric spaces and metric-like spaces.
Since, every b — metric is a b — metric-like with same coeffi-
cient and zero self-distance. Also, every metric-like is a b —
metric-like with s=1. However, the converse implications
do not hold (see for example, [1, 4]).

Example 5. Let X =R and g}, : X x X — [0,00) be defined as
oy(%y) = (Ixl+ly | ),Vx,y € Xandp € N, (3)

then, (X,0,) is a b— metric-like space with parameter s=
2L

Example 6. Let XCR and C,(X)={f : X > R:sup, | f(
x)|<oco}. The function 0, : X x X — [0,00), defined by

0,(f,9) = Vsug(lf(x»lg(x) |)"Vf, g€ Cy(X), neN, (4)
X€
is a b — metric-like with constant s = v/2"7!, and so, (X, 0},) is
a b — metric-like space.

Definition 7. Let (X, 0},) be a b — metric-like space and {x, }
be a sequence in X, and x € X. Then,

(1) The set

Blxr)={yeX : |oy(x.y) ~op(xx)| <1}, (5)

is called an open ball with center x and radius r. Also, the
family

{B(x,r),¥x € X,r>0}, (6)
forms a base of the topology 7,, generated by o}, on X.

(2) {x,} is said to converge to x w.r.t. 7, if

lim o (x,, X) = 0,,(x, X). (7)

n—o00

(3) {x,} is said to be o}, — Cauchy if
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lim o, (x,x,,) (8)

exists and is finite.
(4) (X, 0,) is said to be complete if for every Cauchy

sequence {x,} in X, there exists x € X such that

n}niToon (xn’ xm) = Jingoab(xn’ x) =0y (x’ x)' (9)

Lemma 8. Let (X, 0,) be a b — metric-like space with param-
eter s> 1 and {x,} be a convergent sequence in X such that

x € X.

(10)

lim o,(x,,x,)= lim o,(x,, x) =0, (x, x) = 0,

n,Mm—00 n—00

Then, every subsequence {x, } with n,>keN con-
k
verges to the same limit x € X.

Proof. Since x,, — x and lim,_, 0, (x,,, x) = 0, then for a given

e>0

n—0o0

Ing e N : n>ny=0,(x,,x) <e. (11)
From (o,;) and (10), we have

0y (X5 %) <S[0 (%, %) + 0 (%, x)] = Oasmy >k — co.
(12)

Therefore,

lim 0, (x,, , x) =0=0,(x, x). (13)

k—o00

Definition 9 [10]. Let & be the set of all & — simulation func-
tions & : [1,00) X [1,00) — R that fulfil:

€)&(11)=1

&,) E(u, v) <viu,Vu,v>1

(&5) For any two sequences {u,}, {v,} € (1,00) with u,
<v,,VYnelN

lim u, = lim v, > 1 = lim sup&(u,, v,) <1. (14)

n—o0 n—00 n—00

In [10], authors used the function 6 : (0,00) — (1,00)
defined by Jleli and Samet in [29] to propose the following
result.

Definition 10 [29]. Let ® be the set of all functions 8 : (0,c0
) = (1,00) that fulfil:

(0,) 0 is non-decreasing
(8,) For any sequence {u,} € (0,00)

lim O(u,) =1= lim u, =0. (15)

n—o00 n—o00

Theorem 11 [10]. Let (X, d) be a complete generalized metric

space and T : X — X satisfy

§(0(d(Tx, Ty)),0(d(x,y))) = 1,Vx,y € Xwithd(Tx, Ty)
>0,{e Z,0€0.

(16)
Then, T has a unique fixed point, and for every initial

point x, € X, the Picard sequence {T"x,} converges to that
fixed point.

Definition 12 [9]. Let (X, 0},) be a b — metric-like space with
parameter s> 1, a : X x X — [0,00) be a function, and g>1
and p >2 be arbitrary constants. A mapping T : X — X is
a,y — admissible if

a(x, Tx) 2 g = a(Tx, T?x) > g’ Vx € X. (17)

In addition, T is said to be triangular a,, — admissible if

it is &y — admissible and

a(x,y)and a(y, Ty) > g = a(x, Ty) > qs ,Vx,y e X. (18)

Definition 13 [18, 19]. The Riemann-Liouville fractional inte-
gral of order « > 0 of a function x : [0,00) — R is given by

I"x(t) = ﬁj (t =)' x(s)ds. (19)

0

The Caputo fractional derivative of order « of x is given
by

‘Dx(t) = ﬁ J O(t —5)" kW (s)ds,  (20)

where n=[a] +1 and I' denote the gamma function, pro-

vided that the right side is point-wise defined on [0, c0).

Lemma 14 [23]. Let 0 < S < awand x € C"([0, T|). Then, for all
t € [0, T], we have:

(1) I*IPx(t) = I**Fx(t) and ‘DPIx(t) = I*Pf ()
(2) 1D°x(t) = x(t) + Y1 c;t!, for some ¢y, -+, ¢, € R
(3) I* - C([0, T]) — C([0, T])

3. A Set of Fixed Point Results

Our first main result is the following theorem.

Theorem 15. Let (X, 0,) be a complete b — metric-like space
with parameter s > 1. Suppose that T : X — X is a triangular



a,y — admissible mapping and satisfy

E(a(x,)0(0,(Tx, Ty)), 0(04 (%)) = LVx, y e X, § € £,0 € O.
(21)

Consider that the following properties hold true

(a) If {x,} is a sequence in X such that x, > x€ X as n
— 00 and a(x,, x,,;) >qs’, then a(x,,x)>qs",Vn
€N

(b) For all x, y € Fix(T), we have a(x, y) > gs?, where Fi
x(T) denotes the set of fixed points of T

Moreover, if there exists x,, € X such that a(x,, Tx,) > gs,
then T has a unique fixed point.

Proof. Starting with that point x; € X : a(x,, Tx,) > qs. We
define a sequence {x,} ¢ X by

Xy = Tx,,¥n e Ny =NU {0}. (22)

Regarding that T is an a,y —admissible, then by induc-
tion, we get

&(X, X1 ) = qsPVn € N, (23)

If 0 (x,, x,,,) = 0 for some #, then x,, = x,,,,, that is, x,, is
a fixed point of T, and the proof is completed. So, we assume
that

0y (%, X,41) >0, V1. (24)

From (23) and (24), we apply (21) at x=x,_, and y =x,,
to get

1< E(“('xn—l) xn)e(ob(Txn—l’ Txn))’ G(Gb(xn—l’ xn)))
e(ab(xn—l’ xn))
‘x(xnfl’ xn)e(ah (xrv xn+1)>

< ‘x(xn—l’ xn)e(ab(xn’ xn+1)) < e(ab(xn—l’ xn))'

, = 0(0 (%, Xp11)) (25)

Hence, the sequence {6(oy(x,,x,,;))} is monotone
decreasing and bounded below by 1. Therefore, there exists
m > 1 such that

lim G(Ob(xn’ xn+l)) =m. (26)

n—00

To prove that m = 1, suppose the contrary that m > 1 and
obtain a contradiction. From (25), (26), and (£;), we have

1 <lim supé&(a(x,_;,x,)0(0,(Tx,_, Tx,)), 0(04(x,_1,%,))) < 1,

- (27)

that is all we need. Thus, m =1 and

lim 0(01 (x, %)) = 1. (28)

n—-o0o
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Also, (6,) implies

lim 0, (x,,, x,,,) = 0. (29)

n—00
Now, we show that

lim o,(x,,x,,)=0. (30)

n,m—00
Consider the sequence
Ry =sup {0(0,(x,, x,,)): m>n>k},Vk=1.23,---. (31)
It is easy to verify that
limR,=1= lim 0 , =1,
Jim R, JJim 6(0), (%0 X)) 2)

ISSRkJrlSRkSSRI

Hence, the sequence {R,} is decreasing and bounded
below by 1. Consequently, there exists r > 1 such that

lim R, =r. (33)
k—o00
Assume that r > 1, then from (31), we conclude that

1
Vk=123, (% > o) Amy = n 2k

1
:R, - 7 < 0(0p (%> X, )) < Ry (34)

Taking limit as k — co, together with (33), implies
1}1%0(01’ (%o X)) =1 (35)
Also, we have

G(O'b (x“k’ xmk) —0p (x"k’ x”kfl) ) (ka,l, xmk))

(36)
<0(0y (%, 1> X 1)) < Ri(0r Ry ).

Again, taking limit as k — oo, together with (33), (35)
implies

lim 60, (x,,,_1, X, 1)) =7 (37)

k—o0

According to (23) and the fact that T'is a triangular ay, —
admissible, we derive
a(x, 1%, 1) =1 (38)

n=1> " m—1

On account of the above observations, we apply
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condition (21) and then (&;) to obtain

1< 6(06 (x”k—l’ xmk—1)6<0b (x”k’ xmk) ) > Q(O‘b (x"k—l’ xmk_l) ))
G(O'b (x”k_l’ xmk_l))
o (xnrl > Xy -1 ) o (ah (x”k’ o

= Oc(x”kfl’ xmkfl)e(ah (x"k’ xmk)) < B(Gb (x"k’l’ xmkfl))'

) ,:G(Gb(xnk,xmk))

(39)
Therefore, we have
T €%, 1%, 1)0(03 (50 %)) = 7o (40)
And hence

1 <lim sup&(a(x,, 1 X, 1)0(0 (%, X, ) )> O(0p (X515 % 1)) < 1,

k—o0
(41)
which is a contradiction, then r =1 and

lim 6(o,(x,,x,,)) =1. (42)

Thus, (30) holds true, and the sequence {x,} is o, —

Cauchy. By the completeness of (X, 0,), there exists x € X
such that

lim 0, (x,, x) =0, (%, x) = lim o,(x,,x,)=0.  (43)

n—-0o0 n,m—o0

Now, consider the subsequence {x, } of the sequence
{x,} such that

0y (%, %) >0and oy (x,, 41, Tx) >0Vm 2k e N, (44)
Lemma 8, together with (43), imply that

lim 0, (x,, , x) = 0. (45)

k—oo
Apply (21), we obtain

1< &(a(x,,, x)0(0y (x,, 11, Tx)), 0(0 (x,,5 %) ))

o))
a(x, ,x)0(a, (x, 41> Tx))

=0(0 (%415 Tx) ) < a(x,,, %) (0 (%, 41 Tx))

n+1>
<0(0y (x> %)), 0< 0 (x,, 41> TX) <0 (x,, %) (46)

—0ask — oo.

Hence,

z}ilf}o 0y (X 41> Tx) =0. (47)

5
From (45), (47), and (0,), we conclude that
0y (x, Tx) < 5[0, (x, x,, ) + 0 (x,,, Tx)] — Oask — co,
=0,(x, Tx)=0=x=Tx.
(48)

To see that this fixed point in unique, suppose that y
€X is another fixed point of T and apply (21) to get
the opposite.

1<§(a(x,y)0(0y(Tx, Ty)), 0(0y(x. ¥)))
0(oy(x.y))
a5 )00, (Tx T))” (#9)
= 0(0,(x%. 7)) < a(x,)0(0,(x, y)) <0(0(x. y))-

This is impossible, so x=y, and the fixed point is
unique.

Let R denote the class of 8 : [0,00) — [0, 1) which sat-
isfies the condition

lim ¢, >0= lim B(t,) < 1. (50)

n—00 n—00

Remark 16. Since b — metric-like space is a proper extension
of partial metric, metric-like, and b — metric spaces. Then,
we can derive our main results in the setting of these spaces.

Corollary 17. Let (X, o) be a complete metric-like space and
T : X — X be a mapping such that

o(Tx, Ty) < B(o(x,y))o(x, y),Vx, y € X, B e R. (51)

Then, T has a unique fixed point.

Proof. For all x, y € X with x # y and Tx # Ty, condition (51)
can be written as

In e"("’”)

o150 < (o) (52)

Therefore, Corollary 17 follows from Theorem 15 by tak-
ing

- _yfliny)
O(t)=¢ and &(u,v)= .

q=s=1, ;a(x,y)=1,
(53)

for all x,y € X, t € (0,00), and u, v € (1,00).

4. Fractional Hybrid Differential Equations

Here, we place our considered problem (1) in the space

X=C(J,R)={x:]— R;xiscontinuouson J},  (54)



with a mapping o, : X x X —» R U {0} defined on it as:

o, (%, y) =sup(lx(t)|+ly(t) | V. Vx,ye X, t e J,p>1. (55)

te]

It is evident that (X,0,) is a complete b — metric-like
space with coefficient s = 2771,

For convenience, we define the following functions p,
- R, i=1,2,3,4:

LC-pT o re-pr ]
_(cl +0y) <Zz e ’71 e St Tl_ﬁ) ZZaciWTﬂ + Tliﬁ_

(Zcmﬂr(z ﬁ)T _ cm+lr(2 ﬁ)t
G+ 8 (St P+ G TF) Sl P 4 L T

__ 6
ps(t) = —(1 Yol
GI2-p)ra, A
pat) = |- - +
' { (¢ +C2)(Z, 3G /3+( Tl_ﬁ> G +G,
r(2-p)tA, ]
Zz 3( ’71 '8 +Cm+1Tl_ﬁ .

(56)

Lemma 18. Let h € C(]), then the integral representation of
the boundary value problem

g [M} = h(t)Vte], (57)

OS] g (OS],

BT -~ f(63(0) g [0 - FEx(e)]
Y| wmm>}mf””9{ o IR

(58)

where 1<a<2, 0<B<1,0<n;<Tand(,i=123--,m
+ 1, m € N are real constants such that

(i +3,#0, ZCWI B+Cm+1 Fzo, (59)

is given by

T

wozmawwﬂjcm

0

S)h(s)ds + p,(t)| +f(5x(1)),

(60)
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where G(t, s) is the Green function and is given by

~ m oc—ﬁ—I
am>(%$> 24@79
Pt o gaper P3O et
+F(oc—ﬁ)(T * (“)( o
- (st <s<ny)s );CJ( ) -1
Pz(t) p3(t) a-1 .
Ta-m ) T
(s2 o, <s<n,).-
(61)

Proof. Applying the operator I* on both sides of (57) and
using Lemma 14, we have

Using the boundary conditions (58), we get

Cico+ I~ - T)= Ay, (63)

N a3 }711 K a3 T'F
;Ci I*Fh(n;) - CIF(Z B) + G |1 h(T)_Clm =1,
(64)
Note that,
1-B
cof . _ copfy — t
@CO_Oand@t_F(Z—/S)' (65)

Solving (63) and (64) for ¢, c; yields
GTIT(2-p) [Z?igé’f“’ﬁh( i)t Cm+11a7ﬁh(T) - Az]
€+ 8 (Tt + 4 TF)
{2 o A’1
hT) - +—5,
M e

0=~

L2 = B)[XECIPh(;) + {nia I PR(T) - A, ]
Zz SC rll g +Cm+1T1_‘B .

=
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Substituting the values of ¢, and ¢, into (62), we get

GLI2-pT
|G+ ) (Tt + 4 TF)
3 r2-pt m ‘ " (7, ,s)afﬁfl e
W&ﬁhguﬂigqomwm (5)ds
{lmal(2-B)T
|6 +8) (Z, i P+ Tl_ﬁ)
_ $mwnl(2-B) T (T—s)"”ﬁ’1
zgs(fﬂ}_ﬁ + (m+1T1'B:| 'JO I(a=p) hls)ds

~ 4‘2 T (T _ S)afl
§i+8, .J.o hle)ds

[ are-pm,
(G +¢5) (21 e ’71 Py Conet T17ﬁ>

/\1 F( _ﬁ)Mz
' Git6, ' Z?igiiml*ﬁ + Cm+1T1ﬁ:| .

(67)

Provided the functions p,(t), i = 1,2,3,4 are defined as in
Eq. (56), we obtain

(T = )P h(s)ds + ’;3 )JZ
(

(T =3)""h(s)ds + p,(t
(68)

One can easily verify that

ifiﬂi(m —5) P h(s)ds = J

i=3

Thus, for 0<t <1,

ww—fmxa»:r[a—ﬁ“‘+ 0S¢,
o T(«) F(“_:B)j:3 I\

a-B-1
’)

Pz(t) _Sot—ﬁ—l PS_(t) _g)«! $)ds
+F(o¢—ﬁ)(T ) +F((x)(T ) ]h()d

et S bl py(t)
+L{na—mg¥im‘9 " Ta-p)
(T-9)*F1+ ’;3(5)) (T- )‘H} h(s)ds+ ) r”
i=4 J 1y
pilt) X ap-1 P,(1)
’ {r(a—ﬁ);(f@fﬂ) " T-p)

o

g(t:x(1))

T

A(T=-s5)*F1y

) pa(t)
bm—m“’

+py(1)-

M

_gyepl ps(t) — a0 B(s)ds
it B sy iy

(70)

For 1,_, <t <, we have

x(0) = f(tx() _ *[e=9""  p)
9(t.x(0)) ‘L[ '

Z<<>

Ma) ' Ta-p&

+TZ‘L‘, R 5ol
+ F(’;z_(_t)ﬁ)(T—s)“‘*ﬁ*1 + ”3((? (T-9)* :h(S)dS
. J‘M[U;;;jl S ()

pa(1) a-p-1 P3() a-1
+ T ‘B)(T—s) & +W(T—s) }h(s)s

JI’“[

< )a-ﬁ-‘ L P

T(a-p)
e zz< )
A(T=s)"F 4 ’;3(2:)) (T—S)“}h(S)d”J;
+py(t)-

(71)



For#,, <t<T, we get

SO -fLx0)_ -9 pln) 2 wte
g(t, x(t)) _JO|: I'(a) +F(X— Z{f<n1_5>

() (T -5 4 P20

B)
f Stxl
]i

(T—s)"F 1+ ”3( )(T—s)""l_h(s)ds

‘c
a
—
N
=
HM§
Ix
/\
I
“v
N———
7
=
i

+ p(a - /3) I'(a)

A [
o o]

[ g8 om
+p4(t):

(72)

Joining the previous three cases together, we get (60).
Define the operator T : C(J,R) — C(J, R) by

T

75(0) = g(6.x() || Gle.9hts

(73)

In view of Lemma 18, fixed points of T are solutions of
the FHDE (1). Now, we assume the following conditions
which allow us to establish the existence and uniqueness
results for the solution of the multipoint boundary value
problem (1) by applying Theorem 15.

(C,) The functions g: Jx R—> R\ {0} and f,h: JxR
— R are continuous

(C,) There exist two functions ¢,,¢,: ] — R with
bounds ||¢, || and ||@, ||, respectively, such that

f(&x)| +1f (B2 <l ()] (1] + [¥]),

|9(t,%)] +[g(t, )| < o (O(1x] + [y]).¥ (8 x.y) € (, R).
(74)

(C,) There exist a functions p € L°°(J, R) and a continu-
ous nondecreasing function v : [0,00) — [0,00) such that

|h(t, %, y)| < |p(®)[y(|x] + [y]).¥ (. x) € (J, R). (75)
(C,) Let £, and ¢, be equal
T P
Yo ( ] 10t 0as) 00
0
&=1+(T/IT(q+1)),L;= SP_IH‘Psz”Pz;HP +4P‘1H(p1||p,then,

ey (e, Int)P + 05 <1,Ve> 1. (77)

x(), Tx(s))ds + p (£)| + (1, x(1)).
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Theorem 19. If (C;) — (
has one solution in X.

C,) hold true, then the problem (1)

Proof. First, we show that T is 6% — contraction on X.

op(Tx, Ty) = Sf‘g’(lTx(t)l +|Ty()]) < SuP(Ig(t’x(t))\

[0+ rgem)- M)JT

Gt 9)p(s)ds + |, (8)] + IF (6 x(t

late vl 1+ qH)oh( SINE

“(L5)p(s)ds + |py ()] + |f (6 x(t) p<SUP

- ((|<oz<t>|(\x(t)| o)) [w((l + %)ab
T
()] 66+ 4 (0] + o, (] CxC0)

+))F <27 (2?*1”%“?%( y)

.[w(@ rig oo ([1o9pe1as)’

+{|pgllP] + (91 ][Pap(x ) <2771 (277 |, |IP

[ (1 rgrm) s ( (G5 )pte) ‘”’5>p

+ [lpalP] + s 7)o (7).

(78)

Now, we define the functions ¢ : [1,00) — [0,1), O € O,
and & € Ras

P(t) =ty(L, Int)f + ¢, (79)

0(t) =€,
E(s,t) = t90)s.
Consequently, we obtain

Tx,T 9(ent)
a(x, y)e (T < (e”b("’)’)) 1< &(a(x,y)0(0,(Tx, Ty)), 0

~(0,(%9))),
(80)

where a(x, y) =271, Vx, y € X. Also, other hypothesis of
Theorem 15 is satisfied. Hence, T has a unique fixed point,
and then, FHDE (1) has on solution in X. This completes
the proof.

Now, we present an example to support our results.
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Example 20. Let us consider the following FHDE with five-
point boundary conditions.

‘P [W} =h(t,x(t), *x(t)), te]=10,1],

| {x(t) -1 w(r))}

(Lx(t) o
l[ (1) - S (t))}
2 g(tx(t) |,
_1 : g2 x(t) = f (. x(1))

7 25 g },1
16 [x(8) = (6 x(2)) _
e e

(81)

where v > 0. To show the existence of a unique solution
of (81), we apply Theorem 19 with

3 1 1 5 5
= <> = = = = :la = = = = = >
“2/32‘12(1 522538(4 12(5
S L, 49 I8
T T T 5T 5505 55
1/1
f(t,x):z(i(x+ x2+1>—ew>,
lln(1+x2)
t) :77,
g(tx) = g ——

h(t,x,y)=cos (|x|+]y|),Vt€[0,1]andx,y e R.  (82)

By computation, we can show that the hypotheses (C;)
- (C,) are satisfied with

1
ol =1 [l = lloall = 5 - (83)

Therefore, we conclude that problem (81) has one
solution.

5. Concluding Remarks and Observations

Our results extend the results of [10, 11] and many others.
Indeed, we deal with a class of «,,-admissible 0#-contrac-
tions in a larger structure such as a b-metric-like space. Also,
the problem we used as an application is different from that
one appeared in [23] in the sense that we discussed not only
existence but also uniqueness for our considered problem
under multipoint boundary conditions via Caputo fractional
derivatives.
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